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INTRODUCTION 

BACKGROUND 

The motivation for developi,ng a new structural design procedure 
1-5 for rigid airport pavements is that currently available procedures 

have several weaknesses. This does not imply that the existing proce

dures are not vali~. nor does it imply that any proposed new procedure 

will alleviate all of the weaknesses of the existing procedures. 

Rather, the proposed procedure will permit consideration of several 

design aspects that are ignored or approximated in available procedures. 

The procedures described in References 1-5 are similar in approach 

with variations only in certain details. Of interest is the common 

approach to modeling the pavement and characterizing the supporting 

characteristics of the material beneath the portland cement concrete 

(PCC) surface layeT. In all five procedures, the pavement is modeled as 

a two-layer system, i.e., the PCC surface layer is desc~ibed as a thin 

elastic plate, and the underlying material is described as a dense liquid 

(Winkler) foundation. 6 ,7 Other important common features of all five 

procedures are: (a) the supporting characteristics of underlying mate

rials are quantified by a single constant, referred to as the ~odulus 

of soil reaction; and (b) this constant is determined with plate load 

tests conducted on in situ materials. B,9 

The validity of using a two-layer model and a plate load t~st for 

quantifying the supporting characteri st'ics of the underlying material 

are questionable for pavements with relatively thin layers of bound 

material and for vehicle gears with large, widely spaced wheel loads. 

The procedure developed herein utilizes a layered elastic system for 

modeling the pavement and should improve the validity of the computed 

pavement response parameters (stress, strain, and deflection) for all 

layered systems and loads. 

The characteri zation of each layer with f'undamental material 

properties obtained from laboratory tests, as opposed to field tests on 

in situ material, will permit more flexibility for testing the material 

1 



at a range of field conditions. The use of a layered model and labora

tory tests to determine properties of the pavement layers will permit 

trial of a range of types of materials arranged in various layering 

schemes in order to determine an optimized design. The use of labora

tory tests rather than field plate load tests should permit more tests 

and, therefore, a better representation of the subgrade. 

A final reason for developing a new design procedure for rigid 
~. . .. 

pavements is the belief among some engineers involved in pavement 

design, evaluation, and research that there should be a universal sys

tem applicable to design and evaluation of all types of pavements, 

rather than separate procedures for rigid, flexible, or unsurfac~d 

pavements. From a philosophical point of view, this goal certainly is 

desirable and is wor~h pursuing; but from a practical point of view, 

there are a number of obstacles that will. only be overcome by advances 

in the state of the art of pavement technology. However, there are 
• , • • I • 

many more similarities between the design procedure contained herein 

for rigid pavements and the design procedure contained in Reference 10 

for flexible airport pavement than there are between currently ~sed 

procedures for rigid and flexible airport pavements. Thus, this design 
. ,", . . 

procedure represents a step toward achieving the goal of a universal 

design procedure. 

PURPOSE 

The purpose of this study was to develop a new, practical, and 

impleme~table procedure for the structural design of rigid airport 

pavements. This report documents the development' of the methodology 

contained in t~e procedure and presents the procedure in a stepwise 

manner for implementation. 

SCOPE 

The study was limited to the .structural design of the pavement 

section, i.e., the selection of required thickness of pavement layers 

to carry the design traffic (magnitude and number of loads) under field 

conditions. The key words, rigid, practical, implementable, and 

2 



design, are reflected in the selection of an available linear elastic 

response model, available procedures and specific conditions for m~te

rial characterizations, and simplified alternatives for accounting for 

traffic and environmental conditions. Certainly more sophisticated 

response models (finite element) and/or more sophisticated material 

characterizations (nonlinear, nonelastic, or viscoelastic) are avail

able, but these are more readily applicable to analysis rather than 

routine design. Available test data were used to establish performance 

criteria and conditions for material characterization. 

No innovations are offered in the treatment of joints in the PCC 

surface layer, although joints are the critical location in the pave

ment and models are available for providing at least a rudimentary 

treatment. It was believed that these models had not been developed to 

the point where they could be used in routine design. Jointing is 

considered by specifying certain minimum requirements. 

No new methods are offered for the design of overlays. Although 

the use of the basic methodology for design of new pavements appears 

valid for design of overlays, no acceptable procedure was found to 

quantify either the load deformation response of in-place pavements or 

interface conditions so that the structural condition of the pavement 

would be reflected in the required overlay thickness, or conversely 

the performance of the overlay. 

APPROACH 

The basic approach taken in the study is ou~lined in the fol-

lowing four tasks: 

a. Selection of a response model. 

b. Selection of material characterization procedures. 

c. Development of performance criteria. 

d. Assembly of the methodology into a practical, implementable, 
design procedure. 

3 



SELECTION OF RESPONSE MODEL 

GENERAL 

·11 
The layered elastic model was selected for computing pavement 

response parameters. By changing from the presently used model 

(Westergaard idealization), implications are that the presently used 

model is inadequate and that the layered model offers significant 

improvements. 6 ,7 These implications may not be totally true and may, 

in fact, be completely erroneous in certain respects and for certain 

conditions. The problem stems from the judgment of adequacy or what 

is best. Such judgment is oftentimes subjective, based on opinion 

rather than fact, and in many cases, based on only a limited range of 

circumstances. Nevertheless, the selection of the layered elastic 

response model was based on what was believed to be sound, rational, 

and practical considerations. 

COMPARISONS OF AVAILABLE MODELS 

12 Crawford and Katona have prepared a state-of-the-art report on 

the prediction of pavement response. In their discussions, they refer 

to three types of idealizations of pavement structures. These are the 

Westergaard, layered elastic, and finite element idealizations. To 

these primary idealizations should be added several significant muta

tions and combinations of the three primary idealizations. 

Hudson and Matlock13 developed a model that essentially follows 

the Westergaard idealization but uses a numerical technique for solving 

the equations of bending for the thin elastic slab representing the 

surface layer. The numerical technique is based on finite difference 

approximations of continuous functions, and the corresponding physical 

idealization of the elastic slab is similar to the finite element 

idealization. This idealization will be referred to as the discrete 

element idealization. A model developed by Saxena14 combines the dis

crete element idealization of the elastic slab with an elastic solid 

idealization of the underlying material rather than a dense liquid 

idealization. The elastic solid idealization (Boussinesq) is a 

4 



simplified version of the layered elastic idealization (Burmister
ll

) 

in that only one semi-infinite layer is considered. 

Huang and Wang15 developed a model that combines the finite 

element idealization for the thin elastic slab with the dense liquid 

idealization for the underlying material. A model developed by 

Eberhardt and l-Jillmer16 ,17 is similar to that developed by Huang and 

Wang, but with an additional feature, such that an intermediate layer 

can be considered. A procedure was developed in which the top two 

layers are modeled as an equivalent thin elastic plate. The finite 

element idealization is then used for the equivalent plate, and the 

dense liquid idealization for the remainder of the structure. 

As stated previously, these four models are simply mutations or 

combinations of the three primary idealizations and are subject to 

similar limitations. Therefore, the following discussions are limited 

to the three primary idealizations. 

Crawford and Katona12 provide detailed discussions of the three 

primary idealizations and include discussions of various material 

characterization procedures that are necessary for quantification 

of properties of the pavement structures. For the reader interested 

in an in-depth comparison, Reference 12 is recommended. However, a 

brief comparison follows in which the primary reasons are outlined for 

selecting a response model based on the layered elastic idealization. 

For the layered elastic idealization (Figure 1), the pavement 

structure is represented as a series of horizontal, uniform, elastic 

layers with properties defined by (a) E. , the modulus of elasticity 
1 

of the ith layer; (b) v. , the Poisson's ratio of the ith layer, and 
1. 

(c) h. , the thickness of the ith layer. Furthermore, the layers 
1. 

extend hori zontally to infinity in all directions, and the nth layer 

extends vertically to infinity. The Westergaard idealization (Figure 2) 

represents the PCC slab as a thin elastic plate with properties defined 

by E v, 'and h ,over a dense liquid (Winkler) foundation. The 
p p p 

liquid foundation is characterized as a bed of springs having a certain 

stiffness. Each individual spring represents the effect of the support 

5 



--- ~ - U.IFORII CIRCULAR PRESSURE P 
11TH RADIUS I 

NTH LAYER 11TH 
PROPERTIES E., ... 

Figure 1. Elastic layered pavement idealization (from Crawford 
and Katona12 ) 

------~- UNIFORM CIRCULAR PRESSURE P 
WITH RADIUS a 

TOP LAYER OF PAVEIIENT 
WITH THICKNESS lip AND 
IlATERIAL PROPERTIES 
Ep AND "p 

"'-- ALL OTHER PAVEMENT LAYERS 
IDEALIZED AS FLUID (SPRING) 
FOUNDATION OF STIFFNESS k 

Figure 2. westergaard pavement idealization (from Crawford and Katona12 ) 
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provided over a unit area and is quantified by a constant k , whicq is 

the ratio of pressure on the unit area divided by the deflection. In 

the basic Westergaard idealization, loads were represented as uniform 

circular pressure distributions, but procedures developed by Pickett 

et al. 18 and Pickett and Ray19 permit uniform pressure distributions 

with any shape to be readily handled. 

The elastic layered idealization would appear to be a more 

realistic representation of a real pavement structure since PCC pave

ments are truly layered systems, although the materials may not be 

truly elastic. For practical loadings, however, the materials can be 

represented by quasi-elastic properties. The representation of the 

top layer as a thin elastic plate (Westergaard idealization) or as an 

elastic layer is really not that different when the top layer is a 

PCC slab, as in rigid paveme~ts. The major difference lies in the 

representation of the remainder of the structure. The use of funda

mental constants E and v to represent the properties of underlying 

layers is theoretically sounder than a single constant k. From a 

practical standpoint, it is also more valid, considering that the 

determination of k is made with a plate test and represents the 

response of the material to a particular loading condition (i.e., 

30-in.*-diam plate and lO-psi vertical pressure), which may be different 

from that actually experienced in the pavement. 

Experience has shown that, for single, dual, and even dual-tandem 

gears with closely spaced wheels on relatively thin slabs (less than 

about 15 in.) laid either directly on the subgrade or on granular layers, 

quantification of the supporting characteristics of the underlying layer 

with a modulus of soil reaction produces reasonable computations of the 

response of the pavement. However, for larger loads transmitted to the 

pavement through a number of widely spaced wheels, for relatively thin, 

high-strength (large stiffness) base courses, and for thick PCC slabs, 

the validity of the idealization decreases. For the thicker slabs and 

* A table of factors for converting units of measurement is presented 
on page iv. 
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widely spaced wheels, the zone of influence (stresses in the underlying 

material~ becomes much larger than that under a 30-in.-diarn plate, 

although a IO-psi contact pressure may in fact be valid for both condi

tions. The effect of a thin, high-strength (stiffness) base course will 

be more pronounced on the load deformation response of a 30-in.~diarn 

plate than on the load deformation response of a thick PCC slab. The 

response of the 30-in.-diam plate will be significantly reduced by the 

thin base, whereas the reduction in the response of the pavement will 

not be as significant. 

Another situation in which the use of an elastic layered 

idealization may be more representative occurs when there exists within 

the subgrade different types of materials at relatively shallow depths 

(less than 20 ft). For instance, a stiff or a soft layer in the sub

grade may not significantly affect the load deformation response of a 

.30-in.-diam plate, but the effect may be significant on the load 

deformation response of a thick slab loaded with a large load on 

widely spaced wheels. 

Characterization of each layer with elastic constants obtained 

from laboratory tests, rather than one elastic constant obtained from 

field tests, provides the designer greater flexibili~y. At this point, 

it should be noted that it is recognized that the materials in pave

ments behave neither elastically nor linearly but that the assump-

tion of linear elasticity is necessary for practical application. The 

state of stress under which the material is tested in the laboratory 

may be changed to conform to the most critical state of stress under 

which it may exist in the pavement. This is contrasted with the con

stant state of stress at which the modulus of soil reaction is selected. 

There is also the flexibility of being able to readily change the physi

cal condition of the specimen (moisture, pore pressures, density, etc.), 

whereas this cannot be so easily accomplished on in situ material. Thus, 

the use of an indirect correction for saturation of the modulus of soil 

t " 8" t reac lon lS no necessary. 

The use of laboratory procedures makes it possible to test a 

more representative sample of the existing subgrade and a larger variety 
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of available base course materials. With the present design procedure, 

extensive plate bearing tests are the exception rather than the rule. 

Another factor to be considered is the repetitive nature of the loads 

applied to a pavement. Certainly, the use of laboratory tests will more 

readily permit consideration of the effects of repeated load applica

tions than will field plate bearing tests. 

In addition to the necessary and practical assumptions of linear 

elasticity, the layered elastic model has one major weakness when applied 

to rigid pavements, i.e., the inability to treat discontinuities (cracks 

and joints) primarily in. the PCC layer. In this regard, the Westergaard 

idealization is better because it does permit a rudimentary treatment of 

the joints. With the Westergaard idealization, bending stresses in the 

slab, the vertical slab deflections, or the vertical reactive pressures 

may be computed at or near the corner or edge of a slab that is semi

infinite in the horizontal direction. Empirical adjustments to these 

response parameters may then be made to account for the reduction due 

to support provided by adjacent slabs. 

The assumption of completely bonded or completely frictionless 

layer interfaces is not considered to be a significant weakness. A simi

lar assumption is made by the Westergaard idealization in which the 

interface between the PCC slab and the underlying material is assumed 

to be frictionless. The interface between a PCC slab and the second 

layer is most likely intermediate between a completely bonded and com

pletely frictionless condition. Between all other layers, the assump

tion of full bonding is probably more valid, being dependent on the type 

material and construction procedure. However, no data exist to adequately 

quantify the interface conditions, although the response model does 

exist that can analytically consider intermediate conditions. The com

putation of the various response parameters will certainly be affected 

by the selection of the interface condition. For computation of the 

design parameters, it was assumed that no bond existed at the interface 

beneath the PCC slab and that full bond existed at all other interfaces. 

The comparison of the finite element idealization with the 

Westergaard and elastic layered idealizations may not be valid since it 

9 



refers basically to a computation procedure rather than to a mathematical 

representation of the physical structure. As has been noted previously, 

the finite element idealization may be employed for the upper layer with 

a dense liquid or elastic solid representation for the remainder of the 

structure. Nevertheless, consideration as a separate idealization has 

merit for comparisons between available techniques for computing the 

response of a pavement to load. As discussed herein, the finite element 

representation will mean that the entire structure will be broken into 

a number of finite elements (Figure 3). 

In the finite element idealization, the continuous pavement struc

ture is broken into a number of elements connected at nodal points. The 

material in each element is assigned properties that may vary from ele

ment to element. The number of elements and nodal points that may be 

considered is limited by computer capacity, and thus boundary conditions 

must be specified. The loads are applied as concentrated forces at the 

nodal points. With the aid of special types of elements, discontinuities, 

special interface conditions, reinforcing steel, and dowel bars may be 

introduced. Special computational techniques permit consideration of 

NOTE: E:LE"MENT NUMBERS ARE CIRCLED. 

NClDE NUMBERS ARE NOT CIRCLED. 

HEXAHEDRON ELEMENT 

y 

•• , .NIT! ELEMENT MESH b. H.EMENT 28 

}--_ .. 11 

Figure 3. Pavement idealization using the finite 
element program (from Crawford and Katona12 ) 
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voids and temperature and moisture gradients within the pavement struc

ture. In addition, variable layer properties (thickness and load 

deformation properties) and nonlinear material response may also be 

treated. 

However, there are limitations. For a three-dimensional 

idealization with only a minimum number of elements and refinements 

(Figure 3), the required time and cost involved in applying the proce

dure to pavement problems become prohibitive. 

There are plane strain, axisymmetric, and prismatic solid finite 

element idealizations, but with all of these idealizations certain con

straints are introduced. If the time, effort, and cost to apply the 

models are reduced to manageable levels, the applicability to a general 

design procedure and improvements over simpler models is likewise 

reduced. 

After consideration of all models, the layered elastic model was 

selected. The model has several weaknesses, and certainly there are 

more sophisticated models available. However, it offers a viable 

alternative that can be 'implemented into a workable design procedure. 

Consider the relationship between the interior stress computed 

by layer theory and 0.75 of the edge stress computed by plate theory 

(Figure 4). The parameter of 0.75 of the edge stress is the design 

parameter presently being used for design of rigid airport pavements. 

Although the relationship in Figure 4 is not one of equality, it is one 

of strong correlation; thus, if a workable design procedure could be 

based on edge stress, then it would be expected that a workable proce

dure could be developed based on the interior stress. 

SELECTION OF COMPUTATIONAL PROCEDURE 

The two most widely used computer codes to solve for the response 
20 

of a layered elastic pavement idealization are the BISTRO and the 

CHEVRON2l codes. In addition, the CRANLAy22 and the BISAR23 codes have 

been used but not as extensively as the BISTRO or CHEVRON codes. From 

these, the BISAR code was selected to develop the performance criteria 

because of the author's confidence in the accuracy of the program and 
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the ability of the program to consider different interface conditions. 

The BISAR program is an advanced version of the BISTRO program and has 

capabilities that, while not necessary for the use of the design proce

dure developed in the study, may be useful in the future for pavement 

analysis. The CHEVRON program does offer some advantages in terms of 

operation cost and may, in some design situations, be a completely 

adequate program. As an example, the CHEVRON code has been modified 
10 for mult.iple wheels and is recommended by Barker and Brabston for 

flexible airport design. In order to maintain as. much consistency 

between pavement types, it was the original intent to use the same 

code for rigid pavements. 

However, for rigid pavements that have a subgrade of a low 

resilient modulus, the deflection basin computed with the CHEVRON 
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computer code becomes very distorted in the area beneath and imme

diately adjacent to the loaded area. This distortion is evident wnen 

compared with the deflection basins computed using the BISTRO/BISAR 

computer program (Figure 5). The distortion of the CHEVRON-computed 

basin is much greater for low subgrade moduli with the distortion de

creasing as the subgrade modulus increases until for a subgrade modulus 

of 7000 psi the basins computed are nearly identical. The distortion 

is caused by inaccuracies in the numerical solution procedures for 

various integral equations and Bessel functions for large ~/ES ratios. 

The distortion in the curves in Figure 5 are accentuated by the location 

of a stiff layer (E = 1,000,000 psi) at a depth of 240 in. below the 

bottom of the slab (reasons for this will be discussed in the following 

section). When the subgrade is assumed infinite in depth, the distortion 

is not as severe with the CHEVRON code, i.e., there is no hump where the 

deflections near the load are smaller than those further removed from 

the load (Figure 6). 
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Figure 5. DeflectiDn basins computed with the CHEVRON code 
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A much smaller effect on the stresses is apparent, as illustrated 

by the plot of radial tensile stress in the bottom of the PCC slab in 

Figure 7. However, it was believed that the additional accuracy of the 

BISTRO/BISAR computer codes was desirable. Because of the cost benefit 

and additional capabilities of the BISAR code, this program was chosen 

over the BISTRO code. 

MODIFICATION OF MODEL FOR 
FINITE SUBGRADE DEPTHS 

The layered elastic idealization assumes that the bottom layer 

extends vertically to infinity. This, along with the assumption that 

the layers extend horizontally to infinity, is a necessary condition for 

solving the integral equations and Bessel fUnctions to obtain the pave

ment response. From a practical standpoint, borings are not usually 

made to depths sufficient to establish the location of layers below a 

lO-ft depth,1,24 and the most common situation encountered is one in 

which the stiffness of the soil increases with depth. The results are 

that the model invariably overpredicts vertical deflections within the 

pavement structure. Strains, and therefore stresses, are also affected 

but to a much lesser extent. 

The effect of the assumption of subgrades with infinite extent 

nay be examined by studying the influence on two of the more important 

response parameters, i.e., vertical slab deflection and tensile stress 

in the bottom of the slab. Figure 8 illustrates the influence on ver

tical slab deflection. The magnitude of the influence will be affected 

by the subgrade modulus. As the stiffness of the underlying material(s) 

decreases, the effect on the vertical deflection increases. This is an 

obvious consequence since the vertical deflection is obtained by inte

grating the vertical strain function with depth from the surface of the 

subgrade to infinity. By introducing a relatively stiff lower layer, the 

effects of the integration of the strain function are masked by de

creasing the magnitude of the vertical strain to very small values. 

Figure 9 illustrates the influence on radial stress in the bottom 

of the slab. The stress is not significantly affected by the presence 
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of the stiff layer. This is typical of not only the radial stress 

(Figure 9) and the tangential stress but also the vertical stress. The 

components of strain are affected by the assumptions of infinite layers, 

but since they are computed directly from the stresses and involve no 

integration or summation process, the effect is small. The effects of 

small differences are not cumulative as they are for computations of 

deflections. The assumption of layers of infinite horizontal extent 

will also affect the computed response. For rigid pavements with small 

thick slabs, this may be important and is one of the weaknesses of the 

layered elastic idealization. 

The decision was made to modify the model by incorporating a 

layer of infinite thickness having a modulus of elasticity of 1 x 106 psi 

and a Poisson's ratio of 0.4 at a depth of 20 ft, unless exploration 

indicates the need for some other representation. This was a rather 

arbitrary decision but was based on observations of what was needed to 

improve agreement between measured and computed values. Certainly it is 

realized that the magnitude of the load and thickness of the PCC slab 

will influence the depth to which the underlying material is affected 

and thus should be considered in positioning the stiff layer. However, 

about 20 ft appeared to be a practical value for aircraft loads and a 

reasonable range of pavement thicknesses. The value of 1 x 106 psi for 

the modulus is several orders of magnitude larger than the modulus of 

elasticity for most subgrades and appears to work very well. This 

modulus value and the Poisson's ratio of 0.4 can, however, be varied 

considerably without affecting the results to any great extent. 

The acceptability of the modification may be enhanced by con

sidering several typical examples. Figures 10-12 show influence lines 

of vertical deflection measured as the load traveled across the pavement 

and deflection basins computed with the BISTRO code with and without a 

stiff layer. The difference in an influence line and a deflection basin 

is that data for the influence lines were obtained from a gage at a fixed 

location in the pavement as the load moved and the deflections for the 

basin were computed for various locations in the pavement with the load 

located at a fixed position, i.e., center of loaded area located at point 
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of maximum response. Because of the approximations of linearity, 

elasticity, and time independency, the two are relatively compatible 

for pavements. 

The results shown in Figures 10-12 are typical of the results 

observed for rigid pavements. The inclusion of the stiff layer improves 

the correlation between the measured and computed deflections and the 

shape of the curves. Of particular significance is the location at 

which the deflections become small or zero. It has been observed (even 

for flexible pavement structures) that the elastic layered idealization, 

without a stiff layer, indicates significant deflections far from the 

load, while measurements have shown that the deflections decrease 

rapidly as the distance from the load increases. This has been inter

preted to mean that the zone of influence within the pavement is not as 

great as predicted by the elastic layered idealization in which the 

sub grade extends to infinity. 

Additional comparisons are provided in Figures 13 and 14, which 

are plots of computed and measured deflection (with and without a stiff 

layer) for a range of pavements and loads. The pavements are from test 

tracks, which will be described later. The deflections are usually the 

largest values obtained with the load. Some of the measured values were 

for static loadings, and some were for slow-moving loads. 

A line of equality and two linear regression lines are presented 

in both Figures 13 and 14. The regression analyses were accomplished 

with measured deflections as the independent variable and computed 

deflections as the dependent variable. Both regression functions are 

based on least square criteria, and one has the added constraint of 

passing through the origin. 

Computed deflections without a stiff layer are shown in Figure 13. 

The regression function constrained through the origin is described by 

the equation 

~ = 1.338~ c m 
(1) 

and the unconstrained regression function is described by the equation 
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where 

6 = c 

6 = 0.20 + 0.9986 
c m 

computed deflection without a stiff layer 

6 = measured deflection 
r.J. 

(2) 

Computed deflections with a stiff layer are shown in Figure 14. 

The regression function constrained through the origin is described by 

the equation 

6' = 0.9376 
c m 

and the unconstrained regression function is described by the equation 

6' = 0.0114 + 0.7396 
c r.J. 

where 6' = computed deflection with a stiff layer. 
c 

(4 ) 

Examination of Figures 10-14 and the regression functions reveal 

the following: 

a. Computation without the stiff layer overpredicts deflections. 

b. The deflections computed with a stiff layer are a better 
approximation of the measured deflections. (Evidence of 
this is the position of the regression functions relative 
to the line of equality and the closeness to unity of the 
coefficients for the constrained regression functions.) 

c. The variability of the computed values is reduced by inclusion 
of the stiff layer. (Evidence of this is the difference 
between the standard errors associated with the unconstrained 
regressior. analyses.) 

To summarize, it was comparisons such as those just described that 

led to the decision to make the rather arbitrary modification to the 

elastic layered idealization. Although computations of stress and strain 

do not appear to be affected to the extent that the deflections are 

affected, it is believed that the modification improves the overall 

acceptability of the model. From a practical standpoint, it minimizes 

the need to explore and characterize the subgrade to large depths unless 

the geology of the area indicates that a soft or stiff layer is probable 
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between the normal exploration limits and about 20 ft or a soft layer 

below 20 ft. 
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SELECTION OF MATERIAL CHARACTERIZATION PROCEDURES 

GENERAL 

The amount of research that has been directed toward charac

terizing paving materials and subgrades with a test that is more 

accurate and more fundamental than a plate bearing or CBR (California 

Bearing Ratio) test is truly prodigious. Conversely, the formulation 

and application of practical, usable, widely accepted procedures for 

the routine design of rigid pavements is truly meager. Chou25 has 

prepared a state-of-the-art report on the characterization of pavement 

materials including subgrades. Much of the discussion in this chapter 

will be based on this study. 

The materials composing a rigid pavement respond neither linearly 

nor elastically to load, but in a complex manner. Generally, the re

sponse is nonlinear and nonelastic for a rather wide range of stress 

and strain conditions. The approximation of linear elasticity is TIore 

valid for such materials as PCC and bound bases (subbases) than it is 

for grar.ular bases (subbases) and subgrades. PCC and bound bases 

(stabilized with PC or lime) tend to be more brittle and have more 

linear stress-strain relationships as illustrated in Figure 15. The 

response of many of the materials is highly dependent on the state of 

stress and the number of load repetitions to which the material has 

been subjected. Although the response of rigid pavements is not as 

sensitive to time and temperature* as flexible pavement, temperature 

and rate of loading will have an inf:uence on the characterization of 

materials in which a bituminous binder is used or in other layers where 

freezing occurs. 

The pavement designer must then approximate the complex response 

o~ materials in order to use a simple analytical procedure to obtain the 

response of a pavement. As it turns out, many of the necessary approxi

mations are not nearly so drastic as might be suspected from considera

tion of the total response of the materials. The states of stress 

* That is, if the effects of temperature gradients within the PCC slab 
are ignored. 
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and strain within pavements are usually within the range where the 

assumption of linear response is reasonable. After only a limited number 

of load repetitions, the assumption of elastic response will usually 

become more reasonable, although for initial loadings the response may 

have been very inelastic and nonlinear. The state of stress is variable 

throughout a pavement structure and will depend on the loading and 

layer thicknesses. However, a state of stress may be selected which 

will provide a reasonable approximation of conditions that exist in 

real airport pavements. 

Layers with bituminous binders are beneath the surface, where 

the variability in the temperature regime is not as great as it is for 

flexible pavements and the effects of the rate of loading are not as 

critical. Suitable temperatures and rates of loading can be selected 

that provide adequate characterization of the material containing a 

bituminous binder. As to the effect of freezing on the subgrade, the 

most critical period, in terms of magnitude of pavement response, is 

during periods cf thaw, and these conditions can be approximated in the 

laborato~y. 

Procedures will be considered for determining the load deformation 

characteristics of PCC surface layers, granular bases (subbases), bound 

bases (subbases), and subgrades. Details of the procedures for subgrades 

will depend on whether the material behaves as a cohesive or cohesionless 

material. 

At this time, some discussion of terminology regarding the four 

types of materials ~hat compose rigid pavements is needed. There is 

general agreement as to what constitutes PCC surface layers and sub

grades. ~lisunderstandings and the need for more precise definitions 

arise when considering bound or granular bases (subbases). Chou25 

discusses bound bases (subbases) under the general heading of soil 

stabilization, i.e., stabilizing agents, stabilization mechanism, pur

poses for stabilization, and resulting material properties. Wide 

ranges in each aspect of the stabilization are noted. Barker and 

BrabstonlO discuss the general area of stabilization and provide limiting 

values for determining when the stabilizing agents are effective in 
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modifying the properties of the natural material. The one fact that 

becomes readily apparent from these and other discussions on the subject 

is that there are many "gray" areas and only a few "black and white." 

To the myriad of existing definitions and concepts will be added several 

more, which are peculiar to the procedure contained herein. 

Bound bases (subbases) are natural soils, prepared soils (washing, 

grading, crushing, etc.), or crushed stone, which has portland cement, 

lime (slaked or hydrated), fly ash, sodium silicate, bitumen, or a com

bination of the listed ingredients added. A distinction is made between 

bound bases in which the stabilizing agent is a bituminous binder and 

one in which another of the listed agents is used. Bituminous stabilized 

bases depend on the mechanical bond between particles provided by the 

bitumen binder. The other agents (primarily portland cement, lime, or 

lime-fly ash) depend on certain chemical reactions to provide the bond 

between particles and will be referred to as chemically stabilized 

bases. The distinguishing feature of both types of bases is that the 

material can be molded into a beam and can sustain flexural-type loadings. 

Bituminous bases should meet requirements as set forth in Ref

erences 26 and 27 for bases in which a bituminous binder is used. The 

references contain specifications for gradation, amount of binder, etc., 

which are intended to ensure that the material functions as a bound 

material. 

Chemically stabilized materials should meet requirements set forth 

in References 26, 28, and 29. Among these are requirements for durability 

and the requirement that strength increase with age, which are intended 

to ensure that the materials continue to function with age and that no 

adverse chemical reactions occur. However, in terms of ensuring that 

the material functions as a bound material (sustain flexural loading), 

the requirement that the material attain an unconfined compressive 

strength of 250 psi at 28 days, as s-et forth by Barker and Brabston, 10 

is applicable for rigid pavements. This requirement should be used in 

lieu of strength requirements in References 26, 28, and 29. 

Those materials that have a chemical stabilizing agent added but 

do not meet the 250-psi compressive strength requirement should be 
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characterized with procedures for granular bases (subbases) or subgrades, 

depending on the nature of the natural material. For instance, a clay 

subgrade to which lime has been added but which does not meet the 250-psi 

strength requirement should be characterized and considered simply as 

part of the subgrade. The general rule is that the material should be 

characterized and used in the design as if no stabilizing agent had been 

added when the compressive strength requirement is not met. 

Granular bases (subbases) are natural soils, prepared soils 

(washing, grading, crushing, etc.), or crushed stone, which meets grada

tion and durability requirements as set forth in Refere~ces 1-3, 24, and 

26. The characteristic of granular bases (subbases) that distinguishes 

them fron bound bases (subbases) is that they do not possess and/or will 

not maintain the ability to sustain flexural loading. 

The elastic constants defined for each layer will be the modulus 

of elasticity and Poisson's ratio. The modulus of elasticity will re

ceive the greater attention for several practical reasons. One is that, 

in terms of respo~se of the pavement, the modulus of elasticity is the 

dominant of the two parameters. A second is that Poisson's ratio varies 

only within a limited range for the different types of naterials com

posing a paveIT.ent structure. Finally, it is difficult to accurately 

determine Poisson's ratio from laboratory tests. 

The strength of the PCC surface layer will be defined by the 

flexural strength. This parameter is required in current design proce

dures, a~d the same well-established characterization procedures will 

be used. 

EFFEC':2S OF LOAD REPErI':2IONS 

To examine the effects of repetitive load applications on the 

response of rigid pavements, study the vertical deflection patterns that 

occur as a typical rigid pavement is trafficked. The total vertical 

slab deflection can be broken into transient (elastic) and permanent 

components. For rigid pavements, the elastic component remains rela

tively constant or decreases somewhat with traffic (Figure 16). After 

cracking is initiated, the elastic deflection will increase as the 

result of the overall decreased stiffness of the entire system. 
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Permanent deformation initially occurs as the slabs become seated 

and additional densification of loose material occurs. This deformation 

is rapid at first but then decreases as traffic is applied and essen

tially decreases to zero. Figure 17 shows that the cumulative deforma

tion becomes relatively constant and remains so until cracking begins. 

In fact, Figure 17 indicates that between 600 and 2000 coverages there 

is a decrease in the permanent deformation, i.e., the pavement surface 

appears to rise. It is not known if this decrease is traffic-related 

or due to other causes. The only significant decrease in permanent 

deformation occurred between 600 and 800 coverages for the 20-in. 

pavement and between 600 and 1000 coverages for the 15-in. pavement. 

The fact that the decrease in the permanent deformation is greater for 

the 20-in. pavement than for the 15-in. pavement and occurred between 

two consecutive readings indicates that the decrease is not related to 

traffic; thus, it is concluded that after the initial permanent deforma

tion, the traffic-induced permanent deformation remains relatively 

constant until the onset of cracking. As cracking progresses, permanent 

deformation again begins to increase. 
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The pattern of the total deflection will be sinilar to that for 

the permanent deformation since the total is the sum of the permanent 

and the relatively constant elastic components. The total deflection 

will then become practically equal to the elastic deflection after ini

tial conditioning. For pavements designed for realistic volumes of 

traffic, this situation exists for a large portion of the life of the 

pavement. 

Pavement response is a composite of the responses of the various 

layers. The difference in the response of the four different types of 

materials to static compression loading (triaxial tests) is illustrated 

in Figure 15. Although these results are from static tests, the same 

effects exist for repetitive loads. The effects of repeated loading 

are more pronounced for subgrades and granular materials than for PCC 

and bound bases. The relative influence of the assumptions of linearity 
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and elasticity are the same for static and resilient response. The 

effects of repeated loading on the PCC, granular bases (subbases), bound 

bases (subbases), and subgrades are discussed in detail in Appendix A. 

MODULUS OF ELASTICITY 
AND POISSON'S RATIO 

Based on the discussions presented in Appendix A, the rigid pave

ment system may be represented on a quasi-linear elastic system. The 

modulus and Poisson's ratio values are selected based upon best esti

mates of in-place conditions. The modulus of elasticity and Poisson's 

ratio of PCC are relatively insensitive to state of stress, temperature, 

or stress repetitions and thus can be represented with a high degree of 

confidence from the results of laboratory tests. The particular labora

tory test considered most appropriate in representing the conditions of 

the PCC in a pavement system is the flexural beam test, and thus it is 

the flexural modulus to be used for design. This is not to eliminate 

the use of other testing procedures for determining a modulus, but it 

should be stressed that these design criteria are based upon the flexural 

modulus and that other modulus values should be related to the flexural 

modulus. There have been numerous studies relating the modulus values 

obtained from other test procedures, such as the uniaxial compression 

test, split tensile test, and resonant column test. If the designer 

has confidence in the correlations to the flexural modulus, then the 

results of these tests can be used; but the designer should also realize 

that the level of confidence of the design systems may be somewhat 

reduced by such correlations. The usage of Poisson's ratio is rela

tively narrow, and the effects of varying Poisson's ratio over this 

range on the computed response is almost negligible. Considering the 

difficulty in measuring Poisson's ratio, a fixed value of 0.2 for PCC 

will be adequate for design purposes. Thus, this has been the value 

of Poisson's ratio selected for development of the design criteria. 

The modulus and Poisson's ratio values of base material vary over 

a wide range. A compensating factor is that the principal strength of 

rigid pavement is derived from the concrete surfacing, and thus rela

tively large variations in the moduli of the base can be tolerated. 
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For bound bases, since the properties in flexure are considered to be 

appropriate, the beam test as given in Appendix A should be employed. 

Bituminous bound bases in particular are subject to a variation in 

modulus and Poisson's ratio due to differences in binder type, binder 

content, temperature, and rate of loading. There are procedures, as 

discussed by Barker and BrabstonlO and Chou,2 5 for estimating the 

modulus and Poisson's ratio of bituminous bound bases that can be used 

for design. Such procedures would certainly be appropriate for designs 

that employ bituminous bases primarily for waterproofing and not as a 

structural element. Bases stabilized with cement and/or lime will be 

similar in behavior to PCC, i.e., the modulus will depend on the strength 

of the material with Poisson's ratio relatively constant. As with PCC, 

correlations between the properties in flexure and the properties as 

determined by other laboratory tests have been developed. As with the 

bituminous bound bases, the modulus of relatively thin bound bases can 

be crudely estimated without seriously compromising the pavement design. 

Published values of the modulus of chemically stabilized materials vary 

over a wide range, i.e., from less than 100,000 to that approaching the 

modulus of lean concrete. For development of these criteria, a modulus 

value of 250,000 psi was used. This modulus may be considered typical 

of what may be expected from a stabilized base. Poisson's ratios for 

chemically stabilized bases vary over a wider range than the values for 

PCC, but 0.2 would still be an adequate estimation. 

The properties of granular bases are very dependent on the state 

of stress, state of compaction, moisture content, and to some lesser 

degree on the aggregate quality. By specifying the material quality 

and compaction requirements and dealing with moisture conditions through 

assuming a nearly saturated condition or by applying some rationale for 

arriving at a design moisture content, the remaining variable influencing 

the modulus is the state of stress. Since this particular parameter 

does have such an important effect on the modulus of base materials, a 

detailed discussion is presented in Appendix A on the state of stress 

under rigid airport pavements. The study Indicates that the first stress 

invariant in bases does not vary greatly and that a value of 10 psi would 
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be a typical value applicable for pavement design. The repetitive 

triaxial test is considered to be the laboratory test that can best be 

used to establish the characteristics of a particular granular material. 

Other approximate methods have been developed that do yield reasonable 

modulus values, but care should be exercised in the use of either the 

typical state of stress or the approximate methods of determining the 

modulus. For these procedures to be appropriate, the pavement design 

should be a typical design and the materials should meet the specified 

quality and compaction requirements. 

Poisson's ratio of granular materials varies with the shear 

stress. In the range of stress normally encountered in rigid pavement, 

the value of 0.3 is an appropriate value for design. In the repetitive 

triaxial test, the Poisson's ratio is particularly difficult to measure 

and is subject to a high degree of error; thus, in most design situ

ations, no attempt would be made to measure this material property. 

Characterization of subgrade soils is normally considered much 

more crucial than characterization of the bases, primarily because of 

the relative thickness between the two and because of greater vari

ation, which can occur in subgrade materials. In many ways, charac

terization of the subgrade materials is very similar to characterization 

of unbound granular, i.e., the material must be characterized with 

respect to a state of stress, moisture condition, and material density. 

As with the unbound base, the repetitive triaxial test is considered to 

be the appropriate laboratory test for characterizing the material. For 

the cohesionless subgrade, the characterization procedure is the same as 

for the unbound base, except the material quality and material densities 

will not meet the requirements for base materials; thus, some of the 

appropriation procedures will not be valid. For cohesive soils, the 

modulus is more a function of the deviator stress than the first stress 

invariant; hence, this is the stress parameter used in characterization 

of the cohesive subgrades. Based on the discussions in Appendix A, a 

5-psi deviator stress is considered to be an adequate estimation for 

design of a typical airport pavement. As with the bases, since these 

values of stress are estimates for a typical pavement, it may be 
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desirable to check these estimates through computation of the stresses 

before the design is finalized. 

As discussed in Appendix A, the moisture content at which the 

laboratory tests are conducted is very critical. Studies of the mois

ture content in airport subgrades have indicated that in most cases the 

subgrade material is near" saturation. In selecting a moisture content 

at which the laboratory tests are to be conducted, the final or equilib

rium water content should be considered. In some design situations, the 

designer may have information indicating that this final moisture con

tent would be less than saturated. For such cases, savings may be 

realized by designing the pavement on the expected subgrade moisture 

content rather than the saturated water content. 

Much effort has been applied toward developing correlations 

between other material parameters and resilient modulus. A study con

ducted by the U. S. Army Engineer Waterways Experiment Station (WES) for 

correlating modulus of subgrade reaction as determined by the plate 

bearing test is discussed in Appendix A. Such correlations can be use

ful in estimating the resilient modulus of the subgrade, but as with any 

empirical correlation care must be exercised in their use. Particular 

care must be taken in the case of field tests conducted to ensure that 

the moisture conditions at the time the tests are conducted will be 

representative of the final water content of the subgrade. 

When the moisture content of the subgrade approaches the satura

tion moisture content, the Poisson's ratio of the material will approach 

0.5. In the study at the WES, 0.4 has been found to be a representative 

value for most subgrades. For subgrades that are to be considered near 

saturation, it is suggested that 0.4 would be an adequate estimation of 

Poisson's ratio. If some lesser moisture content is considered appli

cable for design, then Poisson's ratio should be measured, or some lesser 

value of Poisson's ratio should be appropriate. 

SUMMARY 

Table 1 provides a summary for determining the modulus and 

Poisson's ratio for use in the analysis of rigid pavements. The column 
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entitled "Influencing Parameters" may need additional explanation since 

the parameters listed are by no means all of the parameters that in

fluence the modulus of a material. First, the table assumes that the 

material tested is used in the pavement and meets the material specifi

cations. For example, for the bituminous concrete, it is assumed that 

the aggregate, bitumen, moisture, and density are the same as to be 

used and do meet the specifications. Thus, in setting up the labora

tory tests many influencing parameters will be fixed but others, i.e., 

those parameters listed, will be variable, and particular care must be 

exercised in the control of these test parameters. 
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DEVELOPMENT OF PERFORMANCE CRITERIA 

GENERAL 

Historically, performance criteria for rigid pavements have been 

based on limiting the tensile stress in the PCC slab to levels such that 

failure occurs only after the pavement has sustained a number of load 

repetitions. Cracking or other forms of pavement distress are attributed 

to the repeated application of loads, and the process and criteria are 

referred to as fatigue and fatigue criteria. The fatigue process for 

rigid pavements is assumed to be similar to that for a PCC beam, and the 

criteria are presented in the saoe manner as the results of fatigue 

testing of concrete beams, i.e., a plot is made of the ratio of the 

applied stress to the strength of the PCC versus the number of stress 

repetitions applied. 
30 Yimprasert and McCullough prepared a plot comparing performance 

(will not be referred to as fatigue herein) criteria from several 

sources. These comparisons (Figure 18) are based on both laboratory 

tests of beaos and the results from the American Association of State 

Highway Officials (AASHO) road tests. The performance criteria recom

mended by the Portland Cement Association5 (Figure 19) are based on 

laboratory tests of beams. The performance criteria developed by the 

Corps of Engineers are based on results of full-scale test pavements 

subjected to controlled accelerated simulated aircraft traffic. The 

evolution of these criteria is described in References 31-35. One ver

sion of these criteria is shown in Figure 20. This curve35 is a plot 

of the design factor (DF) versus coverages from the equation 

where 

DF = R/O.75cr e 

DF = design factor 

R = PCC flexural strength 

cr e 
= tensile stress in the bottom of the PCC slab computed with 

the Westergaard edge-load idealization 
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The factor of 0.75 is used to account for the reduction in the edge 

stress resulting from the support provided by adjacent slabs. Coverages 

are a measure of the number of repetitions of the maximum stress occur

ring at a particular location in the pavement. The definition and 

method for converting actual aircraft operations to coverages is con

tained in Reference 36. The criteria developed by the Corps of Engineers 

are often presented in the form of a plot of percent of a standard thick

ness versus coverages. 37 

Upon detailed examination of the various fatigue criteria, it 

becomes apparent that while the basic concept and form are the s~e, 

many details are different. The data for the criteria are derived from 

two sources: controlled traffic tests of actual pavements, and labora

tory flexural tests on concrete beams (fatigue in compression is 

described by compressive loading of cylinders or cubes). The data for 

the curves labeled Hudson and Scrivner and Vesic in Figure 18 were 
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developed from an analysis of data from the AASHO road tests. In Fig

ure 20, the data for the curves resulted from an analysis of data from 

test pavements trafficked with simulated aircraft traffic. The data for 

the curves labeled Kesler, Murdock and Kesler, and Clemmer in Figure 18, 

and for the curves in Figure 19, were obtained from flexural loading 

tests of concrete beams. 

There are differences in procedures for counting stress repeti

tions. For beam tests, the procedure is simply to count the number of 

applications of load, although complications may arise concerning the 

nature of the load. For the AASHO road tests, loads were applied with 

vehicles having single- and tandem-axle loads. Stress repetitions, as 

defined for the relationship developed by Vesic in Figure 18, were the 

number of load applications, with the tandem-axle load applying two-load 

applications with each pass. In Figure 20, the term coverages is 

synonymous with stress repetitions. Passes of a load are converted to 

coverages, which are a measure of the number of times the maximum stress 

will occur at a particular location in the pavement. To convert actual 

aircraft traffic to coverages (stress repetitions), the random lateral 

movement of the load across the pavement is considered. A factor, 

referred to as the pass-to-coverage ratio, converts the number of air

craft passes (may be referred to as operations or departures) to the 

number of coverages that occur at the location of maximum accumulation 

within the pavement. 

The computation of stress is accomplished by different procedures. 

For laboratory beam tests, the maximum bending stress is easily calculable 

from simple equations of bending. For the relationship labeled Hudson 

and Scrivner (from AASHO road test) in Figure 18, the stresses are 

essentially maximum stresses measured along the pavement edge, with the 

loads located near the pavement edge. The word "essentially" is used, 

since the stresses used were not measured directly. Rather, a series 

of strains were measured, then converted to stresses, and an empirical 

relationship developed. From this relationship, the stress was computed 

to develop the performance relationship. The curve labeled Vesic in 

Figure 18 was also derived from an analysis of the AASHO road test data, 
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but stresses were computed using the finite element model with the 

Westergaard idealization of the pavement. The stresses are reported 

as the maximum that could have existed in the pavement. The stresses 

for the relationships in Figure 20 were computed as described previously. 

There are differences in the definition of failure. For the 

relationships in Figures 18 and 19 based on flexural tests of beams, 

failure is defined as fracture of the beams. For the relationships 

based on data from the AASHO road tests ,failure was defined as the 

pavement condition when the serviceability index equaled 2.5. The 

performance criteria in Figure 20 are based on what is referred to as 

the initial failure condition. This is defined as the condition at which 

50 percent of the slabs in the traffic area have developed a crack that 

divides the slab into two or three pieces. The line designated k = 25 

to 200 defines the condition at which the cracking will occur no matter 

what the modulus of soil reaction. However, performance of accelerated 

traffic tests and results of condition surveys indicated that pavements 

with high-strength foundations continued to satisfactorily carry loads 

after cracking, but that pavements with low-strength foundations devel

oped multiple cracking and differential displacements soon after initial 

cracking. For this reason, additional relationships were added to relax 

the criterion for defining failure for pavements on high-strength 

foundations and thus in essence permit additional traffic after initial 

cracking. 

For the performance criteria contained herein, the basic data 

will be developed from test pavements subjected to controlled accelerated 

simulated aircraft traffic. The term coverages36 will serve as the mea

sure of traffic or stress repetitions. The elastic layered idealization 

and in particular the BlSAH computer code will compute the limiting 

stress. The maximum principal tensile stress occurring in the bottom 

of the PCC slab and the vertical PCC slab deflection were selected as 

the critical response parameters. The initial crack definition of 

failure selected stated that a pavement was considered failed when 

approximately 50 percent of the slabs in the traffic area had cracked. 
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No allowances were made for satisfactory performance after initial 

cracking for pavements on high-strength foundations. 

FULL-SCALE ACCELERATED TEST 

The pavements from which the performance criteria were developed 

are described in Appendix B. These pavements were constructed and 

tested by the Corps of Engineers from 1943 to 1973. The procedures fol

lowed in each of the test tracks were basically the same. The pavement 

sections were designed to answer specific questions or to solve certain 

problems; the pavements were constructed and the as-constructed properties 

measured; the type of traffic needed to answer the specific questions or 

to solve the specific problems was applied to the pavement; the volume 

of traffic and pavement condition were monitored until failure of the 

pavement was achieved; and the after-traffic properties of the pavement 

were measured. 

Certain details of each test were different. The construction 

procedures, time of construction, geographic location, type subgrade, 

type joints, type load, distribution of loading, extent and type of 

testing, etc., varied. Although extrapolation to a general design 

procedure is considered justifiable, it should be recognized that the 

entire range of conditions that might be experienced by a pavement has 

not been covered. Another factor to be recognized is that although the 

volume of data may seem substantial, it is not sufficient to define a 

complete set of criteria. The relationships presented are simplifica

tions of what are probably more extensive and complex families or sys

tems of relationships. Because of the limited data available for each 

range of conditions, the relationships provided are agglomerations of 

a group of relationships. For example, the limiting stress criteria are 

defined by a single relationship. If more data had been available, it 

may have been possible to define a family of relationships for different 

loadings or possibly foundation stiffnesses. 

The use of data from actual traffic tests permits a number of 

factors to be considered indirectly in the design. The performance is 

directly related to traffic, and the resulting criteria are for the 
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entire pavement rather than for one component or material, such as

fatigue of the PCC as obtained from beam tests. Environmental effects 

are not considered in the computation of the response parameters for 

developing the criteria. Although the full-scale pavements experienced 

the effects of temperature and moisture changes and gradients, fric

tional restraint forces, etc., the range of conditions experienced was 

not all-inclusive. 

The accelerated traffic tests were conducted over short periods 

of time, and the detrimental effects of exposure to the environment are 

not experienced. However, the beneficial effects of time are not con

sidered either. PCC gains strength with time; the strength of cohesive 

subgrades does not reach the minimum strength until saturation occurs 

(which takes time), nor do the minimum strength conditions prevail all 

the time. However, the detrimental and beneficial effects of time may, 

to a certain extent, counterbalance each other. 

The effects of joints are not considered directly although it is 

recognized that joints are a point of weakness in rigid pavements and 

the distress is usually initiated at joints. The effects of joints are 

handled in the following manner: 

a. The test pavements all had joints and slab sizes that were 
similar to the standard types used in airfield pavements. 

b. The traffic was applied in the most critical manner with 
respect to the joi~ts. 

c. The use of the criteria will result in adequate pavements 
provided that the standard joint types and similar slab 
sizes used ensure adequate vertical forces transmitted 
between slabs. 

Each test pavement was limited in size; therefore, construction 

procedures and equipment were not of the size and complexity used for 

constructing large amounts of aircraft pavements. More manual operations 

were involved in the construction of the test pavements than would 

normally be involved in the construction of a complete runway or taxi

way. This must have affected the variability and the quality of pave

ment. Many of the test items were only 2, 3, or 4 slabs in size. On 

full-scale paving jobs, the pavement at the start of a job or even at 
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the start of a day's operation~ is normally of a poorer quality than the 

pavement constructed after the "bugs" are worked out of the system. 

There are other factors, such as the difference in the consolidation of 

PCC with hand-held vibrators as compared with the consolidation with a 

slip-form paver. The question of the difference in the test pavements 

and actual airport pavements is unanswerable, and it must be assumed 

that the test pavements were representative of real pavements. 

The size of the test pavements, some of which were only one slab 

in size, presents another problem. Considering the variability that 

naturally occurs, the number of additional slabs needed for a truly 

representative sample is not known. In assigning traffic at failure, 

average conditions were selected when possible. 

The volume of traffic applied to the test pavements was small 

as compared with the volume of traffic that would be used to design 

pavements for today's major civil airports or the larger military 

facilities. The primary reason for this is the cost involved in 

applying large amounts of traffic. Another reason is that a number of 

the tests were conducted during the 1940's and 1950's when pavements 

were designed for much lower traffic volumes. The net result of the low 

applied traffic volumes is that the results from the tests will have to 

be extrapolated to higher traffic volumes in order to be used to design 

for current and projected traffic. 

In summary, the use of data from full-scale accelerated traffic 

tests has certain disadvantages. However, when the complexity of the 

problem of designing pavements and alternative sources of data are 

considered, it apparently is the best alternative for producing criteria 

that are generally applicable and implementable. 

ASSIGNMENT OF MATERIAL 
PROPERTIES TO TEST PAVEr.fENTS 

For the test pavements described in Appendix A, the elastic 

properties of the various layers shown include moduli of elasticity, 

Poisson's ratio, and modulus of soil reaction values. For the Multiple

Wheel Heavy Gear Load,35 Keyed Longitudinal Construction JOint,38 and 
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Soil Stabilization Pavement StUdy39 pavements, the values shown for all 

types of materials were obtained from laboratory and field tests of the 

various materials. However, for the remainder of the pavements (Lock

bourne 1_3,40-46 Sharonville Channelized, 34,·47 and Sharonville Heavy 

LOad48 ), the load deformation properties of the foundation material were 

described solely by the modulus of soil reaction obtained from static 

plate load tests. The modulus of elasticity for the subgrades for these 

pavements was obtained from the correlation between modulus of elas

ticity and static modulus of soil reaction (Figure 21). Values of 

Poisson's ratio were selected from values presented by Barker and 

Brabston. 10 

Data from which the correlation in Figure 21 was developed are 

shown in Table 2. These data were obtained by conducting static plate 

bearing tests8 on in situ soils and repeated load triaxial tests 

(Appendix D) on "undisturbed" samples of cohesionless soils or samples 

prepared in the laboratory to approximate field conditions for cohe

sion1ess soils. Two points in Figure 21 were not used in establishing 

the correlation since the laboratory specimens did not represent the 

in situ conditions. 

The general application of a relationship, such as shown in 

Figure 21, to a wide range of conditions is questionable on several 

accounts. However, for the purpose for which it was developed and used 

herein, it did appear to provide reasonable estimates for the modulus 

of elasticity of the subgrade in the earlier test tracks. The credi

bility of the correlation is enhanced by the comparisons presented in 

Figure 22. The three points represented three conditions in which 

both types of tests had been performed. Points 1 and 2 were for a high 

plasticity clay (CH) and point 3 was for a low plasticity clay (CL). 

The second curve in Figure 22 was taken from Reference 49. The proxim~ 

ity of the three additional data points and the additional curve to the 

established relationship indicates that the correlation should provide 

reasonable estimates of the resilient modulus of subgrade soils. It 

should be noted that the laboratory tests were conducted according to 

procedures outlined in Appendix D and that moduli for cohesive soils 
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Soil 
No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

II 

12 

13 

14 

15 

16 

17 

18 

* 
** 
t 

Table 2 

Data for Correlation Between Static Modulus of Soil 
Reaction and Resilient Modulus 

Identification Modulus of Soil Reaction 
Class LL PI pci Resilient Modulus • 

CL 36 12 35 4.500* 

CH 50 32 170 22.000* 

CH 58 33 32 1,700* 

SM N.P. 116 21,500** 

CL 49 25 75 9,400* 

ML 27 3 225 12,000** 

SW-SM H.P. 190 35.000** 

SW-SM N.P. 450 112,500** 

SP N.P. 630 91.000** 

CL 43 21 175 32,500* ' 

CH 73 48 85 4,500* 

CH 73 48 118 13,200* 

CH 73 48 120 7.625* 

CH 73 48 120 9,000* 

CH 73 48 130 6,213* 

CH 73 48 72 6,500* 

CH 53 34 325 200,000t 

CH 64 42 250 102,500t 

Resilient modulus determined at deviator stress of 5 psi. 
Resilient modulus determined at first stress invariant of 10 psi. 
Points not used to establish correlation. Laboratory specimens 

were not representative of in situ material. 
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were selected at a deviator stress of 5 psi and at a first stress 

invariant of 10 psi for cohesionless soils. 

The moduli of elasticity for the granular base materials 'in the 

earlier test sections were selected using data from the previously 

described correlation (when plate bearing tests were conducted on top 

of the base courses), combined with information from other sources. 

This additional information was obtained from procedures for determining 

moduli of granular materials described by Barker and Brabston (Appendix 

G
IO

) and Chou,50 and from test results for similar materials presented 

by Chisolm and Townsend51 and Hicks. 52 Values for Poisson's ratio were 

assigned from values recommended by Barker and Brabston.10 The earlier 

test pavements did not contain bound base courses. 

LIMITING STRESS CRITERIA 

The limiting stress (fatigue) criteria are presented as a rela

tionship between design factor and coverages. The basic definitions of 

coverages and design factor are the same as used previously for Corps of 

Engineers criteria. The one difference in detail is that stress as com

puted with elastic layered theory is substituted for the stress computed 

with the Westergaard idealization, and the factor to account for stress 

reduction due to shear between slabs is omitted. Design factor is now 

defined as 

where 

DF' = Ria 

DF' = design factor for stress computed with elastic layered 
theory 

R = PCC flexural strength 

cr = maximum principal tensile stress at bottom of PCC slab 
computed with elastic layered model 

(6) 

The limiting stress c~iteria are illustrated in Figure 23. The 

data points in this figure are listed in Table 3. The plus signs after 

coverages in Table 3 and the arrows on the data points in Figure 23 
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Table 3 

gl~1 tgl ~!l!.~m!Dt ~t Performance 8r1ter1a 

Vertical 
Item 7raftic. Design :Jeflect1on, 

Site Locatio" Ident 1f1cat ion !:a!e Load Coveryes ~ 1r.. 

Lockbourne A Dual -Wheel 390+" 1.84 0.~206 
No. 1 A 1.5 1.31 o. ~356 

B 187 1.47 0.0322 
B 35 1.03 0.0558 
c 20~ 1.33 0.0437 
c l4 0.92 0.0757 
:J 450 1.30 0.01.98 
!) 33 0.89 0.0863 
E 430+ 1.48 0.0409 
E 77 1.02 0.0712 
F 550+* 1.87 0.0446 
F 111 1. 25 0.0770 
K 72 1.29 0.0634 
K 700 1.91 0.0393 
N 150 1.39 0.0653 
N 9 0.94 0.105 
0 573 1. 70 0.0575 
0 72 1.14 ~.0928 
p 262 1.24 0.0894 
p 6 0.84 0.144 
Q 1,390 1.68 0.0657 
:< 57 1.12 0.106 

" 88 1.51 0.04 
U 1.5 1.16 0.0625 
A (Reconstr.) Dual-Wheel 658 1.87 0.0435 

Lockbourne El Single-Wheel 97 1.15 0.061.1 
:lo. 2 E2 

"1 ... ,, 
942 1.19 0.0584 

E3 17 1.07 0.0808 
E4 203 1.07 0.0786 
E5 1.3 1.53 0.0479 
E6 2,204+ 1.77 0.0407 
E7 2,204..- 2.44 0.0346 
Kl Dual-Tandem 134 1.21 0.104 
M2 t 2,204+ 1.63 0.0807 
K3 Dual-Tandem 2,204+" 2.46 0.0562 

Lockbourne 1 Dual-Wheel 18 0.82 0.0903 
No. 3 

Sharonville 57 Dual-Wheel 34,650+" 2.35 0.04 
Channel1zed 58 

l 
34 ,650+ 1.98 0.044 

59 7,600 1.86 0.03 
60 1,674 1.80 0.018 
61 3,867 2.13 0.017 
62 Dual-Whee 1 10,082 2.72 0.013 

Sharonville 71 Dual-Tandem 9,680+" 3.28 0.0295 
Heavy Load 72 1 9,680 2.53 0.0413 

73 Dual-Tandem 2,115 2.00 0.0507 

Ml/HOL 1 C-5A 221 1.25 0.0579 
2 C-5A 4,230 1.69 0.0502 
2 Dual-Tandem 95 ::'.24 0.0537 
3 Dual-randem 205 1.1.3 0.0454 
3 C-5A 1,400 1.78 0.0433 
4 C-5A 180 1.05 0.0683 

KLJS 1 C-5A 54 1.39 0.0589 
2 ~ 344 1.40 0.0530 
3 22 1.40 0.0579 
4 C-5A 6,336 1. 76 o. 05~0 
4 Dual-Tandem 320 1.43 0.0591 

SSPS 3 Dual-T .... dem 3,215 2.00 0.0478 
3 

Dual-J..ndem 

350 1.62 0.058 
4 4,660 2.00 0.0478 
4 70 1.61 0.0574 

Note: The plus sign (+) tnd1cates that traffic stopped prior to item failure. 

" Data points not used in analysis. 
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indicate that the pavements did not fail at the stated traffic level. 

Of the 10 data points that had not failed, six were considered invalid 

since these six points had not approached failure. These six points 

are shown in Table 3 with an asterisk preceding the coverage level. 

Several curve fitting techniques were tried on the remaining 

54 data points. The one finally selected was a linear relationship 

fitted to the data by means of least squares with the design factor 

as the dependent variable and the logarithm* of the coverages as the 

independent variable. The resulting relationship in Figure 23 is 

described by the equation 

DF~ = 0.58901 + 0.35486 log(Cov) 

where log(Cov) equals the logarithm of the traffic in terms of coverages. 

The standard error from the regression in terms of the design factor is 

0.23225. The band width of two standard deviations about the regression 

line is shown as the shaded area in Figure 23. The correlation coeffi

cient from the regression analysis was 0.81638. 

Several factors considered in the selection of the particular 

relationship in Figure 23 should be briefly noted. The selection of 

the design factor as the dependent variable was made for the purpose 

of producing a relationship that would minimize (based on least squares 

criteria) the variability in the required thickness, stiffness, and 

strength of pavement to carry a certain load. The alternative would 

have been to select coverages as the dependent variable and design 

factor as the independent variable. This solution would then minimize 

the variability with respect to coverages. The choice between the two 

relationships is subjective in nature, and only through examination of 

both relationships was the choice made to use the relationship having 

the design factor as the dependent variable for the design criteria. 

* Unless otherwise denoted, all logarithms will be to the base ten. 
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A single relationship, rather than multiple relationships for 

several ranges of conditions, was selected because of insufficient data 

for a range of groupings and from visual inspection of the plot, which 

showed no well-defined groupings of data points. Groupings according 

to load and foundation stiffness were tried. A linear regression was 

selected because its simplicity was commensurate with the nature of 

the data in the sense that each data point is reflective of numerous 

factors of a complex problem. In addition, the absence of visual 

trends in the data did not suggest the applicability of a more comPlex 

relationship. 

The absence of data points for traffic volumes greater than 

10,000 coverages should be noted. Only one point is shown for coverage 

levels greater than 10,000, and this pavement did not reach failure at 

the indicated traffic level. Use of the relationship to design for 

traffic volumes greater than 10,000 coverages (which will frequently 

be the case for current traffic volumes) will require extrapolation of 

the linear relationship. There is nothing to suggest that this should 

not be the case. 

VERTICAL DEFLECTION CRITERIA 

The vertical deflection criteria are presented as relationships 

between vertical slab deflection and traffic in terms of coverages. The 

vertical slab deflection data in Table 3 were computed with the elastic 

layered theory using the EISAR program. For each aircraft gear, the 

deflection was computed under each tire and under the centroid of the 

gear. The maximum deflection at these points is shown in Table 3. 

Several types of curve-fitting techniques were tried to determine 

the best fit curve through the 54 data points in Table 3 that were used 

to develop the design factor criteria. The one finally selected was a 

power curve fit to the data by means of least squares with the vertical 

deflection as the dependent variable and the number of the coverages as 

the independent variable. The resulting relationship in r~gur_ 24 is 

described by the equation 
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o = 0.10876(Cov)-0.1228 (8) 

where 0 represents the computed vertical elastic slab deflection. 

The standard error for Equation 8 is 0.01958 in. A band, two standard 

errors wide, is shown in Figure 24. The correlation coefficient of 

-0.58282 from the regression analysis signifies that deflection is a 

poor indicator of pavement performance. 

To improve the relationship between computed deflection and pave

ment performance, an attempt was made to identify particular test sec

tions that may have failed due to excessive deflection. In the plot of 

the test data (Figure 23), 24 test sections failed at coverage levels 

less than the coverage level predicted by Equation 7. If the assumption 

is made that the premature failure of these 24 sections may have been 

due to excessive deflection, a reason exists for examining these test 

sections alone. It still must be realized that in most of the test 

sections the overprediction of Equation 7 will be caused by inherent 

variability of the test data. Therefore, an analysis of the 24 pOints 

was conducted to see where these points were with respect to the best 

fit deflection curve (Figure 24). The failure coverage for 16 data 

points is less than the coverage predicted from the deflection-coverage 

relationship in Figure 24. Thus, no conclusions can be drawn from the 

failure of these 16 sections, but the remaining 8 test sections did 

indicate excessive deflection. From this analysis, it was postulated 

that the eight test sections failed due to excessive deflection and that 

deflection criteria could be obtained from these data. 

A regression analysis was run on these eight points, and the 

curve selected as the best fit (Figure 25) is described by the equation 

o = 0.098738 (log Cov)-0.579l0 (9) 

This curve was selected as the limiting deflection criterion. Equation 9 

has a standard error of 0.00356 and a correlation coefficient of -0.98720. 

As an additional analysis, the deflection data were divided into 

two groups: (a) 35 points in the group for single- and dual-wheel gears 

59 



0
\ 

0 

0
1
~
1
 

1\
\\1

 
II

II
 

II
I 

il
l!

 
i
i
l
l
 

I 
I 
I
I
 

0 
D

U
A

L
-W

H
E

E
L

 L
O

A
D

 

0.
1 

Z
L

 
\
\
\
 

• 
S

IN
G

L
E

-W
H

E
E

L
 L

O
A

D
 

~ £ Q
 ... u ... J 

0
.1

0
 

IL
 ... 0 II

I • J II
I 

U
 i=
 

0
.0

 II
 

0
: 0 

II
I 

0
: 

• 
0

: 
..J

 
lu

 
W

 
0 

..J
 

0
: 

« 
...

 "
,
 

~
 

0
"
,
 

2 
..

. 
... 

"'
8

 
~ 

0
.0

 e
 

.... 
. 

'""
'0

 
>

 
--

l 
0 ... .... ::>

 
n.

 i'''r 
r
-
-
~
-
- -
-

,) 
-. 

0.
09

87
38

 (
L

O
G

 (
C

O
V

))
·O

.5
7

9
10

 

:l
 

-0
.9

8
7

2
0

 

O
.O

Z
 01
 

I 
I 

I 
I 

I 
I 

I 
I 

I 
I 

I 
I 

I 
I 
I 

I 
I I

 
I 

I 
I 
I 

10
0 

10
1 

10
Z

 
10

3 
10

~ 
10

5 

C
O

V
E

R
A

G
E

S
 T

O
 

F
A

IL
U

R
E

 

F
ig

u
re

 2
5

. 
P

er
fo

rm
an

ce
 
c
ri

te
ri

a
 b

as
ed

 o
n 

v
e
rt

ic
a
l 

d
e
fl

e
c
ti

o
n

s 
as

su
m

ed
 t

o
 h

av
e 

fa
il

e
d

 b
ec

au
se

 o
f 

ex
ce

ss
iv

e 
d

e
fl

e
c
ti

o
n

 



(Figure 26); and (b) 19 points in the group for dual-tandem and C-5A 

gears (Figure 27). The best fit curve for each group is also shown 

in the respective figure. The best fit equation for single- and dual

wheel gears is given by 

where 

SE = 0.02085 

r = -0.67485 

o = 0.12657(Cov)-0.163l4 

The best fit equation for multiple-wheel gears is expressed as 

o = 0.077005(Cov)-0.049l 9l 

where 

SE = 0.01355 

r = -0.41200 

(10) 

(11) 

The difference in the two curves in Figures 26 and 27 indicates 

that the vertical slab deflection varies more with the type of aircraft 

gear than with the performance of the pavement. Two different aircraft 

gears could produce about the same stress on a single pavement, but the 

deflection caused by the aircraft gears could vary greatly. As an 

illustration, consider the· case of a Boeing 747 aircraft with a maxi

mum ramp weight of 713 kips and a Boeing 727 aircraft with a maximum 

ramp weight of 173 kips. Both of these aircraft produce wheel loads of 

about 42 kips. Computations for an 18-in.-thick PCC slab (E = 4 x 10
6 

psi, v = 0.2) on a 12-in.-thick base (E = 30,000 psi, v = 0.3) over a 

subgrade with E = 10,000 psi and v = 0.4 yield maximum tensile 

stresses in the slab and maximum vertical slab deflections of 294 psi 

and 0;.0435 in •. for the Boeing 747 and 262 psi and 0.0238 in. for the 

Boeing 727. As noted, the stresses are almost the same, but the deflec

tion produced by the Boeing 747 is almost twice that produced by the 

Boeing 727. The use of a single relationship for deflection criteria 
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would be either too severe for the Boeing 747 or unconservative for the 

Boeing 727. 

Additional data will be presented in a following s~~tion, which 

will strongly indicate that the deflection is also dependent on the 

subgrade strength. The test data were insufficient to define the rela

tionship between the deflections and the subgrade strength; therefore, 

at this point, the deflection criteria are not considered to be a good 

design parameter. 

It should be noted that the deflection criteria are independent 

(at least directly) of the PCC strength. Because the modulus of rupture 

is related to the modulus of elasticity, and the modulus of elastiCity 

is used in computing the deflections, the strength criteria are in

directly related to the PCC strength but in a very complicated manner. 

An attempt was made to utilize the PCC strength in a more direct manner. 

The attempt involved developing from the test section data a relation

ship between computed deflection and the design factor (Figure 28). The 

relationship is best described by the equation 

o = O.082794DF-l.2209 (12) 

As with the previously developed deflection criteria, the useful

ness of the criteria for design is considered limited. These criteria 

may also be used by selecting a limiting computed deflection, but for 

these criteria the limiting deflection is based on the design factor, 

which contains the PCC strength. The relationship may find greater use 

in pavement evaluation since it does provide a means of relating deflec

tion to design factor criteria, which are the principal criteria for 

rigid pavement design. Again, a warning must be issued that the cri

teria are somewhat dependent on gear configuration and care must be 

exercised in the use of the criteria. 

CRITERIA FOR OVERLAY AND 
REINFORCED SLAB DESIGN 

The criteria developed thus far have been for nonreinforced PCC 

slabs placed on bound or granular base courses or directly on the 
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subgrade. Criteria for unreinforced rigid overlays and reinforced 

pavements and overlays will be considered in this section. 

The criteria recommended for rigid overlay design and for rein

forced pavement and overlay design are the same as are currently employed 

for military and civil facilities.
1

- 3 The criteria were developed from 

data from full-scale accelerated test pavements, just as the criteria 

previously described. Many of the test tracks listed in Appendix A 

contained overlays and reinforced pavements as well as the unreinforced 

pavements described. No reanalysis was performed on data from the over

lays and reinforced pavements because it was apparent that no signifi

cant improvements could be made. 

As the criteria were developed and applied, it was noted that 

they would be applicable for the proposed system. The reason for this 

is that the basic parameter used in the development of both criteria 

is the thickness of unreinforced pavement. The overlay criteria were 

developed and then applied in terms of the thickness of overlay needed 

to provide the same performance of an equivalent reinforced pavement 

thickness. 33,53 The criteria for reinforced ~avement and overlay design 

were developed and then applied in terms of the steel increasing the 

effective slab thickness as a percentage of the required unreinforced 

pavement thickness. 33 ,34 ,53,54 Provided the proposed criteria result 

in adequate thickr.esses of unreinforced pavement, the use of these 

thicknesses with existing procedures should result in adequate unrein

forced overlay, reinforced pavement, and reinforced overlay thicknesses. 

OVERLAY CRITERIA 

Three equations are provided for determining the thickness of 

rigid overlays of rigid pavements. Equations are provided for the three 

conditions of bond achieved between the overlay and the base pavement. 

When a deliberate and concentrated effort is made to achieve bond, over

lay thickness is given by 

h = h - h o d 

66 

(13) 



where 

h 
o 

= thickness of overlay 

hd = 

h = 
thickness of PCC slab placed directly on foundation 

thickness of existing PCC slabs 

This equation is based on the assumption that the bond is sufficient for 

two slabs to act as one, thus the direct one-for-one relationship in 

thickness. Certainly, the equation should be applicable no matter what 

the basis for determining the thickness of the slabs directly on the 

foundation. Therefore, it is deemed adequate for use with the proposed 

cri teria. 

Bonded overlays are recommended when the existing pavement is 

in sound structural condition, i.e., no cracking. This permits the 

direct sUbstitution of thickness. The required equivalent thicknesses 

of PCC slabs directly on the foundation are selected based on the 

flexural s~rength of the overlay. The use of Equation 13 is predicated 

on the assumption that the flexural strength of the overlay is approxi

mately equal to the flexural strength of the base pavement. Should the 

flexural s~rength of the overlay be 100 psi or more greater than the 

flexural strength of the base pavement, the flexural strength of the 

base pavement should be used to compute the equivalent slab on founda

tion thick!1ess. 

When no deliberate effort is made to achieve bond and a condition 

of partial bond exists between the overlay and the existing pavement, 

overlay thickness is given by 

h 
o = h 1. 4 _ Ch1. 4 

d 
(14) 

where C equals a coefficient that depends on the structural condition 

of the existing pavement. When a deliberate effort is made to ensure 

that there is no bond between the overlay and the existing pavement, 

overlay thickness is given by 
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As based on a visual inspection of the existing pavements, the numerical 

value of C is established as follows: 

C = 1.00 when the slabs are in good condition, with little or 
no structural cracking. 

C = 0.75 when the slabs show initial cracking caused by loading, 
but little or no multiple cracking. 

C = 0.50 when a large number of slabs show multiple cracking, but 
the majority of slabs are intact or contain only single 
cracks. 

C = 0.35 when the majority of slabs show multiple cracking. 

Equations 14 and 15 were developed empirically from the results 

of full-scale test tracks and adjusted where necessary based on actual 

performance data. The performance of various overlay items was compared 

with varying thicknesses of slabs on similar foundations under the same 

load and traffic. The overlay thickness is related to an equivalent 

thickness of slab on foundations. Therefore, if it is assumed that the 

equations establish a valid relationship between overlay and equivalent 

slab on foundation thickness, then appropriate overlay thicknesses can 

be determined provided the criteria for selecting the equivalent slab 

on foundation is adequate. Because of their wide usage, it was assumed 

that the equations provide adequate overlay design; thus, they are 

recommended for use with the proposed criteria for overlay design. 

Although the presently used overlay design equations are recom

mended, a design procedure with elastic layered theory as the basic 

response model provides the framework within which the overlay design 

may be directly incorporated. This will, however, require development 

of capabilities in several areas, such as the ability to quantitatively 

define the load-deformation characteristics of cracked pavements (which 

will be reflective of support provided and the resulting performance of 

the overlay), and the ability to quantitatively define the degree of 

bond developed between the overlay and the existing pavement. 

A system, such as that currently existing, might be employed for 

characterizing cracked pavements, i.e., when C = 1.00, the modulus of 

elasticity of the PCC layer is as measured for the intact material; when 

C = 0.5, the modulus of the PCC layer might be 0.4 times the measured 
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modulus of the intact material, etc. Further, the same type system 

might be used to describe the degree of bond achieved bet~een the over

lay and the base pavement. The effect of such a system ~ould be the same 

as the different exponents in EQuations 14 and 15. The BlSAR code, as 

recommended for use with the criteria developed herein, does have the 

capability of considering variable bond between layers, but the problem 

is in defining the degree of bond. 

The bonded case could be handled with the proposed system, 

provided it is only applied when the existing pavement is structurally 

sound. However, the only improvement over EQuation 13 that could be 

effected would be to consider differences in the moduli of the PCC in 

the overlay and the existing pavement. The effect of different PCC 

moduli are not considered significant. v.Then the noduli are the same, 

EQuation 13 should give the same results as direct application of the 

design procedure since the assumption of full continuity between the 

two PCC layers, which is made in the eQuation and can be made in the 

response model (BlSAR code). 

The currently used procedure for design of rigid overlays of 

flexible pavements is to design the overlay thickness as a slab on 

foundation where the load deformation characteristics of the existing 

flexible pavenent are defined by a modulus of soil reaction measured 

with a plate bearing test. It is recommended that the same procedure 

be employed with the proposed procedure, i.e., the overlay designed as 

a slab on foundation. Material characterization procedures discussed 

previously with test procedures outlined in Appendixes C-E should be 

followed. 

When the asphalt concrete (or other type bituminous material) 

surface layers of the existing flexiple pavement are badly fractured and, 

in the estimation of the designer, will not behave as a bound material, 

the designer may characterize with either of the following: 

a. The material may be assigned the same properties as granular 
base or subbase material in the pavement. 

b. The material may be assumed to be granular, and a modulus may 
be estimated using the procedure described by Barker and 
Brabston in Appendix G.10 
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If the bituminous surface course is less than 3 in. thick, it may be 

assigned the same modulus as the base or subbase course regardless of 

its structural condition. 

Occasionally, the use of a plate bearing test to characterize the 

load deformation characteristics of flexible pavements provides ques

tionable results. The characterization of the materials composing a 

flexible pavement with the prescribed procedures and the use of these 

properties in an elastic layered model should improve the design of 

rigid overlays of flexible pavements. 

CRITERIA FOR REINFORCED 
PAVEr-fENTS AND OVERLAYS 

The basic criterion for the design of reinforced pavements and 

overlays is shown in Figure 29. This relationship was developed 

empirically from data from full-scale accelerated traffic tests. The 
. 40-42 43 44 test tracks des~gnated Lockbourne No.1, Lockbourne No.2, ' 

and Sharonville Channelized Traffic 34 ,47 contained reinforced test 

sections of varying thicknesses and percentages of reinforcement. 
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The relationship in Figure 29 was developed by comparing the 

performance of plain and reinforced pavements and relating the improve

ments in performance to the amount of steel. The basis for the compari

son was the thickness of unreinforced pavement. Therefore, assuming 

that the proposed procedure will result in adeQuate thicknesses of 

unreinforced pavenent, application of the criteria illustrated in 

Figure 29 should result in adeQuate thicknesses of reinforced pave

ments and overlays. Limitations on application of the criteria, as 

presently employed, should continue to be used. 
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ASSEMBLY OF PROCEDURE FOR DESIGN 

GENERAL 

Herein, procedures for application of the response model; material 

characterization tests, and performance criteria to the design of rigid 

airport pavements will be set forth. Much of the information provided 

will be general in nature since the problems faced by the engineer will 

vary widely for each design situation. Although a general procedure 

is provided by which rigid pavements can be designed, the emphasis has 

been placed on presenting the development and background in lieu of 

presenting a cookbook-type design procedure. 

MATERIAL SAMPLING 

Only general guidance can be provided for material sampling. The 

amount accomplished should depend on how much the designer feels he 

needs to adequately define the properties of the materials so that the 

resulting pavement will have the desired reliability. The variability 

of the subgrade, borrow and aggregate sources, number of material 

sources considered, the type of facility being designed, etc., should 

determine the extent of the material sampling program. 

SUBGRADE AND BORROW 

Guidance for soils investigations for currently used procedures 

are contained in References 1-3 and 24. Provisions for exploratory 

surveys and preliminary investigations, as contained in these ref

erences, are applicable to the procedures outlined herein. The depth 

and spacing of borings contained in these references for cut, fill, and 

borrow areas are applicable. Samples should be obtained from the 

borings or from pits for classification and development of compaction 

data. 

The extent of undisturbed sampling will depend on the results from 

the preliminary soil survey. At least four samples of each distinct type 

of subgrade soil should be obtained for resilient modulus testing. Bag 

samples of each distinct type of borrow material proposed for use as 
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fill should be taken to provide for preparation of four samples of each 

distinct type material for resilient modulus testing. 

BASE (SUBBASE) MATERIAL 

Samples from all sources of aggregate that are to be considered 

in the design process should be obtained in quantities sufficient to 

perform classification tests, durability tests, and at least four speci

mens for resilient modulus testing. If a binder is to be used to produce 

bound base material, the samples from available sources should be ob

tained and used in the preparation of specimens for resilient modulus 

testing. Procedures as currently employed to ensure that binders 

(cement, lime, fly ash, or bituminous materials) meet required specifi

cations should be employed. 

PORTLAND CEt-fEIlT CONCRETE 

Samples from available sources of aggregate, portland cement, and 

additives should be obtained and tested to ensure compliance with mate

rial specifications. In addition, samples of aggregate from available 

sources and representative samples of portland cement and additives 

should be obtained for mixture proportioning studies to determine ranges 

of flexural strength and modulus. 

EXISTING PAVEMENTS 
TO BE OVERLAID 

The basic requirements for a preliminary survey of pavements to 

be overlaid is the same as for a new pavement, i.e., to define the mate

rials within the pavement. If as-built plans and specifications are 

available, the preliminary investigation may be omitted. However, if 

this information is not available a series of borings will be necessary 

to dete~ine the layered system comprising the existing pavement. 

Undisturbed samples, where possible, or disturbed samples for cohesion

less materials Bhould be obtained for all materials in quantities suffi

cient to provide four specimens of each distinct material type for 

resilient modulus testing. 
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For rigid pavements, samples should be obtained for the subgrade 

and base course layers. Condition coefficients should be established, 

as outlined in References 1-3, to define the structural condition of the 

PCC surfacing. Beams of the existing PCC should be obtained for flexural 

testing, or if this is not possible, cores should be obtained for split 

tensile testing. Procedures for obtaining and testing drilled cores and 

sawed beams are outlined in ASTM Standard Method C 42_6855 (CRD-C 

27_6956 ). 

For flexible pavements, samples should be obtained for the sub

grade, subbase course, and base course layers. For bituminous surfac

ings, layers 3 in. thick or less need not be sampled, and the layer may 

be included with the base layer when assigning material properties. 

Likewise, when the bituminous surface layers are cracked to the point 

where they would not function as a continuous layer of bound material, 

then the same material properties may be assigned as for the base layer. 

No specific guidance can be provided to determine the amount of cracking 

that will destroy the integrity of the bituminous surfacing. It will be 

a matter of the opinion of the designer. 

MATERIAL CHARACTERIZATION 

The standard tests for classifying materials, establishing com

paction requirements, and determining if material specifications are 
1-3 24 met will be the same as those presently employed. ' Procedures, 

different from those currently used, will be needed to characterize the 

load deformation properties of each material. These properties will be 

determined from laboratory tests rather than from field tests. 

Variations will be obtained in material properties. For design, 

it is recommended that the average value of modulus of elasticity be 

used. The 80 percentile value is recommended for use when determining 

the design value of flexural strength. Selection of Poisson's ratio 

will not be so precise. All available data should be studied, including 

recommended typical values, and a representative value selected. 

Procedures are available for estimating modulus values as well as 

values of Poisson's ratio. The reliability desired in the resulting 
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design should be considered before relying on a procedure that will 

result only in an approximation of the material properties. Thickness 

design is not overly sensitive to Poisson's ratio and approximations 

are acceptable, although it is recommended that tests be conducted and 

used in conjunction with typical values for selecting a representative 

value. 

SUB GRADE 

Test procedures for subgrade soils are outlined in Appendix E. 

Cohesionless soils will be insensitive to moisture content, but very 

sensitive to density. Samples should be prepared as close as possible 

to field densities. Moduli values should be computed at first stress 

invariants of 10 psi, and average values computed. Computations of 

Poisson's ratio should be made and compared with typical values for 

selecting representative values for design. 

Cohesive soils are sensitive to moisture content and density and 

should be tested at the most critical conditions. Normally, this will 

be in a condition of complete saturation. However, for arid locations 

where experience indicates that saturated conditions are never attained, 

moisture contents less than saturation may be used. Undisturbed samples 

should be used where applicable and where possible. For fill material, 

specimens should be compacted to simulate field conditions (density and 

moisture) as close as possible and saturated from the as-compacted 

condi tion. Moduli values should be computed at a deviator stress of 

5 psi, and the design value selected as the average value from test 

results. 

When the potential for frost action exists and the pavement is 

to be designed based on zero or partial frost protection, the subgrade 

should be tested according to procedures outlined in Appendix B of 

Reference 10. Moduli values should be selected at a deviator stress 

of 5 psi, and ,the average value selected for design. When the subgrade 

is to be protected against frost penetration (even though climatic and 

soil conditions are conducive to frost action), procedures outlined in 

Appendix E should be used. 
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Computations of Poisson's ratio should be made and compared with 

the typical values to select a representative design value. 

Procedures for characterization of subgrades beneath existing 

pavements for overlay design are basically the same as those described 

above, exceptions being that the materials should be tested at their 

in situ moisture and density conditions. Exceptions to this would be 

conditions where frost penetration may produce higher water contents 

during thaw periods or special conditions (sample taken near edge of 

paved area or in areas where the surface was not sealed) where the 

moisture conditions are not those normally prevailing in the subgrade. 

BASE (SUBBASE) MATERIAL 

Separate procedures are provided for granular and bOillld base 

materials. Granular materials should be tested in compression according 

to procedures outlined in Appendix D. The response of granular bases, 

while insensitive to moisture, is dependent on the density of the mate

rial. Therefore, specimens should be prepared as close as possible to 

field densities. Moduli values should be selected at first stress 

invariants of 10 psi, and average values selected for design. Computa

tions of Poisson's ratio should be made and compared with typical 

values for selecting a representative design value. 

Bound base materials should be tested in flexure according to 

procedures outlined in Appendix C. Separate procedures are provided 

for chemically stabilized and bituminous stabilized bases. Chemically 

stabilized materials are sensitive to curing time and conditions and 

should be moist-cured for 28 days prior to testing. Bituminous sta

bilized materials are sensitive to temperature, and the design modulus 

should be selected for average temperature conditions in the base. The 

average temperature may be selected from available temperature predic

tion models. The values selected for design should be the average of 

all values obtained. Poisson's ratio should be selected from the fol

lowing recommended values: 
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Material 

Bituminous Stabilized 

Chemically Stabilized 

PORTLAND CEMENT CONCRETE 

Poisson's Ratio 

0.5 for E < 500,000 psi 
0.3 for E > 500,000 psi 

0.2 

Mixture proportioning studies should be conducted to establish 

a practical range of flexural strength that may be obtained with avail

able materials. Flexural strength tests are conducted according to 

ASTM Standard Method of Test C 78-75 57 (CRD-C 16-6656 ). During the 

conduct of flexural tests, deflections should be measured, and moduli 

of elasticity computed according to procedures outlined in the Corps 

of Engineers procedure CRD-C 21_58. 56 

The design strengths specified should depend on the method used 

in the specifications. If mixture proportions are contained in the job 

specifications, the design strength should be the strength obtainable 

80 percent of the time with the specified mixture proportions. If 

flexural strength is specified in job specifications, the design 

strength should be the strength reasonably obtainable 80 percent of 

the time with locally available materials that meet other material 

requirements. The 80 percentile strength should then be used for con

struction quality control. 

Normally the modulus of elasticity of PCC will not vary over a 

very wide range for aggregates from a particular locality. For the 

mixtures meeting strength requirements, a representative value of 

modulus of elasticity should be selected. Should a range of over 

l,OOO,OOO psi exist between the moduli for proposed mixtures, limiting 

moduli from the ends of the range should be used in the design proce

dure. Should this result in differences in the required thickness, each 

thickness design would then have to be tied to particular mixtures. 

However, situations that require different thicknesses based on the 

modulus of elasticity of the concrete will, in all likelihood, be rare. 

Strength of PCC in existing pavements may be obtained by testing 

beams sawed from the pavement according to ASTM Standard Method of Test 
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C 78_75 57 (CRD-C 16_6656 ) or from tensile strength obtained from split 

tensile tests according to ASTM Standard Method of Test C 496-7158 

(CRD-C 77_2256 ) on cores from the pavement. The split tensile strength 

should be converted to flexural strength with a correlation recommended 

by Hammitt 59 or other correlations as available. 

LAYERED SYSTEM DESIGN 

Once the properties of available materials have been determined 

the optimum (economic and structural considerations) layered system may 

be selected by a trial-and-error process. PCC slab thickness and base 

course type and thickness will be the primary parameters that may be 

varied. The results will be an array of acceptable designs, which are 

structurally acceptable but must be evaluated economically to determine 

the optimum design. 

The array of acceptable layered systems will be bounded by prac

tical limitations. The minimum thicknesses of bases and PCC slabs are 

based on structural requirements, construction constraints, thickness 

limitations based on soil and environmental conditions (swelling soils, 

frost action, etc.), and limitations of locally available materials. 

Awareness and adherence to these practical limitations will reduce the 

effort required by the designer. 

The procedures for selecting layered thicknesses, as outlined 

herein, will be based solely on structural considerations. However, 

special requirements, as currently specified in References 1-3 and 24, 
should control when thicker or higher quality layers are indicated. 

LI~rrTING STRESS CRITERIA 

The limiting stress criteria (Figure 23) are used to select a PCC 

slab thickness for a given set of foundation conditions. Base course 

thickness is controlled by the stress criteria, but the control is 

indirect. Base co.urse thickness will normally be held constant, and 

the thickness of the PCC slab varied until an acceptable structure is 

determined. The process can then be repeated with a different base 

thickness. The entire process may be repeated for all available mate

rials. In areas where frost problems exist, the base course thickness 
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will probably be controlled by requirements for protection of the sub

grade against frost penetration. 

The use of the limiting stress criteria can best be demonstrated 

by a set of example problems. Three foundation conditions are illus

trated in the examples. One case will be with the PCC slab directly 

on the subgrade, a second is with the PCC slab on a 12-in. base course 

layer with properties similar to a granular material, and a third case 

is with the PCC slab on an 8-in. base course layer with properties 

similar to a bound material. Two conditions of traffic are illustrated 

in each of the examples, one similar to that which might be encountered 

at a civil aviation facility and a second similar to that which might 

be encountered at a nilitary installation. 

Four procedures for handling traffic or loads are illustrated. 

For the examples for civil facilities, the procedures recommended in 

Reference 1 are followed. To determine a pavement thickness, all traf

fic is equated to equivalent DC-8-61 traffic with the relationship 

where 

Rl = equivalent DC-8-61 departures 

R2 = adjusted departures of aircraft in question 

WI = wheel load for equivalent DC-8-61 

W
2 

= wheel load for aircraft in question 

A second thickness of the pavement. is determined only for the wide-body 

jet aircraft in the traffic mixture. When Equation 16 is used, wide

body jet aircraft are substituted for equivalent DC-8-61 traffic on a 

one-to-one basis. The number of departures for aircraft with single

or dual-tire gears should be adjusted using the following conversion 

factors: 

To Convert 

Single wheel 

Dual wheel 

To 

Dual tandem 

Dual tandem 
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For the examples for military installations, the pavements are designed 

for each aircraft, and the required thickness is selected for the criti

cal aircraft. For both civil and military designs, the cumulative damage 

concept is applied in a rather crude fashion, and the pavement designed 

for the entire mixture of traffic. 

For the four methods of handling traffic, the proposed criteria 

will be an approximation. The test pavements were loaded with only one 

type load, and the loads were applied across the pavements in specific 

patterns. In many of the earlier tests, the loads were distributed uni

formly across the pavements; in the later tests, the loads were applied 

in a distribution simulating a normal distribution. Interwoven into 

these criteria is also the concept of "coverages." The concept of cov

erages as applied herein is discussed in Reference 36. It is a difficult 

concept to comprehend, and impossible to extend or use with other cri

teria, such as fatigue data developed from flexural tests of concrete 

beams. However, conceptually it is analogous to the more general termi

nology of stress or load repetitions even though the two are not inter

changeable. The traffic at failure (in terms of coverages) assigned 

each of the test pavements was for one type load and is implicitly tied 

to the manner in which the traffic was applied. 

From the standpoint of applied load, the procedure of equating 

all traffic to equivalent Dc-B traffic and the use of this one load with 

the criteria is conceptually correct since the test pavements were 

loaded with only one type load. The assumption necessary is that Equa

tion 16 realistically accounts for the differences in load confi~ation 

and distribution of load on the pavement. Certainly the equation pro

vides only an approximation, but as will be seen in the examples, it is 

an acceptable approximation. 

The procedure of designing for only the wide-body jet aircraft 

and comparing this design with the design for the equivalent Dc-B design 

is similar to the procedure employed for military design, i.e., the most 

critical design (thickest slab) is selected. Conceptually the use of 

this procedure with the proposed -criteria is correct from the standpoint 

of load and load application. However, the assumption necessary is that 

the pavement life or thickness required is not affected by any loading 
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except the critical loading, i.e., the loading requiring the thickest 

pavement. This assumption may not be totally valid, but as will be seen 

in the examples, it also provides an acceptable approximation. 

The use of any of the procedures described has the advantage of 

simplifying the process of treating a mixture of traffic. This simpli

fication appears to be in order when considering the impreciseness of 

the performance relationship, the precision of material characterization 

procedures, and the accuracy of estimates of traffic (both numbers and 

magnitude of loads). 

The use of cumulative damage concepts to account for the effects 

of mixed traffic is a more complex procedure than those previously 

described. Conceptually it is a more satisfying procedure since 

theoretically the effects of each load, the differences in the distribu

tion of each load across the pavement, and their cumulative effects on 

pavement life (or thickness required) can be considered. However, 

several factors should be noted to caution the user when using this 

procedure. 

As noted previously, the data for development of the limiting 

stress criteria (Figure 23) were from pavements where only one load was 

used, and this load was distributed across the pavement in a particular 

manner. The effects of different loads are not accounted for in the 

criteria, and one is forced to make the assumption that each load has a 

detrimental effect on the pavement and that Miner's hypothesis, in some 

form, can be used to accumulate the damage from each aircraft. The 

feeling that most people have is that each aircraft operation does have 

some detrimental effect on the pavement; however, no definitive data 

exist to show this (to the author's knowledge). Conversely, there is a 

certain amount of evidence available from laboratory tests to indicate 

that the fatigue strength or life of concrete is not adversely affected 

by loads less than some fraction of a failure load and that they may 

even have a b~neficial effect. 60 ,61 Certainly a pavement is a more 

complex system than a beam or cylinder, and in addition to fatigue of 

the concrete, such things as foundation support are affected by load 

repetitions. However, because of the lack of definitive data to prove 
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or disprove its validity, the use of Miner's hypothesis must be con

sidered only as a rough approximation. 

When cumulative damage concepts are applied, one is faced with 

the task of choosing the complexity of the analysis to be performed. 

The limiting stress criteria (Figure 23) are based on the maximum stress 

existing in the pavement, i.e., design factor is defined as the ratio of 

flexural strength of concrete to the maximum induced stress. Stresses 

less than the maximum do exist in the pavement, and one must decide 

whether to include their effects in the analysis. Similarly, the loca

tion of the maximum stress will vary as the position of the gear varies. 

In addition, the peak of the load distribution for each aircraft will 

vary. This can best be illustrated by considering Figure 30. This 

figure illustrates, conceptually, two distributions of loads across a 

pavement and the distribution of stress within the pavement for loads 

located at the center of the distribution, i.e., the location where they 

are most likely to occur. The criteria, as developed, are based only on 

the maximum stress that occurs, and through the concept of coverages, 

the critical location within the pavement, i.e., the location (one tire 

width wide) where the maximum number of maximum stress repetitions will 

occur. When an accumulated damage approach is used, one must decide 

whether or not to try to account for the effects of stresses other than 

the maximum. This is represented by the unshaded area in Figure 30. 

The next decision that must be made is whether or not to consider the 

differences in the locations of the center line of the distributions of 

the various aircraft (aircrafts A and B in Figure 30). With the cri

teria, as developed, inclusion of either effect will be only an 

approximation. 

In the examples, only the maximum stress is considered, and the 

location of the center line of the distributions of each aircraft is 

considered to be coincident, i.e., the pass-to-coverage ratios developed 

in Reference 36 were used to convert aircraft departures or operations 

to coverages. This is a rather crude application of cumulative damage 

concepts but is as complex as can be justified considering the approxi

mations involved. 
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Any of the four procedures for handling traffic can be used. 

When the approximations involved and the effort required are con

sidered, the simpler approaches have certain advantages. This is 

especially true, since a trial-and-error procedure will be required 

to select a PCC slab thickness for each foundation condition tried and 

to select the optimum combination of foundation condition and PCC slab 

thickness. The trial-and-error process will be illustrated later with 

example problems for three foundation conditions for the four methods 

for handling traffic. 

LIMITING DEFLECTION CRITERIA 

Although the deflection is ~ recommended for design, examples 

are worked including these criteria. The design examples provide some 

information as to the comparison of thickness, as determined by both 

the stress criteria and deflection criteria, and justify not recom

mending the criteria for design. 

The limiting deflection criteria (Figures 24 and 25) are used to 

check designs obtained based on the limiting stress criteria. If the 

deflection of the pavement is less than the permiSSible deflection, 

then the design is acceptable. Otherwise, the slab thickness must be 

increased, or the base course thickness or quality modified. 

The four methods of handling traffic are basically the same. 

The loading requiring the largest thickness is the critical loading. 

For design of civil facilities, when all traffic is related to equiva

lent DC-8-61 traffic, the limiting deflections are for the equivalent 

DC-8-61 traffic and are computed for the equivalent DC-8-6l load. 

'Hhen the design is for the wide-body jet traffic, the limiting deflec

tions computed by layered elastic theory are for the traffic for the 

particular wide-body aircraft used in the design. When the accumula

tive damage traffic procedure is used, the limiting and computed 

deflections and the volume of traffic are determined for each in

dividual aircraft and the largest required thickness is selected. The 

same procedure is followed for design of military facilities, i.e., 

limiting and computed deflections and traffic volume are computed for 
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each individual aircraft load and the largest thickness is selected as 

the design thickness. 

Examples of all of these procedures will be illustrated in the 

following section. In the examples, it will be noted that deflection 

criteria control in all cases where the loads are applied through 

multiple-wheel gears, but the stress criteria control for the single

wheel gears. 

EXAMPLE PROBLEMS 

Design examples follow for both civil and military facilities. 

The traffic for the civil facility is tabulated in Table 4 and for the 

military facility in Table 5. 

The subgrade soil for the examples is assumed to have a resilient 

modulus of 10,000 psi and a Poisson's ratio of 0.4. For one foundation 

condition, the PCC slab is placed directly on the subgrade. The second 

foundation condition is one in which a l2-in. base course having a 

resilient TIodulus of 30,000 psi and a Poisson's ratio of 0.3 is placed 

between the PCC slab and the subgrade. The properties of the base 

course are similar to what might be contained with a granular material. 

The third foundation condition is one in which an 8-in. base course 

having a resilient TIodulus of 300,000 psi and a Poisson's ratio of 0.2 

is placed between the slab and the subgrade. The properties of this 

base course are similar to what might be obtained with a bound material. 

PCC slab thicknesses are selected for these three foundation conditions 

based on the limiting stress criteria and checked, for purposes of 

illustration a~ains"t the limiting deflection criteria. Assuming that , 0 

the materials used represent realistic ranges of available materials, 

then additional designs for different foundation conditions would have 

to be made for economic comparisons. However, the examples serve to 

illustrate the procedures required to select acceptable pavements based 

on structural considerations. The PCC is assumed to have a modulus of 

4 x 106 psi, a Poisson's ratio of 0.2, and a design flexural strength 

of 700 psi. 

The step-by-step procedures followed for several of the loading 

and foundation conditions are outlined in detail. These will be typical 
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Table 4 

Traffic for Example of Design for Civil Facility 

Traffic Volume Gross Aircraft 2 Aircraft Annual Departures Weight • kips Contact Area, in. 

DC-9 7000 115 165 

B-727 7000 173 237 

DC-8 2000 358 209 

B-747 1000 713 245 

Note: Designs assume 95 percent of gross aircraft weight on main gears. 

Table 5 

Traffic for Example of Design for Military Facility 

Traffic Volume Gross Aircraft 
Aircraft Annual Departures Weight 2 kips Contact Area z in. 

B-52 1000 480 267 

KC-135 2000 300 267 

c-141 2000 320 208 

F-lll 4000 110 241 

Notes: 1. Designs assume 90 percent of gross aircraft weight on main 
gears. 

2. Load for B-52 includes 15 percent overload factor. 
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of the procedures followed for other conditions. The results for all 

the loading and foundation conditions will then be tabulated and 

compared. 

Design for Civil Facility--Granular Base. For a 20-year design 

for a civil facility, a 12-in. granular base over the previously de

scribed subgrade and all traffic equated to equivalent DC-8-61 traffic, 

the first step is to convert the annual departures in Table 4 to total 

departures by multiplying the annual departures by 20. The next step 

is to apply Equation 16 to convert the total departures to equivalent 

DC-8-61 departures. This results in the following: 

Aircraft 

DC-9 
B-727 
DC-8 
B-747 

Total Departures 

140,000 
140,000 

40,000 
20,000 

Equivalent DC-8-61 Departures 

8,800 
69,400 
40,000 
20,000 

138,200 

The next step is to convert the total equivalent DC-8 departures to 

coverages by dividing by the pass-to-coverage ratio of 3.35. 36 This 

results in traffic as expressed in coverages of 41,300. Applying 

Equations 7 and 9. respectively, results in a required design factor 

of 2.23 (stress criteria) and a limiting deflection of 0.0407 in. 

The next step is to run the BlSAH computer program for several 

trial slab thicknesses. The design factor is computed, and the results 

may be tabulated in the following manner: 

PCC Slab 
Thickness 2 in. Desiflin Factor· Slab Deflection I in. 

14 1. 52 0.0594 
16 1.80 0.0516 
18 2.10 0.0453 
20 2.44 0.0400 
22 .2.79 0.0357 

These results may be plotted as illustrated in Figure 31, and a required 

slab thickness of 18.8 in. is selected. A check of deflection criteria 

reveals that a PCC slab thickness of 19.7 in. would be required to meet 

the deflection criteria. This completes the structural design for this 

one load and foundation condition. 
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The design for the wide-body jet aircraft in the traffic mix is 

similar. The 20,000 total departures are converted to 5,750 coverages 

with a pass-to-coverage ratio of 3.48. 36 Applying Equations 7 and 9, 

respectively, results in a required design factor of 1.92 and a limiting 

deflection of 0.0459 in. The BISAR computer code was run for several 

trial slab thicknesses, and design factors computed with the maximum 

stress. The results are tabulated as follows: 

PCC Slab 
Thickness 3 in. Desis;n Factor Slab Deflection z in. 

12 1. 45 0.0650 
14 1. 73 0.0565 
16 2.04 0.0494 
18 2.38 0.0435 
20 2.75 0.0387 

These results may be plotted as illustrated in Figure 32, and a required 

slab thickness of 15.2 in. is selected. A check of deflection criteria 

reveals that a l7.l-in.-thick PCC slab is required for satiSfYing the 

deflection criteria. Thus, the equivalent DC-8-6l traffic is critical, 

and the design would be based on the slab thickness requirement of 

18.8 in. for the DC-8-6l. 

Desis;n for Military Facility--Bound Base. This example illus

trates the procedure for selecting PCC slab thickness for the traffic 

tabulated in Table 5 and a foundation composed of the 8-in.-thick bound 

base course (E = 300,000 psi and v = 0.2) over the previously described 

subgrade (E = 10,000 psi and v = 0.4) .. For a 20-year design for a 

military facility, the first step is to convert the annual aircraft 

passes in Table 5 to total passes by multiplying by 20. The next step 

is to convert the total passes for each aircraft into coverages by the 

appropriate pass-to-coverage ratios from Reference 36. Equation 7 is 

then applied to determine the design factor, and Equation 9 is applied 

to determine limiting deflection. The results of these steps on the 

traffic in Table 5 are tabulated as follows: 

Total Total Design Design 
Aircraft Passes Cover~es Factor Deflection z in. 

B-52 20,000 13,100 2.05 0.0435 
KC-135 40,000 12,800 2.05 0.0436 
c-14l 40,000 11,700 2.03 0.0438 
F-lll 80,000 14,200 2.06 0.0433 
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The next step is to run the BlSAR computer code for several trial 

slab thicknesses to generate for each aircraft an array of data similar 

to the following for the B-52 aircraft: 

PCC Slab 
Thickness 2 in. Desisn Factor Slab Deflection 2 in. 

20 1. 56 0.0576 
22 1. 79 0.0520 
24 2.02 0.0472 
26 2.27 0.0431 

These results are plotted for each aircraft (B-52 aircraft in Figure 33), 

and a slab thickness is selected based on the limiting stress criteria. 

Again, for illustrative purposes the thickness is checked against the 

deflection criteria (Figure 33). The results for all four aircraft 

are tabulated as follows: 

Aircraft 

B-52 
KC-135 
c-141 
F-lll 

Required Slab Thickness 
(Stress Criteria)2 in. 

24.3 
12.6 
14.7 
13.3 

Required Slab Thickness 
(Deflection Criteria). in. 

25.8 
13.8 
15.5 

<10 

The design thickness of 24.3 for the PCC slab would then be selected 

based on the B-52 traffic and the stress criteria. 

Desisn for Civil Facility--Mixed Traffic--Bound Base. This 

example will illustrate how the criteria can be used with cumulative 

damage concepts to design the PCC slab thickness to account for the 

effects of a mixture of traffic. The foundation is composed of the 

8-in.-thick bound base layer over the subgrade, and the PCC has the 

properties previously enumerated. 

The first step is to convert the traffic in Table 4 to total 

departures for a 20-year life and then to convert the total coverages 

by application of appropriate pass-to-coverage ratios from Reference 36. 

The next step -is to apply Equations 8 and 9 as appropriate to determine 

the limiting deflections for each aircraft at the applied traffic level. 

The total coverages and limiting deflection for each aircraft in the mix 

are tabulated as follows: 
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Aircraft AEElied Coverases Limitins Deflection a in. 

DC-9 38,000 0.0409 
B-727 42,900 0.0406 
DC-8 11,900 0.0438 
B-747 5,750 0.0459 

The BlSAH computer code is run for a number of trial slab thick

nesses for each aircraft. Design factors are then computed, and maximum 

deflections are selected from the results of the computer runs. With the 

computed design factor, the allowable coverage level for each aircraft 

for the particular thickness in question may be computed. Finally, the 

ratio of the applied to allowable coverage level for each aircraft, plus 

the sum, is conputed. The results of this procedure are contained in 

Table 6. Figure 34 presents a plot of the summation of the ratios of 

applied to allowable coverages versus thickness. Application of Miner's 

hypothesis, i.e., failure will occur when the ratio of applied to 

allowable coverages reaches one, yields a required thickness of 16.8 in. 

A comparison of limiting deflections for each aircraft listed above with 

the computed deflections in Table 6 reveals that the computed deflection 

is less than the limiting deflection for a thickness of 17 in. for all 

aircraft except the Dc-8. For the DC-8, the limiting value is 0.0438 

as compared with the computed value of 0.0461. For the 18-in.-thick 

slab, the computed deflection for the DC-8 is 0.0433. By plotting the 

deflection versus slab thickness, it is determined that a slab thickness 

of 17.8 in. would be required to satisfy the deflection criteria. Again,

the results indicate that for the twin-tandem gear the deflection cri

teria would dictate the design and help to confirm the conclusion that 

design on the basis of deflection would be overly conservative. 

By comparing the ratios of applied to allowable coverages in 

Table 6, it can be noted that the DC-8 aircraft dominates the design. 

Although the B-747 has about the same gear load, the flotation of the 

gear is more efficient; therefore, the damaging effect of the B-747 

traffic is negligible compared with the effect of the DC-8 traffic. 

Summary of Design Examples. The array of designs obtained for 

the civil facility traffic is shown in Table 7 and for the military 

facility traffic in Table 8. Presented also in the tables is the slab 
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Table 7 

Slab Thickness for Civil Facility 

Pavement Type 

No base 
12-in. granular base 
8-in. bound base 

No base 
12-in. granular base 
8-in. bound base 

Re9,uired Slab Thickness z 

Stress Deflection 
Criteria Criteria 

Eg,uivalent Dc-8 Desif:!jn 

19.2 20.2 
18.8 19.7 
17.8 19.1 

Wide-Bodl (B-747) Desif:!jn 

15.7 17.6 
15.2 17.1 
14.2 16.4 

Accumulative Damaf:!je-Mixed Traffic Design 

No base 
12-in. granular base 
8-in. bound base 

96 

18.2 
17.8 
16.7 

19.0 
18.5 
17.8 

in. 
Present 
Design 
Criteria 

18.1 
15.7 

13.8 
11.8 



Table 8 

Slab Thickness for Military Facility 

Reg,uired Slab Thickness z in. 
Present 

Stress Deflection Design 
Pavement Type Criteria Criteria Criteria 

B-52 Aircraft 

No base 25.6 27.0 23.2 
12-in. granular base 25.3 26.5 20.8 
8-in. bound base 24.3 25.8 

KC-135 Aircraft 

No base 14.2 15.2 13.0 
12-in. granular base 13.7 14.6 10.9 
8-in. bound base 12.6 13.8 

c-141 Aircraft 

No base 16.3 16.8 14.7 
12-in. granular base 15.8 16.2 12.7 
8-in. bOlmd base 14.7 15.5 

F-111 Aircraft 

No base 14.2 <10 14.1 
12-in. granular base 13.9 <10 13.4 
8-in. bound base 13.3 <10 

Accumulative Damage-Mixed Traffic Design 

No base 25.6 27.0 
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thickness as determined by present Corps of Engineers* design criteria. 

The comparison between the different slab thicknesses should be noted. 

Although the design examples provide some comparison between the different 

criteria, these examples cover only a limited design condition. A more 

comprehensive comparison is provided in the following section. 

COMPARISON OF CRITERIA 

In working through the design examples, it was obvious (Tables 7 

and 8) that the slab thicknesses obtained by applying the stress criteria 

(Equation 7) or the deflection criteria (Equation 9) were different from 

the thicknesses obtained from the present Corps of Engineers design pro

cedure. Although the difference due to the dependence of the criteria 

on the gear was expected in the case of deflection criteria, for the 

stress criteria the magnitude of the difference was unexpected and felt 

to be unacceptable. To understand the nature of the differences in the 

criteria, additional analyses were conducted. 

First, the required slab thicknesses for different design situ

ations were computed using each of the design criteria. Figures 35 and 

36 present the comparisons of the required slab thicknesses over a range 

of subgrade strengths for the DC-8 and c-14l aircraft. From these fig

ures, it is seen that the slab thickness determined by the deflection 

criteria is highly sensitive to changes in subgrade strength. This 

would strongly indicate these deflection criteria to be dependent on 

the subgrade strength. It would appear that for we-ak subgrades, the 

deflection criteria would be overly conservative. From these studies, 

the conclusion was reached that the surface deflection would not be a 

good design parameter. The stress criteria also appeared, at least for 

the higher levels of traffic, to give slab thicknesses that were sig

nificantly greater than those determined from the present design 

cri teria. 

For additional comparison between the stress criteria and 

present design criteria, coverage predictions (Table 9) were made 

* These criteria are also the same as FAA design criteria contained 
in FAA Advisory Circular AC l50/5320-6c. Thereafter, the criteria 
will be referred to as the present design criteria. 
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for the test sections using both criteria. Figure 37 shows the compari

son of the two c~iteria. These data are the evidence that the two cri

teria are different even though much of the same test data were used 

in the develonnent of both criteria. 

The difference is particularly noticeable at the lower coverages 

(below 200) and the higher coverages (from 1,000 to 30,000). Figure 38 

preser.ts a co~parison o~ both criteria with the actual coverages to 

failure. The compariso~ of Figure 38 clearly shows that the stress 

criteria as developed in this study better predicts the actual perfor

mance, at least for the lower and higher coverages, than the present 

desigr. criteria. 

To better understand why the present design criteria are failing 

to predict performa.'1ce in certain coverage ranges, the -cest data were 

~eanalyzed in the same manner, i.e., plate theory was used to compute 

edge stresses, as was done to develop the original Corps of Engineers 

design crite~ia. The data for the analysis are given in Table Al. Also, 

t~e present design cri-ceria were used to develop interior stress cri

teria of the form of Equation 7. This was accomplished by designing, 

cased on present design criteria, a nunber of pavements covering a range 

of design conditions. The desigr. factors for these hypothetical sections 

"We~e comp-Llted in the same manner as the design factors for the test 

sec-cions. The result was interior stress criteria, which best fit the 

present desigr. criteria. 

Figure 39 shows the compariso~ between the present design cri

:,eria aLd the data developed from the test sections. It should be 

yepeated that these data shown were computed using edge stresses in 

tte ~ way as was used to develop the preser.t design criteria. The 

specific yeasons foy the disparity between the criteria and the test 

section data are not known. One contributing factor may have been that 

a co~siderable amount of the data sho"rn is from test sections constructed 

and tested after the development of the present design criteria. The 

lac~ of data would not completely explain the disparity, but no other 

explanations can be offered. Figure 40 provides a comparison of stress 

criteyia (Equatio~ 7) with the present design criteria. From this 
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comparison, it is clear that for low coverages the new stress criteria 

will require pavements of lesser thickness and for high coverages will 

require pavements of greater thicknesses. 

The conclusion from the comparisons of the two criteria is that 

a basic difference does exist between the two criteria. The test section 

data as analyzed in this study definitely suppor~ the new criteria, and 

acceptance of the new criteria is justified. 

JOINT DESIGN 

T~e subject of joints has been sorely neglected in this report. 

This was done deliberately even though joints in rigid pavements are 

necessary and are critical to the performance of t~e pavement. Joints 

were neglected primarily because the elastic layered computational model 

does not have the ability to simulate the discontinuities in the layers, 

and no new data or analyses were developed during the study that would 

improve joint design. As a result, the current joint types and joint 

requirements as contained in References 1-3 should be used. 

The criteria developed will indirectly reflect the influence of 

joints since all the ~est pavements contained joints that were similar 

to those currently used. The traffic, in many of the tests, was applied 

in the critical location with respect to the joints. Therefore, the 

criteria should be adequate, provided currently specified joint systems 

are used. 

Joints in PCC pavements are critical. In order to improve joint 

design (and therefore improve the design of the entire pavement system), 

a computational model is needed that will permit the computation of the 

response of a layered systen in which the layers contain discontinuities. 

A model such as this would permit a reanalysis of the results from the 

test pavements and the development of criteria that are based on the 

most critical stress and deflection in the pavement. Designs could then 

be accomplisheu wherein the design of the joints would be an integral 

part of the procedure, just as selection of base and PCC thickness. 

This would then perTIit consideration of the effectiveness of various 

types of joints, i.e., doweled, keyed, keyed and tied, thickened edge, 

etc. 
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TRANSLATION FROM DESIG:f 
TO CONSTRUCTION 

The production of plans and specifications for constructing pave

ments with the design procedure'contained herein will require some 

modifications to presently used procedures. For subgrade soils and 

borrow material, no changes will be needed. The materials to be used 

may be identified, and with specifications of thickness of compacted 

~ayer, density, and moisture, there is a reasonable degree of certainty 

that the material constructed will be as intended by the designer. 

For bases (subbases) and PCC, changes will be required. For 

bases, there are several alternatives. One alternative is to completely 

specify the material as to source, gradation, density, moisture, type 

and amount of additive, and layer thickness. A second alternative is 

~o specify alternate types (granular, chemically stabilized, or bitu

ninous stabilized) .along with the required thicknesses and moduli of 

elasticity of each type. A third alternative is to specify a relation

ship between modulus of elasticity and layer thickness. This will 

permit the contractor to select the type material to use. Certain 

ranges of acceptable moduli and thicknesses would have to be established, 

and different quality control measures would be required for the third 

alterna-:;i ve. 

For PCC, the alternatives are similar to those for bases, i.e., 

a complete description of the material to be used, including source of 

aggregates, TIix design, etc., may be specified, or the desired prop

erties (flexural strength and modulus of elasticity) may be specified, 

allowing the contractor to select necessary materials and ingredient 

proportions. 

The selection of the procedure to use for translation from design 

to construction will depend on how and when the economic analysis is to 

be made. The use of a layered model permits a number of structurally 

acceptable layered systems to be generated. If the designer performs 

the economic analysis, then definite narrow specifications should be 

provided to ensure that the pavement that is built conforms to that 

which the designer intended. When end-product specifications (such as 
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the third alternative for bases) are used, it is implicitly assumed that 

the contractors will consider all possible alternatives in preparation 

of their bids and thus perform the economic analysis. In this case, the 

specifications would be very broad. 

The user agency should select the type procedure that best fits 

within its management system. Any of the alternatives discussed above 

should prove satisfactory. 

A final note on translation from design to construction should be 

made regarding rounding off of thicknesses. Thicknesses of base (sub

base) courses should be considered in increments of 1 in. When fixed 

side forms are used, the thickness of PCC should be rounded to the 

nearest full inch. For fractions of an inch equal to or less than 

0.25 in., the thickness is rounded down; for fractions of an inch 

greater than 0.25 in., the thickness should be rounded up. When slip

form pavers are to be used, the thickness of PCC should be roun~ed to 

the nearest 0.5 in. with the quarter points (0.25 and 0.75 in.) as the 

limits for rounding up or down. 
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CONCLUSIONS Ai.'lD RECOMMENDATIONS 

The following conclusions and recommendations are offered re

garding the design procedure developed herein: 

a. 

b. 

d. 

e. 

There exists a basic difference in the design criteria 
developed in this study and the present design criteria. 
The data froID test sections support the acceptance of the 
stress criteria as developed herein. 

The design criteria as developed in this report should be 
implemented for the design of aircraft pavements. The Shell 
3ISAR computer code should be used for computation of 
stresses and deflections. Materials should be characterized 
with procedures recommended in this report. 

Data points are needed at traffic volumes greater than 
10,000 coverages to verify extrapolation of the limiting 
stress and limiting deflection performance relationships, 
o~ to provide means for modification of the relationships 
for higher traffic volumes. 

Efforts should be continued toward the development of a more 
~ . 

generalized computational code, which will permit direct 
inclusion of the effects of discontinuities in the layers 
and variable interface conditions between layers. 

Efforts should be made to develop procedures for quantifying 
the load deformation characteristics of deteriorated rigid 
pavements and interface conditions between PCC layers. 
Achievement of these goals will permit design of rigid 
overlays of rigid pavements with same methodology used for 
new rigid pavements. 
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APPENDIX A: DEVELOPMENT OF MATERIAL 
CHARACTERIZATION PROCEDURES 

CONSIDERATION OF REPEATED LOADING 

PORTLAND CEMENT conCRETE 

Chou25 devotes a chapter to the characterization of PCC. One of 

the many factors noted by Chou, which affects the modulus of elasticity 

of concrete, is the repeated application of stresses. The consensus 

from this review and two additional, rather extensive, reviews of the 

fatigue of PCC60 ,61 is that the stiffness as measured with any of a 

variety of procedures (flexural, compression, etc.) and as computed 

by several different methods (secant, tangent, etc.) is decreased by 

the application of load repetitions. However, as far as is known, it 

has not been shown that traffic causes a significant reduction in the 

modulus of in-place PCC. The extensive evaluation program conducted 

on military airfields has not shown this to be a major factor.
62 

This 

presumes, of course, that the concrete is intact. Exposure to freezing

thawing and deicing salts, aggregate reactivity, sulfate attack, etc., 

will affect the modulus of elasticity, but this is usually manifest 

in visible deterioration other than structural cracking. 

The complexity of the relationship between modulus of elasticity 

and repeated loads and the apparently small magnitude of change caused 

by traffic has led to the omission of the effects of repeated load on 

PCC modulus of elasticity. There may be some decrease in modulus due 

to repeated loads or exposure, but conversely there should be some 

increase because of the effects of long-term hydration. The net result 

is that the computation of the modulus of elasticity from the stress

strain relationship obtained from the initial loading of a PCC specimen 

is considered adequate for characterizing the material for the life of 

a pavement. 

Poisson's ratio for PCC normally receives very little attention. 

This may be unjustified, but as pointed out by Chou,25 the range of 

statically determined Poisson's ratio is only from about 0.11 to 0.21, 
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and the average of dynamically determined values was about 0.24. Added 

factors are the difficulty of measurement and the relatively small in

fluence that varying Poisson's ratio within a reasonable range has on 

the computed response. Several studies referenced by Chou show that 

the value of Poisson's ratio increases with load repetitions, but that 

this occurs primarily for high stress levels. No evidence was found to 

indicate that load repetitions should seriously be considered in de

scribing Poisson's ratio for PCC. 

The effects of repeated loads on the strength of PCC is a well

established and extensively researched phenomenon. 60 ,6l It is uni

versally accepted that the magnitude of stress that can be sustained 

by PCC before cracking is a function of the number of repetitions of 

the stress and that the magnitude of this stress decreases as the number 

of stress repetitions increases. The number of stress repetitions of a 

given magnitude that a material can sustain is dependent on numerous 

factors, i.e., age, mix proportions, type aggregate, rate of loading, 

range of loading, etc. The most important, however, is the static 

strength of the material. Fatigue data are normally presented in the 

form of a plot of the ratio of the static strength to the applied 

stress versus the number of repetitions. This would appear to be the 

characterization needed for PCC and is the approach taken indirectly 

by several design agencies. l ,4,5 Safety factors are applied to keep 

stress levels within tolerable limits, and the material is charac

terized by the static strength. 

The approach taken by other agencies 2 ,3 is similar but the 

pffects of load repetitions on the entire pavement system are con

sidered, and the fatigue relationships used are for the entire pave

ment system. The number of load repetitions the pavement can sustain 

is related to the static strength of the PCC and the stress within the 

pavement. The result is that the effects of load repetitions are 

handled indirectly and a fatigue relationship for the concrete to be 

used is not required for each design situation. Rather, the perfor

mance of the pavement system is related to the static strength and is 

the one parameter needed to characterize the material. This is also the 
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approach taken for the procedure developed herein. 

BOUND BASES (SUBBASES) 

When considering bound bases, chemically stabilized materials 

(portland cement, lime, fly ash, etc.) and bituminous-stabilized 

materials need to be discussed separately, even though the conclusions 

regarding inclusion of effects of repeated loading are the same for both 

types of bound bases. Due to the viscous and temperature-dependent 

behavior of the bituminous binder, bituminous-stabilized materials are 

affected by temperature and rate of loading to a much greater extent 

than any other component in a pavement structure. 

A great deal of the work done on the characterization of bitumi

nous mixtures has been directed toward determining the rather complex 

response of the material and the effects of temperature and rate of 

loading. Also, much of the work has been performed for the purpose of 

characterizing the material for flexible pavements. 

Chou25 has a detailed review of characterization procedures for 

bituminous mixtures. The various types of available tests are discussed 

including repeated load flexural tests. The effects of rate of loading 

and temperature are noted as dominating factors. Therefore, the inclu

sion of the effects of repeated loading, while important, does not 

account for other important factors. Complete characterization would 

require that a different rate of loading be used for various features 

(runways, taxiways, and aprons) and that a range of temperatures be 

used for defining the modulus of elasticity and Poisson's ratio. From 

a practical point of view, the ranges of rates of loading and tempera

tures encountered are limited, and the inclusion of the effects of 

repeated flexural loads at approximate temperatures and rates of 

loading adequately characterizes bituminous bases (subbases) for rigid 

pavement design. 

Chemically stabilized bound bases (subbases) are not as dependent 

on the rate of loading and the temperature as bituminous bases. They do 

have an effect, but this effect would be minor in comparison with other 

factors. Chou25 cites numerous references of studies made of the load 
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deformation properties of chemically stabilized material. Emphasis is 

placed on the modulus of elasticity, and the effects of repeated loads 

are noted. The effects on compressive, tensile, and flexural loadings 

are noted and are essentially the same, i.e., the modulus increases with 

the number of loadings. The magnitude and nature of the increase would 

be dependent on the type loading, magnitude of applied stress, curing 

time, etc. Modulus values computed from compressive tests generally 

appear to be more sensitive to load applications than do modulus values 

conputed from flexural tests. 

Static and resilient modulus values for several chemically 

stabilized bound materials are compared in Table Al. The results 

shown are averages from tests of several samples. The materials were 

field-mixed, but the samples were compacted and cured in the laboratory. 

The larger ratios are for the more flexible materials. Indications are 

that the consideration of the effects of repeated loading on the modulus 

of elasticity of chemically stabilized bases is a justifiable 

requirement. 

GRANULAR BASES (SUBBASES) 

Granular materials are extremely difficult to characterize. For 

biturrinous mixtures, the rate of loading and the temperature are the 

dominating factors affecting the properties of the material. For 

granular naterials, the state of stress, particularly the confining 

stress, is the dominating factor in determining load-deformation 

properties. Repeated loading also affects the modulus of granular 

materials. In summarizing the results of numerous studies, Chou25 

states: liThe consensus from these studies has been that the response 

of granular materials to repeated loading is different from their 

response to static loading. II The general pattern noted was that 

repeated loadings increased the stiffness provided shear failure was not 

progressing. This implies that the modulus of elasticity is increasing. 

The effect on Poisson's ratio of repeated loading may be different 

from the effect of repeated loading on modulus of elasticity. The 

nature of any change in Poisson's ratio that may occur with repeated 
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applications will depend on the initial density of the material. If 

the relative density is low, then densification may occur and there 

would be an apparent decrease in Poisson's ratio (possibly negative 

values) as loads are applied. However, Poisson's ratio would reach a 

relatively constant value where it would remain unless shear failure 

began to occur. Then, there would be an apparent increase in Poisson's 

ratio as the material underwent an increase in volume during shear 

failure. To summarize, the use of repeated loadings to characterize 

granular materials is a well-established, generally accepted procedure. 

SUBGRADES 

The thickness of the PCC surface layer and the properties of the 

subgrade are the two most important parameters in determining the 

response of rigid pavements to loads. As noted previously, subgrades 

are generally the components of rigid pavements where the assumptions 

of linearity and elasticity are least valid. The subgrade is also the 

pavement component that is most affected by repeated load applications. 

Subgrades may be divided into the general classes of cohesive 

and cohesionless soils. The majority of soils possess properties of 

both, but in a saturated condition, where it is generally appropriate 

to characterize subgrade soils, most natural subgrade soils behave 

primarily as a cohesive material. Repeated loading affects both cohe

sive and cohesionless soils. Cohesionless sands, gravels, or sand

gravel combinations will respond much like granular bases or subbases. 

Cohesive soils are more sensitive to repeated loadings. The resilient 

modulus of cohesive subgrades generally increases with load repetitions 

provided the level of stress is lower than that required to initiate 

shear failure. However, the number of stress repetitions required 

before a stable condition is reached may be greater than for bound 

bases, granular bases, or cohesionless subgrades. 

The effects of repeated loadings on the response of cohesive 

subgrades may be examined by studying the response of several test pave

ments. These pavements consisted of PCC slabs directly on a prepared 

clay (CH) subgrade as part of the Multiple-Wheel Heavy Gear Load (MWHGL) 
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Pavement Tests. 35 The pavements consisted of 8-, 10-, 12-, and l4-1n.

thick PCC slabs directly on the prepared clay subgrade. The prepared 

clay subgrade (Figure Al) was composed of two processed materials (a 

clay of high plasticity and one of low plasticity) and a natural mate

rial of low plasticity. The materials were placed with a moisture 

content and a density that result in a degree of saturation near 100 per

cent. This condition remained relatively constant as the pavements were 

constructed and tested. 

Table A2 presents the results from static plate bearing tests on 

the subgrade. As noted, the values of modulus of soil reaction from the 

tests conducted after traffic are larger than those from tests conducted 

prior to slab construction. This is due partly to the compaction effect 

of traffic and partly to the thixotropic effect as the clay ages. The 

same type patterns are apparent from the results of plate bearing tests 

conducted for later test pavements constructed on the same subgrade 

(Table A2). 

In Table A3, additional evidence of the effects of repeated 

loading and the nodulus of soil reaction values computed from both 

static and cyclic plate bearing tests are illustrated. Since both 

tests were run after completion of traffic, such large differences were 

unexpected. However, removal of the slab, causing a certain amount of 

disturbance and allowing relaxation of stresses within the soil, may 

account for at least part of the difference between the static and 

cyclic response. 

The difference in the response to moving wheel loads and a 

cyclic load applied at one location on the pavement may account for 

part of the difference, i.e., the conditioning or stiffening effects 

of moving wheel loads distributed across a pavement are different from 

the effects of a cyclic load applied at one location. Ledbetter63 

investigated the response of pavements to moving loads and showed that 

the response is rather complex (especially for flexible pavements). 

Cyclic load tests conducted in test pavements at the WES have shown 

that the response of the pavement to the first load in a series of 

loadings is different from the response to subsequent loads in that 
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PROCESSED HIGH PLASTICITY CLAY (CH) 

PROCESSED LOW PLASTICITY CLAY (CL) 

NATURAL LOW PLASTICITY CLAY (LOESS) 
MATERIAL (CL) 

CONSTRUCTED-1968-MULTIPLE WHEEL HEAVY GEAR LOAD TESTS 

DEPTH OF PROCESSED HIGH PLASTICITY CLAY (CHl WILL VARY 
WITH THICKNESS OF PAVEMENT ABOVE. TOTAL DISTANCE FROM 
TOP OF PAVEMENT TO NATURAL UNPROCESSED MATERIAL IS 
144 IN. 

FOR THE KEYED LONGITUDINAL JOINT STUDY AND THE SOIL 
STABILIZATION PAVEMENT STUDY THE TOP 6 TO 12 IN. OF THE 
CH MATERIAL WAS REPROCESSED AND MATERIAL CUT OR 
ADDED AS REQUIRED TO MEET GRADE. 

Figure Al. Clay subgrade for WES rigid test pavements 
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Item 

1 
2 
3 
4 

Average 

l 
2 
4 
5 

Average 

1 

2 
3 
4 
5 

Average 

Overall 
Average 

Table A2 

Results from Plate Bearing and Field Density 
and Moisture Content Tests 

Ivtodulus of Soil Moisture Content 
Reaction 2 Eci DE1 Densitl2 Ecf Eercent 

Before After Before After Before After 
Traffic Traffic Traffic Traffic Traffic Traffic 

MultiE1e-Whee1 Hea::!:i Gear Load Studl (Reference 35l 

62 154 86 84 32 34 
70 94 84 83 33 34 
74 87 86 83 32 35 
74 125 86 87 32 32 

70 115 85 84 32 34 

Keyed Longitudinal Joint studl (Reference 38) 

70 85 31 
110 100 92 81 28 36 

47 86 30 
40 81 37 

67 86 32 

Soil Stabilization Pavement Studl (Reference 39l 

47 180 & 86 89 32 30 
200 

85 n8 89 34 
84 164 87 32 33 
40 68 86 86 33 33 

120 & 87 32 
143 

64 142 87 88 33 32 

67 129 86 85 32 33 
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Table A3 

Results from Cyclic Plate Bearing Tests -
Multiple-Wheel Heavy Gear Load Study 

Cyclic Modulus Static Modulus 
of Soil* of Soil** Dry 

Moisture 
Content 

Item Reaction, pd Reaction. pd Densi ty. pcf percent 

1 370 169 84 33 

2 270 III 85 33 

3 300 115 84 33 

4 330 128 88 32 

Average 318 131 85 33 

* 

** 

Modulus of soil reaction computed with lO-psi plate pressure after 
10 cycles at 5-psi and 10 cycles at 10-psi pressure. 

These values are different from those shown in Table A2, since the 
values shown in Table A2 are the average of several tests and the 
values shown here are for one test conducted at the same location 
as the cyclic tests. 
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series even though the pavement may have sustained considerable traffic 

prior to the tests. This indicates that the conditioning effect of 

traffic is different from a cyclic load at one point. There may also 

be a time factor involved wherein a certain amount of relaxation occurs 

when there is a rest period between load applications. Certainly the 

phenomena of pavement response and material characterization are not 

thoroughly understood. 

Much of the discussion presented thus far appears to be tearing 

down evidence accumulated to justify the use of repeated load tests for 

characterizing paving materials. However, this is not the case because 

the response of a pavement to vehicle loading (Figure 14 in main text) 

relates well with the response computed with material properties ob

tained from repeated load tests. The validity of the use of repeated 

load testing for cohesive subgrades can be illustrated by comparing 

vertical slab deflections and horizontal bending strains in the PCC 

slabs in the MWHGL pavement tests with corresponding values computed 

using moduli of elasticity values computed from various type tests. 

Poisson's ratio of the clay subgrade was assumed as 0.4, and as dis

cussed previously, a stiff layer (E = 1 x 106 psi) was located at a 

depth of 20 ft in the elastic layered simulation. 

A composite modulus of elasticity for the subgrade was obtained 

from the static and the cyclic modulus of soil reaction values. An 

average value was used for all four pavements. The test results shown 

in Tables A2 and A3 indicate some variability within the test section, 

but this was probably due to test variability and natural variability 

within the entire test section rather than a real difference between 

individual sections. The composite modulus of elasticity was computed 

wi th the formula 

where 

E = 19.8k (Al ) 

E = modulus of elasticity, psi 

k = modulus of soil reaction computed by dividing plate pressure 
by plate deflection, pci 
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Equation Al64 is derived from Boussinesq's theory for Poisson's ratio 

of 0.4 and rigid 30-in.-diam plate. Application of Equation Al yields 

moduli of 6300 psi for the cyclic tests and 2300 psi for the static 

tests (after-traffic plate bearing tests). 

Static triaxial and unconfined compression tests conducted on 

undisturbed samples from the subgrade yielded noduli of 1850 psi for the 

high-plasticity clay (CH) and 1600 psi for the low plasticity clay (CL). 

Repeated load triaxial tests on companion samples yielded the plots of 

resilient modulus versus deviator stress shown in Figures A2 and A3. 

From a composite or average relationship designated by the heavy dashed 

line in Figures A2 and A3, moduli of 7,500 psi and 13,500 psi were 

selected for the high plasticity and low plasticity clays, respectively. 

These were selected at a deviator stress of 5 psi. In a triaxial test, 

the deviator stress is defined as the difference between the applied 

axial stress and the confining stress. These tests were run on material 

sampled during the Soil Stabilization Pavement Study (SSPS),39 which was 

conducted several years after the MWHGL tests. However, it is noted 

that the condition of the material was similar for both test tracks. 

Table A2 shows the results of plate bearing tests conducted before and 

after traffic for both the MWHGL and SSPS tests, as well as for the 

Keyed Longitudinal Joint Study (KLJS),38 which was conducted between 

the MWHGL and the SSPS. The average moduli of soil reaction, dry 

density, and moisture contents are comparable. 

In the plots of measured versus computed slab deflections (Fig

ures A4-A7), the computed values were obtained with the subgrade 

characterized with the different moduli. In addition to the data 

points, a line of equality and a least-square-regression relationship 

constrained through the origin are shown. These comparisons indicate 

that the use of repeated load test characterizations results in under

prediction of the deflection and that the use of static load test 

characterizations results in overprediction of the deflection. The 

computed values with repeated load characterizations relate more 

closely with the measured values (Figures A4 and A6). The correlation 

with the results from the cyclic plate tests produced the relationship 
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Figure A2. Resilient modulus versus deviator stress 
for high plasticity clay 
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closest to the line of equality. The coefficient from the linear 

regression was 0.950 for this case. 

In the plots of measured versus computed slab bending strains 

(Figures A8-All), the comparisons indicate that the use of repeated 

load test characterizations results in regression relationships closer 

to the line of equality than the use of static load tests. The use of 

static load tests results in overprediction of the strains. Once 

again, the use of the characterization with a repeated plate bearing 

test resulted in the correlation closest to the line of equality. The 

coefficient from the linear regression was 1.023 for this case. 

The position of the regression lines relative to the lines of 

equality is interpreted to mean that the repeated load tests yield more 

representative characterizations than the static tests. In addition, 

it appears that the cyclic plate load test is the most accurate for the 

particular cases compared. Although accuracy of prediction of pavement 

response was a major factor, other factors entered into the final selec

tion of the repeated load triaxial tests for characterizing subgrade 

soils. 

CONSIDERATION OF STATE OF STRESS 

EFFECTS OF STATE OF STRESS 

The load deformation and strength characteristics of paving 

materials and subgrade soils are dependent on the state of stress at 

which they exi st. For this discussion, consider that the materials are ',. 

linearly elastic and that the magnitude of the modulus of elasticity 

and Poisson's ratio will depend on the state of stress. 

Certain materials are more sensitive to the state of stress at 

which they exist in the pavements than are others. The modulus of 

granular materials has been related to confining pressure and overall 

state of stress,. Two such relationships are illustrated in Figures Al2 

and Al3 for two granular base course materials. In terms of strength, 

the effect of confinement may be explained by the influence of the 

angle of internal friction, as defined in the Mohr-Coulomb failure 

theory. The fact that granular materials have a relatively large angle 
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of internal friction also accounts for the large influence of confining 

stress on the stiffness of granular materials. 

Cohesive soils, in a saturated condition, are insensitive to 

confining pressure. This may be explained by the low angle of internal 

friction. However, cohesive soils are highly sensitive to the magnitude 

of the deviator stress applied (Figures A2 and A3). 

PCC is sensitive to the state of stress, but the magnitude of 

the stresses at which the effects become significant is much larger 

than exists in pavements. Except directly beneath a tire, no large 

vertical or confining stress exists in PCC. The stress in the slabs 

is due primarily to bending, and a flexural test is considered the 

most appropriate for characterizing PCC. 

The effects that the state of stress has on the properties of a 

bound base (subbase) are similar in certain aspects to PCC and in other 

aspects to the natural material without the stabilizing agent added. 

The relationship that exists between the strength and load deformation 

characteristics will depend on the type of natural material (cohesive 

or granular) and the degree of stabilization attained (defined as the 

development of bond between particles that results in the ability of the 

material to sustain flexural loading). The stresses in a bound base 

(subbase) are different from those in a PCC slab, which are essentially 

simple bending, and different from those in a granular base, which 

cannot sustain tensile stresses of any appreciable magnitude. The 

predominate stress mode is bending, but a vertical compressive stress 

component is also present. However, with the minimum strength require

ment employed to ensure that the layer behaves as a layer of bound mate

rial, characterization with flexural tests is considered most 

appropriate. 

Selection of States of Stress. Now that the influence of the 

state of stress,on the properties of paving materials and subgrade soils 

has been established, a practical usable procedure for accounting for 

this effect is needed. As so often happens, a number of approximations 

of actual conditions are necessary. 

The state of stress in a pavement layer or subgrade varies with 
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depth and with horizontal location. The exact distribution of stresses 

within a pavement structure will depend on the composition of the struc

ture and the loading. Figures Al4-Al9 show examples of the variability 

that may be expected. Pavement structures are infinite in variety, and 

loading conditions may vary widely; however, Figures Al4-Al9 represent 

real pavement structures and loads. The general trends illustrated in 

these examples are representative of pavements for aircraft operation. 

Interpretation of Figures Al4-Al9 and subsequent figures requires 

a definition of terms and the establishment of a sign convention for 

stresses. The sign convention used herein will be that compressive 

stresses are positive and tensile stresses are negative. The following 

terminology and relationships are established: 

01 = major principal stress 

= principal stress with the largest numerical value 

03 = minor principal stress 

= principal stress with the smallest numerical value 

02 = intermediate principal stress 

= principal stress with a numerical value between the major 
and minor principal stress 

°d = °1 - °3 
= deviator stress 

e = °1 + °2 + °3 
= first stress invariant 

The definition of deviator stress is consistent with the definition 

previously given for conditions in a triaxial test. 

The stresses plotted in Figures Al4-Al9 were computed with the 

elastic layered model. The material properties used were obtained from 

a rather extensive testing program. However, the material characteriza

tion would not reflect precisely the influence of the state of stress. 

Only two constants are used for each material, but the stresses vary 

throughout each material. The validity of the computed stresses then 

is questionable and should be considered only as an approximation. One 

quickly gets into a "vicious cycle ," and the futility of precise mate

rial characterization becomes apparent. To be precise, the material 
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properties would have to be a continuous function of location within the 

pavement structure. 

For the following discussion, assume that the stresses are 

reasonable approximations of the stresses that would actually exist in 

a real pavement loaded with a real aircraft. The following general 

observations can be made: 

a. The stresses within a rigid pavement structure vary with 
depth, and the nature of the variation is dependent on the 
composition of the structure. 

b. Stresses in the vicinity of the loads are fairly constant. 

c. Stresses within a pavement structure vary with horizontal 
location as well as with depth. 

The implications of these general observations on the selection of the 

state of stress at which to characterize paving materials and subgrade 

soils will be discussed in detail in the following paragraphs. 

Figures Al4-Al9 show stress distributions with depth for three 

rigid pavements (PCC slab directly on a clay subgrade, PCC slab on a 

granular base, and PCC slab on a bound base) loaded with a dual-tandem 

aircraft gear. The stresses are the major principal stress (essentially 

the vertical component of stress) and the minor principal stress 

(essentially one of the horizontal components of stress). The minor 

principal stress is the stress that will result in the maximum difference 

when subtracted from the major principal stress. Signs of the stress 

are considered when computing the deviator stress and first stress in

variant. As an example, if the principal stresses at a point were 

-12.0, -9.82, and 5.55 psi, the major principal stress would be 5.55 psi 

and the minor principal stress of -12.0 psi would be used to compute a 

deviator stress of 17.5 psi. However, if the principal stresses were 

2.66, 2.79, and 5.58 psi, the major principal stress would be 5.58 psi 

and the minor principal stress of 2.66 psi would be used to compute a 

deviator stress. of 2.92 psi. The general trends illustrated in Fig-

ures Al4-Al9 are that the major principal (vertical) stress decreases 

at a rather slow rate with depth and that the variation in the minor 

principal (horizontal) stress will depend on the composition of the 

pavement structure. 
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Figures Al4 and Al5 show distributions for a pavement composed of 

a PCC slab directly on a clay subgrade. The stress parameter of primary 

interest for characterizing cohesive soils is the deviator stress. Com

bining the distributions in Figures Al4 and Al5 results in the distribu

tion of deviator stress in Figure A20. Since the modulus of cohesive 

materials varies with deviator stress, the modulus of the clay subgrade 

should also vary with depth. However, from a practical point of view, 

the variability is not really that great and the change is rather 

gradual. This implies that characterization at a given deviator stress 

will be applicable for appreciable depths (i.e., 5 psi for at least 

5 ft for the example under consideration). The same type patterns were 

observed in the subgrade beneath the granular and bound bases. 

Figures Al6 and Al7 show distributions for PCC slabs on a 24-in.

thick granular base over the clay subgrade. Of interest in Figure Al6 

is the fact that the nature of the distribution and magnitude of the 

stresses are about the same as in Figure Al4 for the PCC slabs directly 

on the clay subgrade. However, the minor principal stresses in the 

granular base (Figure Al7) are quite different from the stresses in the 

subgrade (Figure Al5). There is some small compressive (confining) 

stress at the top of the granular base layer, but at the bottom, the 

bending action has resulted in tensile stresses. Although the tensile 

stresses are small, granular bases are normally considered incapable of 

sustaining tensile stresses. Part of this effect may be caused by the 

assumption of complete continuity at the interface between the PCC slab 

and the granular base. If some slip were permitted at the interface 

(which is probably what actually occurs), the compressive stress at the 

top of the layer would be larger and the tensile stress at the bottom 

of the layer would be smaller. This is illustrated in Figure A2l, which 

shows distributions of horizontal stresses for the case where the PCC 

layer is free to slip horizontally relative to the granular base layer 

and the case where there is complete continuity at this interface. 

These horizontal stresses are principal stresses since they are located 

along a line through the center of a circular loaded area where the 

shear stresses are zero. For comparative purposes, these may be con

sidered equivalent to the minor principal stresses previously discussed. 
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However, for the case of a free interface condition, the horizontal 

(compressive) stress in the top of the base layer may be greater than 

the vertical (compressive) stress and, thus, will be the major principal 

stress. 

The distributions were generated with the CRANLAY computer code 

described in Reference 22. Continuity is maintained in the vertical 

direction at all interfaces at all times and in the horizontal direction 

at all interfaces other than the one case previously described. Since 

granular materials are highly dependent on the state of stress, particu

larly the confinement, the important fact is that there is a variation 

with depth for both interface conditions. 

One of the primary stress parameters affecting the properties of 

granular materials is the first stress invariant. The general trend is 

that the resilient modulus of granular materials increases as the first 

stress invariant increases. In Figure A22, the first stress invariant, 

and thus the resilient modulus, decreases with depth through the granular 

base course. 

Figures AlB and Al9 show stress distributions for a la-in. PCC 

slab on a 6-in. bound base over a clay subgrade. In these figures, 

note that the distribution of major principal stress is about the same 

as that in Figures Al4 and Al6 and that the minor principal stress is 

tensile throughout the entire depth of the bound base. 

The magnitude of the stresses shown was influenced by the assump

tion of full continuity at the PCC slab-bound base interface and the 

ratio of the moduli of the PCC slab and the bound base material. Fig

ure A23 illustrates the effect of interface condition in the horizontal 

stress. The effect of horizontal slip at the interface between the PCC 

slab and the bound base layer is to reduce the tensile stresses in the 

bound base layer. When horizontal slip is perrrdtted at this interface, 

the two layers respond as separate slabs. The stresses in the top of 

the bound base layer are compressive and may be larger than the vertical 

component. When full continuity is assumed at the interface, the PCC 

and bound base layers tend to function as a composite beam and the 

stresses in the top of the bound base layer a~e tensile. 
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Figure A24 shows the effect of the modulus ratio between the PCC 

slab and the base material. The smaller the ratio the more pronounced 

the bending. For full continuity, this means larger tensile stresses 

in the top of the base course. 

From the standpoint of material characterization, the important 

fact is that the deformation pattern in the bound base course is 

basically the same for free or fully continuous interface conditions 

and for a range of modulus ratios. This basic pattern of deformation, 

bending, is illustrated in Figure A25, which shows the variation of the 

first stress invariant. Implications are that a flexural test is 

appropriate for testing bound base material. 

The effects of gear configuration on stresses within a rigid 

pavement may be studied by comparing Figures A26-A29 with Figures Al6 

and Al7. These six figures are for the pavement containing the granular 

base, but Figures A26 and A27 are for a dual-wheel load and Figures A28 

and A29 are for one of the four C-5A gears, which contain six wheels. 

The dual-wheel load is the same as two of the tires of the dual-tandem. 

The basic patterns and even the actual magnitudes of the stresses are 

similar. The implication of these comparisons is that for practical 

purposes, the gear configuration is not a major factor in determining 

the distribution of stress with depth in a rigid pavement. 

The second general observation made was that the stresses in the 

vicinity of the loads on any horizontal plane are fairly constant. This 

is illustrated by the proximity of the curves, even for the C-5A gear 

(Figures A28 a~d A29) that is composed of six widely spaced wheels. The 

relatively large stiffness of the PCC slab is primarily responsible for 

this. Compared with a flexible pavement, the load is distributed uni

formly to the underlying material over a large area. The implication 

of this is that selection of the state of stress at which to test mate

rial for rigid pavement design is not as critical as one might determine 

from a study of the overall sensitivity of the material properties to 

the state of stress. 

The third general observation is related to the second. Although 
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the stresses in a pavement at a particular depth may be relatively con

stant in the vicinity of the loads, they will decrease as the distance 

from the load increases. Examples of this are shown as plots of major 

and minor principal stress versus horizontal location for the pavement 

with the granular base loaded with the C-5A gear in Figures A30 and A31. 

The rate at which the stresses decrease will be largely dependent on the 

thickness of the PCC slab, but implications are that the properties of 

a material that are sensitive to the state of stress will vary as a 

moving load passes a given point on the pavement. 

The effects of the assumptions of full continuity at layer inter

faces and the modulus ratio of PCC and base course materials on the 

stresses within the pavement have bean mentioned previously. The 

major principal stress (vertical stress) is not affected to any great 

extent by a base course. The shape and the magnitude of the stress 

distributions in Figures Al4, Al6, and Al8 are similar. 

Figure A32 illustrates the effect of the interface condition 

between the PCC slab and the adjacent material. In this particular 

illustration, the base course has properties of a bound material, and 

the stresses in the upper part of the base course are different for the 

fixed and free conditions. Within the subgrade, the stresses are 

similar. This is the general pattern for all types of pavements. Due 

to the magnitude of the stresses relative to the compressive strength 

and deformation characteristics of paving materials, the difference is 

not considered significant. The minor principal stress (horizontal 

stress) is significantly affected by the modulus ratio between the PCC 

slab and the adjacent material, as shown by comparing the stresses 

beneath the PCC slab in Figures Al5, Al7, and Al9. Also, Figures A21 

and A23 illustrate the effects of the interface condition on the minor 

principal stress (horizontal stress). 

The ratio of the thicknesses of the PCC slab and the base course 

will also affect the stresses in the base course. In general, the 

smaller the thickness ratio, the more pronounced the bending. With 

full continuity between the PCC slabs and the second layer, the second 

layer will function in conjunction with the PCC slab as a composite beam 
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to distribute the load over a wider area and to reduce the curvature, 

thereby increasing the possibility of tensile stress in the top of the 

second layer. This may be illustrated by comparing the stresses in 

Figures Al7 and Al9. However, the difference in moduli of the base 

course materials also contributed to the differences in the distributions. 

If the interface were completely frictionless, the two layers would 

respond as separate layers and compression would exist in the top of 

the second layer (Figure A23). 

From a practical standpoint, there is not much that can be done 

to improve the representation of layer interface conditions. Although 

more complicated computational models are available that permit any 

degree of continuity at the inte~faces, no definitive data exist to 

accurately quantify interface conditions. The conditions will probably 

be intermediate between full continuity and fully frictionless. In 

terms of material characterization, the difference may not be as impor

tant as it appears. For instance, if a completely frictionless inter

face were used between the PCC layer and the bound base, the stress in 

the top of the bound base would be compressive rather than tensile 

(Figure Al9). However, the stresses in the bottom of the layer would 

be tensile, and the basic loading mode would still be bending. 

To summarize this section on selection of states of stress, it 

can be stated that the stresses for a pavement vary with vertical 

location, or for a fixed location the state of stress will vary as a 

moving load passes. Results from the elastic layered model are only 

approximations, but the general response patterns are correct and the 

approximations are reasonable. Based on these observations, the proce

dures employed to select a state of stress for characterizing paving 

materials and subgrades will be to select a value of the critical 

response parameter that will be representative for a practical range 

of conditions. 

Portland Cement Concrete. In rigid pavements, PCC and bound 

bases experience flexural loading. Certainly, this is two-dimensional 

loading and is more complex than that experienced by a simply supported 

beam that has been selected to characterize these materials. However, 
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of the types of tests available, the flexural tests were considered the 

most practical and usable. 

There are several discrepancies between the state of stress in a 

PCC slab or a bound base layer and a simply supported beam that is 

tested to characterize the material. In a beam, a plane stress condition 

exists, whereas in a pavement slab, the stresses are three-dimensional 

(if the vertical stresses are considered). Certainly, the horizontal 

components of stress due to the bending are the largest components of 

stress, but the vertical support provided by the underlying material 

affects the response of the slabs. Forrest, Katona, and Griffin,6l 

recognizing that the conditions in a slab are different from those in 

a beam, have suggested a series of tests to better define these dif

ferences. Because of differences in the deformed shape of slabs, they 

suggest that strain in the slab rather than stress may be the critical 

parameter. Nevertheless, the use of a flexural test on a simply sup

ported unconfined beam loaded with essentially point loads was con

sidered adequate for determining the modulus of elasticity and strength 

of PCC. 

Bound Bases (Subbases). The same type test is used to charac

terize bound bases, although the conditions may be less representative 

than for PCC slabs. The vertical stresses will be distributed over the 

top and bottom of the layer, rather than just on the bottom as it is 

for the PCC surface layer. Certainly, stresses in the bound layer will 

be different from those in a simply supported beam loaded with essen

tially point loads. The shape the bound base layer takes may also be 

much different. In a simply supported beam, there will be compressive 

bending stresses in the top of the beam, but in the bound base layer, 

there may be tensile stresses throughout the layer. This results from 

the composite action of the PCC slab and base (Figures Al9 and A25). 

The magnitude of the stresses will depend on the bond between the PCC 

and bound base layers and the modulus ratios between the two layers. 

However, the general trend is that the loaded and support conditions 

result in stress conditions different from those for a simply supported 

beam. 
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For the test pavements (described in Appendix B) that have con

tained bound base layers, there is no apparent relationship between the 

state of stress and the traffic that the pavement will sustain. Fig

ure A33 shows a plot of minor principal stress directly below the PCC 

slabs versus the traffic level at failure, and Figure A34 shows the 

minimum first stress invariant plotted versus the traffic level at 

failure in the layer directly beneath the PCC slab for the test pave

ments described in Appendix B. In the pavements with no base, the 

stress would be in the top of the subgrade, and in the pavements with 

bases (bound or granular), the stress would be in the top of the base 

layer. The open circles are for pavements with bound bases, and no 

relationship with traffic is apparent in either figure. 

Another interesting aspect of Figures A33 and A34 is the dif

ference between the pavements with bound bases and those with granular 

or no bases. The stresses were computed with layered elastic theory 

that assumes full continuity between layers. The moduli for the bound 

base materials were larger than those for the granular base materials, 

which were in turn larger than the subgrade. The three distinct 

groupings of data are thought to be a result of the effects of the 

assumption of full continuity and modulus ratio between the PCC and 

the second material. Nevertheless, the general trend, indicating that 

the basic loading mode in the bound base layer was flexural, is valid. 

This is indicated by the fact that the minor principal stresses (hori

zontal stress essentially) and the first stress invariants are both 

tensile, whereas for the pavements with no base or granular bases, the 

values are compressive. This condition is representative for a large 

area in the base layer since the average values for the several compu

tational points (as illustrated on the sketches in Figures Al4-A29) 

are approximately equal to the minimum, or maximum, as the case may 

be, value. As ,an example, consider the six pavements with bound 

bases. If the minimum first stress invariant is selected from the 

stresses computed at the locations shown in Figures Al4-A29, then 

the average of these values is -17.71 psi; whereas, if values from all 

computational points are used, the average is -16.12 psi. For the minor 
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principal stress, the average of the minimum values is -15.81 psi, and 

the average of all values is -13.32 psi. 

The references to minimum values of minor principal stress and 

first stress invariant are not actually correct. These stresses should 

be referred to as the minimum values within the area bounded by the wheel 

loads of a gear. Stresses were computed at the locations shown in 

Figures Al4-A29. The minimum values referred to herein are the minimum 

of the stresses computed at the horizontal locations indicated in Fig

ures Al4-A29. At points some distance from the gear, stresses may be 

smaller than indicated; however, maximum values of principal stress, 

deviator stress, and first stress invariant computed at the indicated 

locations will be the maximum (or very close to the maximum) that will 

occur at the particular depth within the pavement. 

The vertical stress, which is essentially equal to the major 

principal stress, appears to be only slightly larger for bound bases 

than for pavements with no bases or granular bases. There also appears 

to be no definite relationship between this stress component and traf

fic. Figure A35 shows the maximum major principal stress directly 

beneath the PCC slab plotted versus traffic for the test pavements 

described in Appendix B. The open circles are for pavements with bound 

base layers. The average of the maximum values of the major principal 

stress for the bound bases is 10.40 psi, for the granular base 6.87 psi, 

and for the subgrade 6.15 psi. This is fairly representative of the 

area beneath the gears since the corresponding average of all values 

computed for bound bases was 7.54 psi as compared with 10.40 psi for 

the average of the maximum values. 

The absolute magnitudes of the compressive stresses in the bound 

base layers are less than the tensile stresses. Implications are that 

the flexural tests are more appropriate for bound bases than a compres

sion test. 

A simply supported unconfined beam loaded at the third point with 

essentially point loads is recommended for PCC and bound bases (sub

bases). For PCC, the beam is loaded to failure to determine the 

flexural strength, and the modulus of elasticity is computed from the 
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slope of the straight-line portion of the load-deflection curve. For 

chemically stabilized bound bases, the ultimate load is determined, 

loads of 0.4, 0.6, and 0.8 times the ultimate load are applied repeti

tively, and the modulus is computed from the load-deflection curves. 

The modulus used should be the average of that obtained for the three 

loadings. For bituminous-stabilized materials, the definition of an 

ultimate load will be dependent on the rate of application of load and 

the temperature. Several loads should be selected that will result in 

stresses in the outer fibers of the beam, which are less than the values 

shown in Table A4. One test should be conducted at about 50 psi. 

Table A4 
Recommended Maximum Stress Levels at Which to Test 

Bituminous-Stabilized Materials 

Temperature Maximum Stress Level in 
Range, OF Extreme Fibers, psi 

40-60 450 

60-80 300 

80-100 200 

Granular Bases (Subbases). Load-deformation properties of 

granular base material are highly sensitive to the state of stress. 

Unfortunately, the state of stress within a granular base layer is also 

highly variable, which makes selection of representative conditions 

difficult. Figures Al6, Al7, A22, and A26-A29 illustrate the distribu

tion of stress within a granular layer. 

Triaxial compression tests will be used to characterize granular 

materials. The two parameters that significantly affect the load

deformation properties of granular materials are the confining pressure 

and the first stress invariant. A measure of the minimum confinement is 

the minor principal stress plotted in Figures Al7, A22, A27, and A29. 

The compressive values at the top of the layer are low, and the tensile 

values are at the bottom of the layer. The magnitudes of these stresses 
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are affected by the assumption of full continuity at the interface be

tween the PCC slab and the granular layer. For real conditions where 

some slip is permitted, the confinement would probably be somewhat 

greater than indicated. The inability of the material to sustain 

tensile stresses should also contribute to a buildup of confinement 

by a redistribution of stresses. 

Additional factors not accounted for in the stress computations 

are overburden stresses and residual horizontal stresses, induced during 

compaction, which remain in the material. The effect of these stresses 

would be to increase the confinement on the material. There are also 

equipment limitations and lack of precision when testing at low stress 

levels. As a result, the states of stress selected for characterizing 

granular materials will be somewhat different from those indicated by 

the computed values of load-induced stresses. 

The open triangles in Figure A33 are for pavements with granular 

bases and thus represent the stress at the top of the granular layer. 

There is no apparent relationship with traffic, but only a limited range 

of traffic is available. The values are low, indicating low confinement. 

For the pavements with granular bases, the average of the minimum values 

was only 0.38 psi (the average of all computed values was 0.50 psi, 

indicating relatively uniform conditions in the vicinity of the load). 

The effects of the modulus ratio between the PCC slab and the material 

directly beneath the slab is illustrated by the three groupings of the 

points in Figure A33, i.e., groups for pavements with bound bases, with 

granular bases, and with no bases. The larger the modulus ratio, the 

larger the confinement. 

The open triangles in Figure A34 are data points for pavements 

wi th granular bases. The trends are the same as previously discussed 

for the minor principal stress, i.e., no relationship with traffic, 

three distinct groups of data, effects of modulus ratio, and uniformity 

beneath loads. The average of the computed minimum values is 5.96 psi, 

and the average of all computed values is 7.33 psi. 

Figure A35 shows a plot of maximum major principal (essentially 

vertical) stress versus traffic. For the pavements with granular bases, 
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there is no apparent relationship with traffic. In addition, there is 

not much difference between the three types of sections, although the 

points for bound bases, denoted by the open circles, are higher than for 

the other two conditions. The average of the maximum values of major 

principal stress for the pavements with no base was 6.15 psi, for pave

ments with granular base 6.87 psi, and for pavements with bound bases 

10.40 psi. 

For characterizing granular bases, triaxial compression tests 

should be conducted at confining pressures of 2, 4, 6, and 10 psi. 

Axial stresses should be applied that result in ratios with confining 

stresses (°
1

/°
3

) of 2, 3, 4, and 5. Plots of resilient modulus versus 

first stress invariant, similar to the plot shown in Figure A28, should 

be prepared and an average relationship established. From this rela

tionship, a value of resilient modulus at a first stress invariant of 

10 psi should be selected. 

No well-defined relationships exist for Poisson's ratio. How

ever, plots of Poisson's ratio versus ratio of axial to confining stress 

(°
1

/°
3

) should be made, and representative values selected. 

SUBGRADE SOILS 

Subgrade soils beneath rigid pavements are subjected primarily to 

conpressive stresses. Figures Al4-Al9 illustrate the distribution of 

major and minor principal stresses in the subgrade of rigid pavements 

with no base, with a granular base layer, and with a bound base layer. 

The stresses within the subgrade are always compressive. 

Cohesive soils, which will be the predominate type encountered, 

are sensitive to the deviator stress, i.e., the difference between the 

major and minor principal stress. Figure A20 contains distributions of 

deviator stress with depth for a PCC slab directly on a subgrade loaded 

with a dual-tandem gear. Differences between the major (Figures Al6 and 

Al8) and the minor principal stresses (Figures Al7 and Al9) in the sub

grade for pavements with granular and bound bases are similar to those 

shown in Figure A20. 

Cohesionless subgrade soils are similar to granular base material 
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in that they will be sensitive to the confining stress and the total 

state of stress as represented by the first stress invariant. Fig-

ures Al5, Al7, Al9, A27, and A29 show distributions of the ~inor princi

pal stress in the subgrade for the three types of pavements considered. 

Considering that the loads are applied vertically and that the major 

principal stresses act essentially in the vertical direction, the minor 

principal stresses that act essentially in the horizontal direction are 

confining stresses. Within the subgrade, the values are always com

pressive but are small in magnitude. Distribution of the first stress 

invariant is shown in Figures A22 and A25, respectively, for the pave

ments with granular and bound bases. Within the subgrade, the values 

of the first stress invariant indicate that the loading is essentially 

compressive. 

The distributions shown were computed with material properties of 

the subgrade obtained from tests on the cohesive subgrade soils. The 

modulus of elasticity would probably be higher for cohesionless soils 

than for cohesive soils, and the Poisson's ratio would be lower. How

ever, the general trends illustrated by the computations, i.e., low 

compressive confining stresses and compressive first stress invariants, 

should be applicable to cohesionless subgrade soils. 

Triaxial compression tests will be used to characterize subgrade 

soils. The deviator stress in the triaxial tests will be the difference 

between axial stress applied to the specimen and the confining pressure 

in the triaxial chamber. For cohesive soils, this should approximate 

as closely as possible conditions in the subgrade. The maximum de

viator stress is considered appropriate for characterizing cohesive 

materials, since the general trends indicated in Figures A2 and A3 have 

been found to hold for a wide range of materials, i.e., the resilient 

modulus decreases as deviator stress increases. 

The maximum deviator stress at the top of the subgrade versus the 

traffic to failure in Figure A36 applies to the test pavements described 

in Appendix B. There are no apparent relationships with traffic and no 

easily discernible differences between pavements without bases, with 

granular bases, or with bound bases. The average value for pavements 
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without bases is 3.69 psi, with granular bases, 3.79 psi, and with bound 

bases, 3.46 psi; the overall average is 3.70 psi. Stresses due to the 

overburden and residual stresses remaining after compaction were not 

considered in the computation of these stresses. 

For characterizing cohesive materials, the triaxial tests should 

be conducted at a range of stress conditions and a composite curve 

established in Figures A2 and A3. Tests should be conducted at confining 

stresses of 2, 4, and 6 psi, and at axial stresses applied that will 

result in a range of deviator stress from about 2 to 16 psi. From the 

composite curve, the resilient modulus used to represent the material 

should be selected at a deviator stress of 5 psi. No well-defined 

relationships exist for Poisson's ratio, but similar plots should be 

made and a representative value selected. 

For cohesionless soils, the confining stress in the triaxial 

tests should approximate conditions in the subgrade. The minor princi

pal stress in the subgrade is a measure of the confinement. For cohe

sionless subgrade soils, it is considered appropriate to select 

properties at minimum values of the first stress invariant and confining 

stress, since the general trends illustrated in Figures Al2 and Al3 

are applicable for cohesionless subgrade soils, i.e., as the confining 

stress and the first stress invariant decreases, the resilient modulus 

decreases. 

The minor principal stress and minimum first stress invariant at 

the top of the subgrade versus the traffic to failure in Figures A37 and 

A38, respectively, apply to the test pavements described in Appendix B. 

As previously noted, these are the minimum values in the vicinity of the 

load or loads, and smaller values (in fact, zero) will exist at loca

tions far removed from the loads. There are no obvious relationships 

with traffic for either of the parameters. There are some apparent 

differences in the stresses for the different type pavements. The 

average of the minor principal stress at the top of the subgrade is 

1.99 psi for pavements with no base, 1.25 psi for pavements with 

granular bases, and 2.54 psi for pavements with bound bases. The over

all average is 1.82 psi. The average of the minimum first stress 
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invariant at the top of the suograde is 9.27 psi for no base, 6.59 psi 

for granular bases, and 11.15 psi for bound base. The overall average 

is 2.63 psi. stresses due to the overburden and residual stresses that 

may exist in the subgrade due to the compaction process were not con

sidered in the compu~ation of these stresses. The effect of these 

stresses on material characterization would be to increase the con

finement and the first stress invariant. 

3asically, the same stresses should be used in the triaxial 

~ests for characterizing cohesicnless material as are used for granular 

bases. Confining pressures of 2, 4, 6, and 10 psi and axial stresses 

tha~ result in principal stress ratios (01/03) of 2, 3, 4, and 5 should 

be app2.ied. From the average relationship of resilient modulus versus 

first stress invaria~t, a representative modulus value should be se

lected at a first stress invaria~t of 10 psi. A representative value 

ef Poissor.'s ratio should be selected from a composite plot of Poisson's 

ratio versus principal stress ratio. 

SG'1,lARY FeR C:J:ARACTERIZING MATERIALS 

It is recommenced that modulus of elasticity and flexural strength 

ef PCC be determined. from static flexural tests of beams having a cross

sectional area 0:' 6 by 6 in. The recommended procedures are widely 

accep~ed and. extensively used :'or determining the properties of PCC. 

'='he test r;rocedure for determining flexural strength is ASTM Standard 

r.1ettod of ':'est C 78-75. 57 This test is also designated CRD-C 16-66 in 
56 the C3 Ha."1.dbook for Co~crete and Ce!:lent. There is no ASTM standard 

~es~ fer cetermining ~he modulus of elasticity of PCC from flexural 

tests. The recomnended procedure is contained in the CE Handbook for 

Co~cre~e ar..d Cemen~56 and is designated CRD-C 21-58. No procedures 

are provided for determir:ir..g Poisson's ratio of PCC. It is recommended 

that a value of 0.2 be assigned. for all PCC. 

It is recommended ~hat the modulus of elasticity of bound base 

material be deterIT~ned from cyclic flexural tests of beams. The recom

mended test procedures have not been standardized but are described in 

detail in Appendix C. There are differences in the procedures for 
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chemically stabilized materials and those stabilized with bituminous 

binders. These differences are necessary because of the sensitivity 

of bituminous-stabilized bases to rates of loading and temperature. 

No procedures are provided for determining Poisson's ratio of bound 

base material. It is recommended that the following values extracted 

from Reference 10 be used. 

Material 

Bituminous-stabilized 

Chemically stabilized 

Poisson's Ratio 

0.5 for E < 500,000 psi 
0.3 for E > 500,000 psi 

0.2 

It is recommended that properties of granular bases (subbases) 

be determined from cyclic triaxial tests on prepared samples. The 

recommended test procedure is outlined in Appendix D. The outputs 

from the test procedure are measures of modulus of elasticity and 

Poisson's ratio. 

There is concern among some engineers as to the accuracy with 

which the results from laboratory tests on granular materials represent 

field conditions. This is the result of such factors as the sensitivity 

to the state of stress, sensitivity to the degree of compaction, 

inability to take undisturbed samples, which necessitates laboratory 

preparation of specimens, difficulty in measuring parameters needed to 

compute material properties, and the apparent existence of tensile 

stresses in granular layers, which would result in redistributions of 

stress within the pavement system. In addition, there is also the 

feeling that the properties of granular materials meeting requirements 

for base or subbase material will not vary over a wide range. These fac

tors have led to the use of various methods for selecting representative 

properties of granular bases and subbases. Barker and Brabston recom

mend a Poisson's ratio of 0.3 for granular base or subbase materials 

and provide a procedure (Appendix G10 ) for determining representa-

tive values of moduli based on layer thickness and the modulus of the 

foundation upon which the layer was compacted. This procedure appears 

to produce reasonable results. However, it is recommended that it be 
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used in conjunction with test results to determine a representative 

modulus rather than as the sole method. The use of a value for Poisson's 

ratio of 0.3 is acceptable unless there is reascn to believe that it is 

significantly differen~ for the material in Question. 

It is recommended that the modulus of elasticity and Poisson's 

ratio of subgrade soils be deternined from cyclic triaxial tests on 

undisturbed samples when possible or on samples prepared as close as 

possible to field conditions when fill is involved. The recommended 

test procedures are outlined in Appendix E. The procedures are similar 

to those used for granular base (subbase) materials. There are dif

ferences in details of the test procedures and presentation of results 

for cohesive and cohesionless materials. These di~ferences are neces-

sary because of the sensiti\~ty of cohesive soils to moisture and the 

differences in the beha"vior as a function of the state of stress. As 

.. 'i th other IJI2.terials, determir:ation of a representative Poi sso!:' s ratio 

is tifficult, and the values of 0.4 for cohesive and 0.3 for cohesion

less materials suggested by Barker and Brabston
lO 

may be used. if test 

resul~s prove un~eliable. 
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APPENDIX B: DESCRIPTION OF TEST PAVEMENTS 

The pavements described herein were part of eight test tracks. 

These test tracks will be referred to as Lockbourne No.1, Lockbourne 

No.2, Lockbourne No.3, Sharonville Channelized Traffic, Sharonville 

Heavy Load , Multiple-Wheel Heavy Gear Load (M"dHGL), Keyed Longitudinal 

Joint Study (KLJS) , and Soil Stabilization Pavement Study (SSPS). The 

pavements were constructed and tested by the U. S. Army Corps of Engi

neers during the period from 1943 to 1973. The pavements were con

structed under controlled conditions, and simulated aircraft traffic was 

applied in an accelerated manner. 

LOCKBOURNE NO. 1 

The Lockbourne No. 1 Test Track was constructed between August 

and November 1943 at the Lockbourne Army Air Base near Columbus, Ohio. 

The construction, testing, and analyses of the data from this test 

track are discussed in References 40-42. This test track had two con

tinuous traffic lanes 20 ft wide, composed of adjacent 20- by 20-ft 

slabs. The concrete test slabs varied in thicknesses from 5 to 10 in. 

and were placed with and without base courses. The type base material 

varied and the thickness ranged from 6 to 12 in. Transition slabs 

between the traffic slabs and turnaround sections at each end combined 

to form a continuous track, which was subjected to single-wheel loadings 

of 20, 37, and 60 kips. Between 5 June and 10 July 1944 some sections 

of the test track were reconstructed due to early failure caused by the 

traffic loading tests. 

Table Bl summarizes the flexural strength of the PCC concrete 

and the traffic applied to each pavement. Figure Bl illustrates the 

properties of the pavements used in this study; Figure B2, the loads 

used to traffic the test pavements. The two tires in Figure B2 were 

on one axle of the load cart but were far enough apart so that the 

overlap in zones of influence was small. 
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Item Load, 

A 20 
l~," 37 
:5 20 
:5 37 
C 20 
C 37 
J 20 
D 37 
E 20 
- 37 
F 20 
F 37 
-r 37 1", 

K 60 
N ':17 

...)1 

IT 60 
0 37 
0 60 
p 37 
p 60 
Q 37 

'""' !ct 60 
U 37 
J 60 

A 
(Recc:nstr) 37 

Table Bl 

Summary of Load, PCC Flexural Strength, and 
Traffic--Lockbourne No. 1 Test Track 

Flexural Strength Traffic 
kips psi Coverages 

740 390+ 
780 45 
740 187 
780 35 
7~0 200 
780 44 
748 450 
780 33 
740 430+ 
780 77 
7L.O 550+ 
780 111 
780 700 
735 72 
780 150 
735 9 
780 573 
735 72 
780 262 
735 6 
788 1390 
735 <:;7 

/1 

720 88 
735 1.5 

725 658 

3-2 

Remarks 

First crack 
First crack 
First crack 
First crack 
First crack 
First crack 
First crack 
First crack 
First crack 
First crack 
No failures 
First crack 
First crack 
First crack 
First crack 
First crack 
First crack 
First cract:. 
First crack 
First crack 
First crack 
First crack 
First crack 
First crack 

First crack 
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8 
I. 

8 
~I 74" 

WHEEL LOAD=20 KIPS 
TIRE CONTACT AREA = 387 IN.2 
TIRE CONTACT PRESSURE = 52 PSI 

84" 
8 
.. I 

WHEEL LOAD=37 KIPS 
TIRE CONTACT AREA = 638 IN) 
TIRE CONTACT PRESSURE = 58 PSI 

8 
I. 84" 

WHEEL LOAD=60 KIPS 
TI RE CONTACT AREA = 1051 IN.2 
TIRE CONTACT PRESSURE = 57 PSI 

Figure B2. Schematic representation of loads used in 
Lockbourne No. 1 Test Track 

LOCKBOURNE NO. 2 

The Experimental Mat test section designated as Lockbourne No. 2 

was rectangular in shape and constructed adjacent to the Lockbourne 

No. 1 Test Track between September 1944 and April 1945. A discussion 

of the construction, testing, and analyses of data from this test sec

tion can be found in References 43 and 44. The concrete test pavements 

varied from 15 to 24 in. in thickness and consisted of both 25- by 25-

and 25- by 50-ft slabs. Perimeter slabs varying in thickness completely 

surrounded the test pavements. Their purpose was to provide a maneuver 

area for the outrigger wheels of the 150-kip single-wheel load rig. 

B-5 



The Lockbourne No.2 Modification test section was a.'1 extension of 

the Experinental Mat a.'1.d was constructed. between August, and October 1946. 

A discussion of const~uction, testing, and analyses of data can be found 

in ::\eferences 45 ar:d 46. This :'est sec:'iO:1 consisted of 12-, 15-, and 

:?O-in. plain cor:crete paveme:1t p::'aced directly on the subgrade. The 

test slabs were arranged to form three 25-ft la'1.es with transition slabs 

separating the three desig:1 :'hick:1esses. Traffic was applied with a 

special loading device that produced a 150-kip load on four wheels. 

'='a-ble B2 summari zes the flexural strer,gths of the concrete test 

paveme~ts a'1.d the traffic applied t,e each item. The pavemen:, properties 

l:sed i:1 :.his study are for :,he Experimental Mat section (Figure B3) and 

:'cr the Hul tip1e-/i'hee::;' ~'lodi fication section (Figure 34). ~he load 

asse:J.b::"y in Figure 35 is :::'or both t,he Experimental l~at and the Modifica-

:.ie::. sectie:1s. 

-.j. 

1. ~ err, 

E::" 
:22 

E3 
:2:4 
E5 
~/' .r..o 

E7 

Hi 
"~ _'.c:. 

:'13 

Table B2 

Summary of Load, PCC Flexural Strength, and 
Traffic--Lockbourne No. 2 Test Track 

F::"exura1 Strength Traffic 
~cad, ki-::s psi Coverages 

l5C 725 97 
15C 680 9:"'2 
::"50 710 17 
::"50 680 203 
150 695 43 
150 700 2204+ 
150 76c 2204+ 

150 725 13;'" 
150 725 220L+ 
150 725 220:"'+ 

~e:r.J.arks 

First crack 
First crack 
First crack 
First crack 
First crack 
No failure 
No failu~e 

Fiyst crack 
Ne failure 
]c fai::"ure 

!lote: Items El-E7 (~xperirr.ental Mat) loaded wi th single wheel. 
Items IQ-M3 (:'-1odification) loaded wi th dual-tandem gear. 
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20" 

ITEM Ml 

ITEM M3 

""~"" c": ::V>."~t" 
15" .. :',', "'~ 'pec: .': '. '~' .... E = 4.12 x 106 PSI 

~::~/:>~ "". d2 
, '. [7 ..... ' .. ~. 

(xk,~;;0~ E = 4400 PSI 
SILTY CLAY :.-,=0.4 

ITEM M2 

NOTE: SIL TV CLAY AVERAGES 
29.5% CLAY. 51°0 SIL T. 

k =55 PCI 

18.2°0 SAND, AND 1.3~~ GRAVEL 
PI = 29.2°o(CL·CH, CH PREDOMINANT) 

Fig~re B4. Description of test paveme~ts in Lockbourne 
Ko. 2 l'Ltltiple-r,.lheel Modification test section 
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G G 

G G I ~7.25'~ 

EXPERIMENTAL MAT 

GEAR LOAD =- 150 KI PS 
TIRE CONTACT AREA = 1459 IN.2 
TIRE CONTACT PRESSURE = 103 PSI 

MODIFICATION 

GEAR LOAD = 150 KIPS 
TIRE CONTACT AREA = 270 IN) 
TIRE CONTACT PRESSURE = 139 PSI 

Figure B5. Schematic representation of loads used 
in Lockbourne No. 2 Test Track 

LOCKBOURNE NO. 3 

The Lockbourne No. 3 Overlay Mat test section was constructed in 

the area encompassed by the inner boundaries of the Lockbourne No. 1 

Test Track. Construction of the test section was begun 1 August 1946 

and was completed 26 October 1946. The construction, testing, and 

analyses of the data from this overlay mat test section are discussed 

in References 45 and 46. The concrete pavement comprising part of the 

Lockbourne No. 3 Test Track was divided into nine test items. With 

the exception of item 1, each was overlain with a flexible overlay. 

The overlay thickness varied as well as the type of overlay material 

and ranged between 3 to 9 in. Item 1 consisted of 6-in. plain concrete 

and was divided into four lanes; three of these lanes were 25 ft wide 

and one was 10 ft wide. 

Traffic was applied to the test items with a rig producing a 

60-kip load on a dual-wheel assembly. Figure B6 lists the properties of 

the pavement used in this study including the applied load. The PCC 

flexural strength was 800 psi, and the first crack failure occurred at 

18 coverages. 
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:~:- .. :..~.: ...... : .... ::- .. ~. 6 
" ','. '.: ' .. :.' .' pc6'\· : ' .. : '. '.,' E = 4.0 x 10 PSI I

'· I ''A ' ' ., ''\7. I I 

6 ." .,.;'.' ." .. ' . 0 '.' Yo" '. .' , ~., ,,= 2 :p.':,':",,'.\>. :, ... : ... ~:.,.', .:. . 
::>0</0<":/<::)\/,\)0 

SILTY CLAY 
AVE RAGE 30°0 CLAY, 55~0 SI l T, 
AND 15% SAND 
PI = 20°" (Cl ·CH ·Ml) 

G 
37' .1 

E :- 5100 PSI 
~'= 0.4 
k = 62 PCI 

GEAR LOAD = 60 KI PS 
TIRE CONTACT AREA = 332 IN.2 
TIRE CONTACT PRESSURE:c 90 PSI 

Figure 36. Sununary of data fro:r.J. Lockbourne No. 3 
Test Trac~ 

SH-AR8I01ILLE CHMHELIZED TRAFFIC 

Two ch&~nelized ~raffic ~est sections, one on a high bearing

capacity four.dation and the other on a low bearing-capacity foundation, 

were cons~ruc:'ed a:. Sha!'onville, Ohio, between ~ovember 1955 a..~d 

February 1956. The construction, testing, and analyses of data from 

this ~est track are discussed in References 3~ and 47. The two 

channelized tra~fic tes~ sections, designated as ?arts 1 and 2, were 

25 ~ wide and about 600 ft long, ar.d contained no longitudinal joints. 

The ~est items in each section varied from 50 to 65 ft in length. Each 

item was separated by a heavily reinforced concrete transition slab 

10 ft lor.g. ~raffic was applied to both sections by using a load rig 

which produced a 100-kip load on a dual gear. 

Tab~e B3 s~~arizes the flexural strength of the ~est items and 

the amount of traffic applied to each. Figure B7 shows the pavement 

properties used in this study; Figure BB, the load used to traffic the 

Sharonville Channelized test pavement. 
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Table B3 

Summary of Load, PCC Flexural Strength, and 
Traffic--Sharonville Channelized Test Track 

Flexural Strength Traffic 
Item Load 2 kiEs 

57 100 
58 100 
59 100 
60 100 
61 100 
62 100 

[

:Ii.:. '.' .P. . 
.... ····4· <. :.: .... 

:~ -:.' .' : .:: ~ E = 4.3 _ 10 6 PSI 
20" .... ..•. . PCC . 

~.' >..~:. : = 0.2 

96" 

'4 ........ p .' 

~ 

D/ SiL TV"SANDY .. o~ E = 40.000 PSI 
.: '~GRAVEL.o .• ~. '0'. ,. = 0.3 
~.:.··.o:(GMd)o:·~:.o.·: k = 300 PCI 

. ...·Pcc:.·. :.: E=4.3- 10 PSI i
·~····:/'··:·:·;··:··? 6 

" i~li~~ , 00.' 

; «?v<:JvvV 
o }'SI'L TV 'SANDY ~ <>. E = 45.000 PSI 
o '.~ oGR~VEL . ti d ' = 0.3 
o . • (GMd ) 0 k = 335 PCI 

Esi Cover§!£es 

740 34,650+ 
740 34,650+ 
730 7,600 
730 1,674 
730 3,867 
730 10,082 

" ... . 

.. ; ........ ::;1' .. . ':~ 
18" ....... ~. PCC :". '.' ." E = 4.3 , 106 PSI 

'. .' 4. . ... = 0.2 

96" 

:. '1: : '. '. ~ 
'4:':':-:"':'~·"'·':' 

~ 

d~ .'SILT·Y· s"ANDY . ('. E = 40.000 PSI 
O. '~'. GRAVELc; . <:;: , = 0.3 
o· 0 :.~::(GMd)·.:. '.0. k = 300 PCI 

Remarks 

No failure 
No failure 
First crack 
First crack 
First crack 
First crack 

, 
:" ,SiLTY SANDY 0 . E = 40.000 PSI 
:0 . "GRAVEL .: 0 . = 0.3 
o.o~;. (GMd) ••. : k = 300 PCI 

:.\).' ...... : .... : .:' ':~: 
.~ ... ': :.,' u, ',' . .'.-: ... -: ' ~".;.'.::: . . ;'1>' 

':':.'.: :'~:'. 
".:':;.:." ...... ~ .. E = 4.3x J06 PSI 

14" ......... pec . '.' . . . 02 :.1'.:'.: ~ .. ~ ." .,= . 

'.' . ',' 

16" :':<::'V' ~cc'~ ... :.\ E = 4.3 x 106 PSI i/d i ,00,' 
'" ':'" .... :.::. .... :':- ....... <i .. 'O: 

,~tv\:>v0< . 
o· SILTY SANDY'. J' E = 40.000 PSI 
;'.0 GRAVEL .-' 0: = OJ 

..... ,(GM,); ':.~ ' . .; k = 300 PCI 

?VVZV5::;©'V'V 
e. 'S"IL TV SANDY· E = 50.000 PSI 
. 0. GRAVEL 0 0 ,.' = 0.3 
"".~c(GM,)··. 0 k=360PCI 

Figure B7. Description of test pavements in Sharonville 
Channelized Traffic Test Track 
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37-12" 
~I 

8 
GEAR LOAD::: 100 KIPS 
TIRE CONTACT AREA = 257 IN.2 
TIRE CONTACT PRESSURE -: 187 PSI 

?igure BS. Schematic representation of loads used in 
Sharonville Channelized Traffic Test Track 

SHARONVI~LE ~EAvr LOAD 

The Rea,,'Y ~oad Test Trac~o( was constructed between July and 

November 1957 at the Sharonville test site just north of Cincinnati, 

Ohio. Tie construc~icn of the test track is discussed in Reference 4S. 

Testing and analysis of ~he data have not been published. Test Track A, 

used i~ this study, was 50 ft wide and 525 ft long. An extra 25-ft 

length of pavement was provided at each end of the track to provide a 

maneuver area for the traffic rig. Track A was referred to as the 

"plain concrete" test -<:rack. Traf~ic tests on all navements were 

accomplished with a 325-kip loac on a cual-tandem aircraft gear. 

,=,able B4 summarizes the ?CC f2.exural strength and the traffic 

applied -:'0 the various test items tha-: were used in this study. Fig

ure B9 shows the pavement properties of the test items used in this 

study; Figure 310, the load used to traffic the pavements. 

-+ 
~ven:. 

71 
72 
73 

Table B4 

Sumnary of Load, PCC Flexural Strength, and 
~raffic--Sharonville Heavy Load Test Track 

Flexural Strength Traffic 
Load, kips psi Coverages Remarks 

325 SOO 96So+ No failure 
325 800 96So First crack 
325 SOO 2115 First crack 
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I .. 31.25" 

GEAR LOAD = 325 KIPS 
TIRE CONTACT AREA -= 267 IN.2 
TIRE CONTACT PRESSURE = 304 PSI 

Figure BIO. Schematic representation of loads 
used in Sharonville Heavy Load Test Track 

HTL':'IPLE-I.J:{EEL HEAVY GEAR 
LOAD (MI-.'HGL) 

The rOOiGL pavement tests were conducted at the test site located 

at the U. S. Army Engineer vlaterways Experiment Station in Vicksburg, 

~liss. The construction of this test track was initiated in July 1968, 

and the rigid pavenent portion was completed in December 1968. The 

constructior., testing, and ana~yses of the data from this test track 

are discussed in Reference 35. The rigid pavement test items were each 

50 ft square and composed of four 25-ft-square slabs separated by a 

lor.gitudinal construction joint and a transverse contraction joint. 

7he items were separated by 25-ft-long by 50-ft-wide transition slabs, 

which were heavily reinforced to prevent the migration of cracks from 

one test item to another. The simulated traffic portion of the tests 

was run in two parts: the first part consisted of trafficking the south 

pa'~r.g lane wi~h a 12-wheel assenbly (C-5A) loaded to 30,000 Ib per 

wheel; the second part of the test program consisted of trafficking 

the nort~ paving lane with a dual-tandem assembly (B-747) loaded to 

41,500 lb per wheel. 

Figure BII shows the properties of the test pavements used in this 

study; Figure B12, the load assemblies used to traffic the test items. 

Table B5 summarizes the wheel loads, PCC flexural strengths, and the 

traffic applied to the test pavements. 
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, • ' •.. 'A' . . .' ,./)' 't> .. , . "'J.' . ..... Y.' 
, , .' .• ,' .. : : ' •. :.' ' :. :. :,,: 6 

10" "~" "4:-- pce:~' : '4::' E = 6 X 10 PSI 

': ',::::-:,:': ',',::',:::"::':':': II =0.2 
'.t> .' ~. .' t> 

7&%& 
~-

40" ~ HIGH PLASTICITY CLAY ~ E - 7,500 PSI 

~CH)' : ::O'PCI 

/ ";' ') ')' 0: ~ ) 

/ LOW PLASTICITY CLAY / E = 13 500 PSI 
-/",////jCrL y/// ~ II = 0.4 

ITEM 1 

36" 

'".' ~ :-:., , ~") '" ~ ~ 

/ LOW PLASTICITY CLAY / E = 13 500 PSI 

~&~~~//~ II = 0.4 
ITEM 3 

:~,:,i""'4"":":l>i:, :: 

12" ~:::·;:::··~~d .. ··:·~· b6 X 10' PSI 
.. 'f>. , .. , 11=02 

~' 
%(///////./: 

38" ~(S~~;!TY CLAY' ~ :i:J:Oc~SI 

, '" ',/)-::::' ') )" 
/ LOW PLASTICITY CLA);' E = 13,500 PSI 
/////:(~L)~//// 11=0.4 

ITEM 2 

','tis: :.'" '.:q',::::. <3, :.': : 
.,'.', ':: ~,,,, .:,:: ': , ':::: X/: E = 6 X 106 PSI 

B" '" ' " " PCC' 1\' . . , ' . . 0 2 .. '. ... . rG '. '. v = . 
',~.':: : ,,~ >: .:',:: ~ ':' :" ,:~{ 
WHHffh 
~('///////~ 

42"~ ~~HhIGH PLA~J~~~TY CLAY ~ 
~ E = 7,500 PSI 

II = 0.4 
k = 74 PCI 

? ~ ~ 
/ LOW PLASTICITY CLAY / E = 13 500 PSI 

~);L;W/h~' = 0.4 

ITEM 4 

Figure BII. Description of test pavements in Multiple
Wheel Heavy Gear Load Test Track 
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48 ,- "'1 

8 8 
U"\ 
'0 

8 8 G 8 
I 34" I 53" I 34" I ... . .. ... .. 

-+---8 8 

8 8 8 8 
C·SA GEAR 

, .... 44" 
~I 

8 8 
58" 

8 
DUAL TANDEM GEAR 

GEAR LOAD = 360 KIPS 
TIRE CONTACT AREA = 285 IN.2 
TIRE CONTACT PRESSURE = 106 PSI 

GEAR LOAD = 165 KI PS 
TIRE CONTACT AREA = 2J7 IN.2 
TIRE CONTACT PRESSURE = 200 PSI 

Figure B12. Schematic representation of loads used 
in Hul-:'iple-I{heel Heavy Gear Load Test Track 
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Item 

* 
** 

1 
2 
2 
3 
3 
4 

Table B5 

Summary of Load. PCC Flexural Strength. and Traffic-
Multiple-Wheel Heavy Gear Load Test Track 

Flexural Strength Traffic 
Load. kips psi Coverages Remarks 

360* 
360* 
166** 
166** 
360* 
360* 

C-5A gear. 
Dual-tandem gear. 

725 
800 
700 
660 
700 
775 

221 First crack 
4230 First crack 

95 First crack 
205 First crack 

1400 First crack 
180 First crack 

KEYED LONGITUDINAL 
JOINT STUDY (KLJS) 

The excavation, construction of the foundation materials, and 

final concrete paving phases of the KLJS test section occurred during 

the period April-May 1971. The construction, testing, and analysis of 

the data from the KLJS test pavements are discussed in Reference 38. 

The pavement thicknesses, foundation materials, and types of longi

tudinal construction joints varied in the four test items. The rigid 

pavement thicknesses of items 1 and 2 were 8 and 11 in., respectively; 

items 3 and 4 were both 10 in. thick. Each test item contained four 

25-ft-square concrete slabs at uniformed thickness, two in the north 

lane and two in the south lane. The transition slabs that had been 

constructed for the MWHGL were left in place and used in this study. 

The gear configurations used for trafficking the KLJS test items were 

the same that were used in the MWHGL study (Figure B12). 

Figure B13 shows the pavement properties used in this study. 

Table B6 summarizes the wheel loads, concrete flexural strengths, and 

traffic coverages applied to the test items. 
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8" 

U' 

18" 

10" 

36' 

'CLA'YEY GRAVELl~Y' sAND', E = 20,000 PSI 
•• ·U. (SW SC) : .'. ~ '. 03 .. . ," (. . 0" . . ",1,1 = • 
':,' ::' ... 0 .' .' .: .. "'6 2 o .. , ....... '. '0 '. '. k = 50 PCI 

::::·:,+r:;.::;:.·:~~,··.: ::·:: .. :.~:f 
W/)7q/m 

• '~;) I"" ,,' ,:;,' ') ";;'::'. , , 

/ LOW PLASTICITY CLAY / E = 13,500 PSI 
;////// !C,L))//~ II = 0.4 

ITEM 1 

,- . / </." "? ':, '/' ::-\,' " ,. 

/"1"",11'/ 

/ LOW PLASTICITY CLAY / E =- 13,500 PSI 

///// (,C~) // //- II = 0.4 

ITEM 3 

""',) ? ~",' '",?' j' :::-: ,/' , " ',' 

/ LOW PLASTICITY CLAY / E = 13,500 PSI 
~////. (~L) 'l;~ II = 0.4 

ITEM 2 

34" E = 7,500 PSI 
!, = 0.4 

, " -; ~').J '\.) ,~ ,,' ., : 

~LOW PLASTICITY CL~Y/ E = 13,500 PSI 
~/ //; ~C;)///,/~ II = 0,4 

ITEM 4 

Figure B13. Description of test pavements in Keyed 
Longitudinal Joint Study 
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Table B6 

Summary of Load. PCC Flexural Strengths. and Traffic-
Keyed Longitudinal Joint Study 

Flexural Strength Traffic 
Item Load. kips psi Coverages Remarks 

* 
** 

1 
2 
3 
4 
4 

360* 
360* 
360* 
360* 
166** 

C-5A gear. 
Dual-tandem gear. 

SOIL STABILIZATION 
PAVEMENT STUDY (SSPS) 

905 54 First crack 
730 344 First crack 
810 22 First crack 
860 6336 First crack 
860 320 First crack 

This final test section, designated the SSPS, was constructed 

during the period March-August 1972. This area had been used previously 

for the MWHGL and KLJS tests. The construction, testing, and analyses 

of the data from this test section are discussed in Reference 39. The 

test section was 290 ft long and 50 ft wide and consisted of five test 

items, each 50 ft square and separated by 10-ft-wide transition slabs. 

The concrete in each item was first placed in the north paving lane 

(25- by 50-ft sections) between the transition slabs. Only two items 

from this test track were used in this study. These were 15-in.-thick 

slabs on 6-in.-thick bound base course layers. Simulated aircraft traf

fic was applied to the test items using a dual-tandem assembly. A net 

weight of 200 kips (50 kips/wheel) was used for trafficking lane 1 and 

240 kips (60 kips/wheel) for trafficking lane 2. The contact area for 

both loads was maintained at 267 sq in. by using inflation pressures of 

190 and 250 psi for the 200- and 240-kip loads, respectively. 

Figure B14 shows the pavement properties used in this study; 

Figure B15, the loads used to traffic the test pavements. Table B7 

summarizes the concrete flexural strengths and the traffic applied 

to each test item. 
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15" 

6" 

29' 

E .,. 200,00:l PSI (LAN E 1) 
E = 130,008 PSI (LANE 2) 
l' = 0.4 
k .,. 255 PCI 

75" 

6" 

29" 

/'. / //'// -; /~ 
/ LOW PLASTICITY CLAY ~ E = 13,5JO PSI 

7';,,/, ;; " '"'/' /:-
/ LOW PLASTICITY CL~;' E = 13,500 PSI 

/// ~;C/L~ij / //; I' = 8.4 'l///(~~)~//// 1,=0.4 

58" 

ITEM 3 ITEM 4 

~lgure E14. Description of test pavements in Soil 
Stabiliza~ion Pavement Study 

.. , 
G G 

G G 
TIRE CONTACT AREA, IN) 
TIRE CONTACT PRESSURE, PSI 

200·KIP 240·KIP 
GEAR LOAD GEAR LOAD 

267 
187 

267 
225 

Figure B15. Schenatic representation of loads 
used in Soil Stabilization Pavement Study 
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Item 

3 
3 
4 
4 

Table B7 

Summary of Load, PCC Flexural Strength, and Traffic-
Soil Stabilization Pavement Study 

Flexural Strength Traffic 
Load, kips psi Coverages Remarks 

200 900 3215 First crack 
240 900 350 First crack 
200 870 4660 First crack 
240 870 70 First crack 
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APPENDIX C: LABORATORY PROCEDURE FOR DETERMINING 
THE FLEXURAL MODULUS OF BOUND BASES 

The procedure contained herein involves application of a repeti

tive loading to a beam specimen under controlled stress conditions. 

Applied load and deflection along the neutral axis and at the lower 

surface are monitored, and the results are used to determine the 

flexural modulus. Because of the sensitivity of bituminous-stabilized 

materials to temperature, rate of loading, and repeated loading, some 

differences are noted with the procedure for chemically stabilized 

materials. 

SPECIMEN PREPARATION 

CHEMICALLY STABILIZED MATERIAL 

Beam specimens should be prepared following the general proce

dures outlined in ASTM Standard Procedure Designation: D 1632-63. 65 

This method describes procedures for molding 3- by 3- by 11-1/4-in. 

specimens; however, any size mold may be used for the test. For soils 

containing aggregate particles larger than 3/4 in., it is recommended 

that molds on the order of"4 by 4 to 6 by 6 in. be used. In general, 

specimens should have an approximately square cross-sectional 

configuration and a length adequate to accommodate an effective test 

span equal to three times the height or width. Specimens should be 

molded to the stabilizer treatment level, moisture content, and density 

expected in the field structures. Specimens should be moist-cured 

for 28 days. 

BITUMINOUS-STABILIZED MATERIAL 

Beam specimens should be prepared following the general proce

dures outlined in ASTM Standard Procedure Designation: D 3202-73. 66 

If there is undue movement of the mixture under the compactor foot 

during beam compaction, the temperature, foot pressure, and number of 

tamping blows should be reduced. Similar modifications to compaction 

procedures should be made if specimens with less density are desired. 
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A diamond-blade masonry saw is used to cut 3-in.- (or slightly less) deep 

by 3-in.- (or slightly less) wide test specimens from the 15-ft-long 

beams. Specimens with suitable dimensions can also be cut from pavement 

samples. The widths and depths of the specimens are measured to the 

nearest 0.01 in. at the center and at 2 in. from both sides of the 

center. Mean values are determined and used for subsequent ca:culations. 

EQUIPHE::-rT 

The following equipmen~ is required: 

a. Loading frame capable of receiving specimen for third-point 
loading ~est. 

b. A 3000-lb capacity electrohydraulic testing machine capable 
of applying static and repeated tension-compression loads in 
~he forrr. of haversine waves. 

c. Load cell (approximately 3000-lb capacity). 

d. Two linear variable differential trar.sformers (LVDT's). 

e. Recording equipment for monitoring deflection, strain, and 
load. 

f. !v1iscellaneous pins and yokes, as described in the equipment 
set~p below, for mounting the LVDT's. 

£. Controlled-temperature cabinet capable of controlling 
temperature within +loF. 

EQD:PHEHT SETUP 

C:J:EMICALLY STABIL:;:ZED 
r·!ATERIALS 

~igures Cl-C3 present the details of the equipment. The beam 

sho~ld be positioned so that the molding laminations are horizontal. 

The three yokes are posi~ioned over the top of the beam and held in 

place by threaded pins positioned along the neutral axis. The end pins, 

A and C, are positioned directly over the end reaction points, and the 

midd:e pin B is positioned at the center of the beam. A metal bar rests 

on top of the pins. At the A position, the bar is equipped with a lower 

ver~ical tab having a hold that slips loosely over the pin. A nut is 

placed on the end of the pin to prevent the bar from slipping. At the 

center or B position, the bar is equipped with a vertical tab onto which 
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811 L\oT is cemer.ted. in a vertical position. At this position on the 

bar, there is a hole through which the LV:JT core pir. falls to rest on 

the 3 pin. This pin mus:, be fabricated with flat sides on the shaft 

to provide a hO:!:'i zOl:tal s".lrface or. which the LV:JT core "Din rests. At 

the C position, -:::he end of the bar simply rests on the unthreaded por

:'::'on of the C pin. A r.".lt is placed on the end of :,he C pin to p:!:'event 

excessive side movement of the bar end. This type of bar, pin, and 

LVDT arrange:nent is provided on berth sides of -c,he beam. Although no 

dimer.sions are provid.ed ir. Fig".lres CI-C3, this type of equipment can 

easily be dir.:ensioned and fabricated. to fit any size beam. Either 

steel or a~~~inum :7lay be used.. The beam should be positioned. and 

arranged. ~o accorr_~odate third-point loading as indicated in Figure C2. 

As the beam bends ~~der loading, d.eflection at the center is measured 

"8:," determining the movement of the LVD'I' stems from their original 

::osi ~ions. 'The DIDT' s are connected to the monitoring system to give 

an average deflection :!:'eading. 

BI':'UEIIWJS-STABILI Z~ 
HA':'ERIALS 

3: -:: "u.mincus-stabili zed materials are a:'fected by temperature, 

:!:'ate cf ~oading, and repeated load applications. The tests should be 

co:-:ducte::l in a control~ed-temperature cabine"t capable of contrcllir:g 
~ "~" lO~ "empera-c.ure WJ. c,Lln.!. :::. 'I'he bea~ will tend to deform permanently 

"cL'1der repeated load applications or its own weight d'.le to the vi scous 

nature cf tr.e binder. Therefore, a loading device capab:e of trans

rri -:.ting Doth upward. and downwa:!:'d to the specimen is required.. Tte 

arranger-ent in :igures CI-C3 is capable of applying only a downward 

force. A ~oad.ing device simi~ar to that in Figure c4 is needed. ':'his 

de'[ice permits ·ooth ".lpward. and. dowr.ward forces to be applied to the 

specimen. A sufficient load, app:!:'oximately 10 percent of the load 

deflecting tie beam upward, is applied in the opposite direction 

forcing -c.r.e beam to return to its original horizontal position and 

holding it at that position durir:g the rest period. Ad.justable stop 

nl1ts installed. or: the flexure apparatus loading rod prevent the beam 
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from bending below the initial horizontal position during the rest 

period. With the device presented in Figure C4, the LVDT cores are 

nornally attached to a nut bonded to the center of the specimen. How

ever, a mechanical clamp, as in Figure C3, may be used. The specimen 

is clamped in the fixture using a jig to position the centers of the 

two loading clamps. Double layers of Teflon sheets are placed between 

the specimen and the loading clamps ~o reduce friction and longitudinal 

restraint caused by the clamps. 

TEST PROCEDURE 

CEEMJ::C/I .. :LY STABILIZED 
Y1A'='~~IAI.S 

The flexural beam test is a stress-controlled test. Therefore, 

an ini~ial speci~en should be statically loaded to failure. The repeti

tive loai test shou::i...d be conducted using a haversine wave form, a 

loading duration of 0.5 sec, and a frequency of about 1 Hz. It is 

recoIT~ended ~hat tests be conducted at 40, 60, and 80 percent of 

the rr.aximum rupture value; however, stress levels can be varied to 

higher or lower levels. About 400 load repetitions should be applied 

to condition the specimen, and all gages reset. The load and deflec

tion along the neutral axis should be monitored at 100, 1,000, and 

~O,OOo load repetitions. 

:SITUlvITNCCS-STAB~LIZED 

YJ\..'IE~Ll\.LS 

The beam is positioned in the loading device, placed in the 

controlled-~emperature cabinet, and brought to the desired temperature. 

Specimens should be tes~ed at 40, 70, and 100°F. A dummy specimen, 

with a thermocouple in tile center, may be used to determine when the 

specimen has reached the desired temperature. The repetitive load 

tests should be conducted using a haversine wave form, a loading dura

tion of 0.2 sec, and a frequency of about 2 Hz. The test is stress

controlled. Thus, loads that will result in reasonable stresses in the 

specimen should be used. One test should be run with a load that will 
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result in stresses in the outer fibers of the beam of about 50 psi, 

and subsequent loads should be app~ied that will result in stress less 

than the following: 

Temperature Range, of 

40~0 
60-80 
80-100 

Maximwn Stress, psi 

450 
300 
200 

Should excessive deflections occur the load should be reduced. About 

500 conditioning load repetitions should be applied, and all gages reset. 

The load and deflect~ons should be mo~itored at lOa, 1,000, and 10,000 

~oad repeti~ions. 

REPORTII\G OF I'ES':' RESUL'::'S 

The flexural modulus should be determined at 100, 1,000, and 

10,000 load repe~i tions or at failure. This value may be determi~ed 

from load and deflection data monitored at these repetition levels usi~g 

the expressio~ 

wtere 

23PL3 

E = 2.296dI 

E = flexural modulus, psi 

P = maximum load amplitude, Ib 

L = specime~ le~gth, in. 

d = deflec~io~ at the neutral axis, in. 
L 

I = moment of inertia, in. 

h = specimen height, in. 

(Cl) 

~or chemically stabilized materi~s, the value to be ~sed for E is the 

arithmetic meaL of all va2.ues obtai~ed duri~g the test. Fer bitunineus

stabilized ma~erials, ~he average should be de~ernined for each tempera

ture at which tests were conducted and a relationship between mod'.llus 

ef elasticity and temperature was established. 
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APPENDIX D: LABO::\ATORY PROC3DURE ?OR DETERl-~NING 
THE RESIlI31\'T MODULUS OF GRANULAR BASE HATERIALS 

This procedure is designed to determine resilient properties of 

gr~ular base (subbase) naterials. The test is similar to a standard 

triaxial compression test, the prima~J exceptio~ being that the deviator 

stress is appl~ed repetitively at several stress levels. The procedure 

a2lows testi~g u!1der a repeti ti ve stress state similar to that encoll.'1-

tered in a base (subbase) course layer in a pavement under a noving 

wheel load. 

D!::FINITIONS 

Tte followi~g symbols and terms are usee. i~ the description of 

this proced".lre: 

a. 

D. 

c. 

d. 

e. 

~. 

h. 

8"1 

0':l 
...) 

E_ 

ER 

Ex, 

1.~ 

v
R 

= 

= 

~otal axial stress. 

total radial stress, i.e., confini!1g pressure in the 
triaxial test. 

= devi ac;or stress (Ol - a~), 
stress in this procedur~. 

i. e. , ~he repeated axial 

= total axial strain due to 8"d 

= resilient axial s"':.rair.. due to 0. 
Q 

= resilient lateral strair: due to ad 

= tte resilient r.:odCllus = °d/ER 

= "the resilient Poisson's ratio = EilER . 
i. e = sum of the pri~cipal stresses in the triaxial s"tate 0:: 

stress (°1 + 203 = Cd + 3(3 ), 

.,1. 0
1

/::r3 = principal stress ratio. 

k. Load duration = time interval during which the sample is 
subjecL,ed to a stress deviator. 

1. Cycle d'J.Tation = time interval betweer.. successive app::'ica
tions of the devi ator stress. 

S?ECH1ENS 

For base co~rse materials, 6-in.-diam specimens are ge!1erally 

required wi"tr. the naximum particle size being limited to 1 in. 'i'he 

specime!1 height should be at least twice the diameter. !l.ethods for 
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preparation of specimens are set forth in Engineer Manual EM 

11l0-2-1906. 67 

EQUIPMENT 

TRIAXIAL TEST CELL 

The triaxial cell shown schematically in Figure Dl is suitable 

for use in resilient testing of soils. The equipment is similar to most 

stanQard cells. However, there are a few specialized criteria that must 

be me~ to provide accep~able test results. Generally, the equipment is 

slightly larger than most standard cells to accommodate the 6-in.-diam 

specimens and the in~ernally mounted load and deformation measuring 

eQuipment.. Additional outlets for the electrical leads :'rom these mea

suring devices are required. 

Cell pressures of 80 psi are generally sufficient to duplicate 

t.he maximum confining pressures under aircraft loadings. Compressed 

air is generally used as the confining fluid to avoid detri~ental ef

fects of water on the internally mounted elec~ronic neasuring equipment. 

Elm PLATENS 

End platens should be "frictionless," as "barrelling" caused by 

end restraint jeopardizes resilient Poisson's ratio values by causing 

lateral deformations to be concentra~ed in the middle of the specimen. 

F"fl'thermore, nonuniform displacements can create problems with axial 

strain measurements due to realignment of the LVDT clamps. Hhereas 

"frictionless" pla-:ens (Figure D2) may not be entirely frictionless 

under short-t.erm repetitive loadings, they constitute an improvement over 

conventional end platens. The essential features of "frictionless" 

end platens are (a) hard polished end plates, (b) coated by high-vacuum 

silicone grease, (c) covered by a thin rubber sheet. If externally 

mounted axial deformation measuring devices, such as an LVDT or potenti

ometer mounted on the loading piston, or devices measuring the total 

specimen displacements are used, the use of frictionless caps and bases 

with grease invalidates any neasurements. In this case, the deformation 

due to the grease and rubber sheet or Teflon probably exceeds the actual 

D-2 



LOADING PISTON 

CELL PRESSURE 

! LOAD CELL LEADS 

THOMPSON 

CHAMBER -+----11 .... 

SPECIMEN 
MEMBRANE 

BALL "/ 
BUSHi"NG 

O-RING SEALS 

LVDT UPPER CLAMP 
I I 

LVDT LOWER CLAMP 

...---- TIE RODS 

T IE RODS 

VACUUM/SATURATION INLET 

Figure Dl. Triaxial cell used in resilience testing 
of granular base material 
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Figure D2. Schematic of frictionless 
cap and base 

de~ormatior. of the specinen. Hence, frictionless caps and bases are 

restricted to use wi~h inte~nally mounted deforma~ion sensors. 

REPE~I':'IVE :="O.lillI?fG EQUIP~NT 

The external loading so~rce may be any device capable of pro

v"ic.:'ng a variable 2.oad of fixed cycle and load duration, ranging from 

s:'!!lple switch control of static weights or air pistons to a closed-loop 

electrohydraulic system. A load duration of 0.1 to 0.2 sec and a cycle 

c.uratior. of 3 sec have been found satisfactory for most applications. 

A have~si!1e wave forn: is recor:unended; however, a rectangular wave form 

ca!1 be used. 

D~FO?Jv1ATI01-J Alill LOAD 
1,1EASURING EQUIPM~::rT 

~he deformatior. neasuring equipnent consists of four LVD~'S 

attached to the soil specimen with a pair of clanps, as shown in Fig

"J.re Dl. Two LVDT I S are used to measure axial deformations, and two 

are used to measure lateral deformations. Figures D3 and D4 show 

the details of the clamps for attaching the LVDT I s to the soil speci

mer.s. O!1ly a-c transducers that have a minimum sensitivity of 

D-L. 
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DRILL 7 '8 DIAM 

A 

D!<lLL FOR "5-40 
SCREW, TAP ONLY 
INSIDE I-!ALF OF HOLE 

\-1ATE~IAL. A~UMINUM 

ONE REOl.IRED 

Figure D4. 

RIVOTS 

SECTION AA 

. 
OJ 

" 

HINGE PIN WITI', REAM 
HOLE SUGHTL Y OVERSIZED, 
(MUST BE A SNUG FI TJ 

Details of bottom LVDT ring clamp 
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0.2 mv/O.OOl in./v should be used. Load is measured with an in

ternally mounted load cell that is sufficiently lightweight so as not 

to provide any significant inertia forces. It should have a capacity 

no greater than 2 to 3 times that of the maximum applied load and a 

minimum sensitivity of 2 mv/v. 

ADDITIONAL EQUIPMEI' 

In addition to the equipment described above, the following items 

are also used: 

a. Calipers, a micrometer gage, and a steel rule (calibrated 
to 0.01 in.). 

b. Rubber membranes (0.012 to 0.025 in. thick) and a membr~~e 
stretcher. 

c. Rubber O-rings. 

d. Guide rods for positioning LVDT clamps. 

e. Epoxy for cementing clamps to nembrane. 

f. A vacuum source with a bubble chamber (optional) and 
regulator. 

~. Specimen forming jacket. 

It is also necessary to have a fast recording system for accurate 

~esting. It is recommended, for analog recording equipment, that the 

resolution of the parameter being controlled be better than ~.5 percent 

of the maxirrn.un value of the parameter being measured and that any 

variable amplitude signals be changed from high to low resolution as 

required during the test. If multichannel recorders are not available, 

by introducing switching and balancing units, a single-channel recorder 

can be used. 

PREPARATION OF SPECIMENS AND 
PLACEr.fEI~~ IN TRIAXIAL CELL 

Specimen preparation procedures are governed by the criteria set 
67 forth in Appendix X of Engineer Manual ElYl 1110-2-1906. The following 

procedures describe a step-by-step account for preparing remolded 

specimens. Generally, for base course materials, 6-in.-diam specimens 

are required with the maximum particle size being limited to 1 in. in 

diameter. 
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r·1AT~RIAl PREPft.RAT:!:OH 

The material should be air-dried a:1d subsequently sufficient 

water adcied to bring the material to the desired cOIT!paction water con

te:1t (~sually field cocditio:1). Sealing the material ic a container 

fer 2L hr pr~or to ccnpact~on will allow the noisture ~o equilibrate. 

?or well-graded materia~s, it may be necessary ~o break the material 

:imrc into several sieve sizes and recombine for each layer to prevent 

serio~s segregation of material in the specimen. If the compaction 

ef:'ort req"J.ired to duplicate the desired testing water content and 

densi ty is know!1, sufficiect mat,erial for several specimens may have to 

be prepared. T~e com~action effort, required will then be established 

on a trial-and-error basis. 

SPECIMEN CCMPAC'rIC:J 

G-enerally, base course materials are compacted on the triaxial 

cell baseplate using a split mold. If the particles are ~~gular, two 

rr.embranes may be required: one used during compaction and the second 

placed after compaction to sea: any holes punctured in the membrane. 

A successfu~ procedure has been to "J.se a Teflon-lined mold and a thin 

sheet of wTapping :!Japer icstead of a membrane. Often the density is 

sufficie:1tly high and the water cO:1tent such that effective cohesion 

w~ll permit a free-standi:1g spec~mer. to be prepared. In this case, the 

wrapp:'.ng paper is carefully removed and a membrane subst~tuted. In 

:nost cases, impact or kneading compaction is used. Although EM 1110-

2-198667 mentions vibratory conpaction, vibratory compaction is only 

permitted on uniforTI materia~s where segregation is not a problem. The 

.:pecimens shou::"d be compacted in layers, t,he height of which exceeds 

the rr.ax~::lum par-cicle size. 

It ::lay be cecessar'J to place a ":.hin ::"ayer of fir.e sacd :!.!1 the 

bottom ::"ayer to provide a s:nooth bearing surface. Likewise, after CC:J1-

pacting aci ~rimming t;he topmost layer (it may be necessary to remove 

large partic::"es from tnis layer), fine sand car. be sieved on the surface 

to fill i:1 the voids and provide a smooth bearing surface for the top 

cap. 
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Center the top cap and lightly tap the cap to level and ensure a 

good smooth contact of the cap on the specimen. A level placed on top 

of the cap is used to check leveling. The forming mold is then removed, 

the membrane placed using a membrane stretcher and sealed with O-rings 

or a hose clamp, and a vacuum applied. Check ~or leakage by using a 

bubble chamber or closing the vacu~~ line and observing if a vacuum is 

main~ained in the specimen. Specimen dimensions should be measured to 

determine density conditions. A IT-tape has been found most use~ul for 

diametrical measurements. 

PLACEr·fENT OF LVDT 
r·fEASURUfENT CLAHPS 

Measure the diameter as accurately as possible at the location of 

the L\l1)'I' clamps for calculation of radial strains. Place the lower 1 \TDT 

clamp i~ the specimen at approximately the lower t~ird point of the 

specimen. A "jig" or gage rods have bee~ used successfully to assist in 

placing the clamps. The lower LVDT clamp generally holds ~he LVDT body. 

Repea~ the procedure for ~he upper clanp, being careful to align the 

clamps so the LVDT core matches the LVIlT body. It is essential that the 

clamps lie in a horizontal plane and their spacing be precisely kno~ 

for calculati~g the axial strai~. Again, gage rods or a "jig" in con

junction with a small level have been used successfully for t~is opera

tion. 'i{ith the clamps in position and secured by the springs, a small 

amount of epoxy (a "5-rr:in" epoxy has been used; rubber cement was fou~d 

unaccep~able) is placed on top of the four co~tact points and allowed 

~o dry. 

~~s~all the LVDT's and connect the recording unit. Generally, 

+o.840-in. LVDT's are used for radial deformations, while +O.lOO-in. 

:=.;v':J'r's are used for axial deformations. Bala.'1ce the vert tcal spacing 

between LVDT clamps or check gage rods for secure contact, and recort 

LVDT readings ar:d spacing. Remove gage rods and assenble triaxial 

chamber. Any shifting of LVDT clamps during chamber assembly will be 

noted by LVIlT reading changes and can be accounted for. 
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~ESI~I~N~ TESTING 

':'he resilie:lt properties of granular materials are dependent 

primari:y upon conficing pressure and ~o a lesser extent upon cyclic 

deviator s~ress. Therefore, it is eecessary to conduct tie ~ests for a 

range of confinicg pressures and de"viator stress values. Gencra:ly, 

chamber pressure vall..:es 0-:: 2, 4, 6, and :0 psi are su:'table. Ratios of 

J_ /o~ of 2, 3, 4, and 5 are tY"Pically used. for the cyclic deviator 
j 

stress. Tests should be conducted in a:1 undrained condition with 

excess pressures relieved af:.er applicatio:1 of each stress state. The 

testing proced"clre is as fol1.ows: 

a. 3alance the record.ers and. recordieg br:'dges a!1d record cali
braticn steps. 

b. Apply about 2-psi axial load cd as a seating load simulating 
:.he weight of the pavement and ensuring contact is maintained 
-::letwee!1 tte loadieg pisto:1 and top cap during testing. 

c. Cond.itioe the specime:1 by applying 500 to 1000 load repeti
tioes ~~th drainage lines open. This conditioning stress 
sho1l1d be the maXimlllI. stress expected to be applied to the 
specimen in the field. by traffic. If this is unknow!1, a 
chamber pressure o~ 5 or 10 psi and a deviator stress (01 -
o~) twice ~he c~'1amber press-...tre can be used. 

j 

d. Lecrease the chamber pressure to the lowest value to be used. 
App:'y 200 load. repe:'i tions of the smallest deviator stress 
under -mdrained coedi:.ions, recording the resilient defo!'ma
~ions and load. at or near ~he 200th repetition. After 
200 :'oad repetitions, relieve any pore pressures, increase 
-:te ci.eviator stress to the next highest vallle, and repeat 
procedllre over the range of deviator stresses to be used. 

e. After corr.p:eting tne stress states for the initial confining 
pressllre, repeat for each sllcceedingly higher chamber 
pressllre. 

A:ter comple:.io:1 of the loading, remove the axial load, 
a!='ply a vaCllurn to the speci!:J.en, release the confining pres
sllre, aLd disassemble the triaxial chamber. 

£. C~ec~ the calibration of the LvvT's and load cell. 

h. Dr; the entire specimen for deterr:rination of the wa.ter 
cO!lte:1t. 
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COr-PUI'ATIONS AND 
PRESENTATIO:;~ OF RESUL'I'S 

COMPUTATIONS 

The computations consist of the following: 

a. From the TIeasured dimensions and weights, compute and record 
the initial ciry density, degree of saturation, and wa~er ,...con
te!1t using -:.he ec;.ua:.ions in Appenciix II, EM 2.110-2-1906.°7 

b. The resilient modulus is computed and recorded for each 
stress state using the following fO~TIulas: 

(1 ) 

(2 ) 

(3) 

(4 ) 

( 5) 

~esilient axial strain o.n 
Resilien:. lateral strain 

= DR /H. . 
r 1 

ED = .::.D ID. 
~ r 1 

Deviator stress O"d = 6P/Ao . 

3.esi=-ient medul1.:s 'IvL = 0" /E 
~ d R 

Resilien~ Poisson's ratio vR = Et/En . 
where 

LIE 
r 

:1. 
1 

H 
0 

= resilient cnange i!1 gage ~eight (distance betwee!1 
:'VDT claTIps) after specified nUTIber of load 
repetitions 

= 

= 

~nstantaneous gage 
load re~etitions. 
If L] is s~all, 

height after specified 
Can be c a::"culated. from 
] can be used. 

o 

nUI:lber of 
H - "'H "'0 ~ • 

initial gage ~e~ght or dis:.ance between LVJT' s 
adjustmen~s ecc-J.rr~ng d"'J.y::'ng triaxial cha"":'lber 
assembly 

less 

~H = permanent cna!1ge in gage heig~t 

6P = change in axial load, maximum axial lead minus 
surcharge load 

A = original cross-sectional area of specimen 
o 

6D 
r 

= resilient change in ci::'arneter after specified number 
of load repetitions 

:c. = instantaneous diameter aft,er specified !1umber of 
1 

lead repetitio!1s. Can be c al C1.:::'" at ed from D AD + 
0 

D = initial speci:nen di arneter 
0 

~J = permanent change in specimen ciiarne~e~ 

PRESEI'i'l'ATION OF RESULTS 

Test results should be presented in the form of plots of log r,~ 

versus log of the sum of the principal stresses and versus the 
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principal s-:ress ratio (Figure D5). The equation of the line for 

K2 
resilie:1t noduLls is ~'~ = !<:~ (6) '·;here Kl ::'s the intercept jlhen 

8 = 1 psi and K2 is the slope of the line. 

Figure D5. Representation of results of 
resilie:1ce test on cohesionless soils 
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APPENDIX E: LABOnA~ORY PROCEDUR~ FOR DETERl,ITHII\,G 
THE RESILIENT lvlOJULUS OF SUBGRADE 30I::"S 

The objective of this test procedure is to determine a modCllus 

value for subgrade soils by rr.eans of resilient triaxial techniques. The 

test is similar to a standard triaxial conpression tes~, the pri~arJ 

exception being :.hat the deviator stress ::'s applied repe-:i:,ively and. at 

several stress ::"evels. This proced-.lre allows tes:,ing of soil specimens 

in a repeti ti ve stress state simL .. ar to that encountereci by a s oil in 

a pavement -...mder a mov:ing wheel load. 

JEFIICT:::ons 

~he following symbols and terms are used in tte desc~:iption of 

this procedure: 

a. 

b. 

d. 

e. 

f. 

£. 

t. 

i. 

~ .. = total axial stress. 

03 = total radial stress; i.e., confining pressure in :.he 
triaxial tes~ chamber. 

El 

ER 

Eo 
)., 

r,~, 

v~ 

e 

= 01 - 8"3 = deviator stress; :".e., tte repeated axia::" 
stress in :.his p~ocedure. 

= :,otal axial s:,rain d.ue to ~ va. 
= resilient or recoverable axial s trai r: due to r: vd 

= resilient or recoverable ax:"al strain d"J.e t8 ad 
= a/ER = resilien:, modulus. 

= ERh£ = resilient Poisson's ratio. 

= ~ + 20 = ° + 3°3 = sum of the principal stresses v
l 3 d the triaxial st,a-:e of stress. 

1· °1 /°
3 

= ~rincipal s~ress ratio. 

k. Load duration = time interval over wtic:'1 the specimen is 
subjected to a de,,'iator stress. 

in 

1. Cycle duration = time interval be:.ween successive applica
tions of a deviator stress. 

S?ECH1EHS 

Vario"J.s diameter soil specimens rr.ay be used in this test, but the 

recon~ended specimen diameter is 2.5 to 3.C in., or at least four times 

naximum particle size for granular materials. The s~ecimen height should 
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be at le~st twice the diameter. Undisturbed or laboratory nolded speci

mens can be used. Procedures for obtaining undisturbed soil specimens 

are gi ve:1 in Engineer Manual Er-1 1110-2-1907, "Soil Sampling. ,,68 Methods 

for laboratory preparation of molded specimens and for back-pressure 

sa-:;uration of specinens, if reQuired, are presented in EM 1110-2-1906, 
67 

"Laboratory Soils Testing." I 

EQUIPI'1Elf.2 

T~I~XIAL TES~ CELL 

Tte triaxial ce:l in Figure El is suitable for use in resil

ience testing o~ soils. This eQ1..dpnent is similar to ffiOSt standard 

~ells, wi~h the exceptions of being somewhat larger to facilitate the 

interr.ally mounted load and deformation measuring eQuipment and having 

eddi~ional o~-:;lets for the electrical leads from the measuring devices. 

?or the type o~ eQuipnent shown, air or nitrogen is used as the cell 

fluid. 

REPETITIVE LOADING EQUIPMENT 

The external loading source may be any device capable of providing 

a var:'able load of fixed cycle and load duration, rar.ging frcm simple 

cam-and-s~tch con~rol of static weights cf air pistons to a closed-loop 

electrotydra"J.lic system. A load duration of 0.2 sec and a cycle dura

"tion of 3 sec have "been found tc be satisfactory for most applications. 

A haversine wave form is recOIL'!lena.ed; however, a rectangular wave form 

,~an be usee.. 

JEFORlvlATIO] -"un LOAD 
r·1EJ>.5URII;G EQUIPMENT 

The c.efo:!"Illa"tion measuring eQuipr:J.ent consists of linear variable 

differen-:;ial t~ansducers (LVDT' s) attached to the soil specimen by a 

pair of clamps. The transducers should have a high resolution and a 

small range to measU.re the extremely small resilient deformations. Two 

LVJ'I's a~e used for the measurement of axial deformation, and two for 

the measurement of lateral deformation. The clamps ar.d L'lDT's are shown 

in pcsition on a soil specimen in Figure El, and the details of the 
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LOADING PISTON 

CELL PRESSURE 

CHAMBER +---41~ 

TIE RODS 

! LOAD CELL LEADS 

'8 ..... ~.--TH()MPSON 
BALL"' 
BUSHi"NG 

SPECIMEN 
MEMBRANE 

LVDT UPPER CLAMP 
I I 

L VOT LOWER CLAMP 

r--._- TIE RO OS 

VACUUM/SATURATION INLET 

Figure El. Triaxial cell 
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d:L'nps in ?igure E2. Load is meas"J.red by placing a :;"oad cell between 

t:1e specimen cap and "the loadir:g piston (Figure El). ~he load cell must 

be small enough so tha~ no significant inertial forces are developed, 

ar.::l the capacity sho"J.ld be no grea"':,er than 2 to 3 ti~es the maxinum 

applied load. 

Use of "the type 0;: meas"..lring equipmer:t described above offers 

seve~al advar:tages: 

a. It is not necessary to reference defornatior:s to the equip
mer:t, which deforms during loading. 

-0. Tne effect of e!1d-cap restraint on soil response is virtually 
elir..ir:ate::l. 

c. A.ny effects of !Cis"ton friction are eliminateo. by neasuring 
loads i!1side the triaxial cell. 

ADDITIO]AL EQUIPI--!EN'I' 

In ad::lition to "the equipment described above, the following items 

are also used: 

a. A lC- "':,0 30-ton-capacity :;"oading machine. 

b. Calipe~s, a nicrcmeter gage, and a steel rule (calibrated 
tc 0.01 i:1.). 

L.. ~ubber membrar:es, 0.01 to 0.025 in. thick. 

0.. 

e. 

~. 

t. 

Rubber " . v-rIngs. 

A vacc:.1.:1l1 source wi"th a "::Jubble chamber and reg"J.la"':,or. 

A bac~-pressure charr.ber with pressure transducers. 

A ~embr~~e stre"':,cher. 

P::::ro"J.s s"tones. 

It is also !1ecessary "':,0 naintain suitable recording equipment. 

It is desirable t.0 have simultaneous recording of load and deformation. 

'='".'1e number of recor::lir:g channels can be reduced by wiring the leads frcm 

tte LV:::T' s s:::: that ::::11y the average signal from each pair is recordeo.. 

The i!1troQc:.ction of swi "tching ~'1d balancing units perro ts us e of a 

sir:gle-C!l81Eber recorder. :1owever, this will not permit simc:.ltaneous 

~ecording. 
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P~.l:::rARATION OF SPECn"IENS I'Lm 
PLACE:-'fENT IN TRIAXIAL CELL 

The fo:'..lowing procedures should be followed in preparing and 

placing specime~s: 

a. I:l. accord.~ce with procedures specifi ed i:1 EE 1:::"10-2-1906,67 
prepare ~he specirr.en and place it on the baseplate complete 
with porous stones, cap, and base and equipped wi-sh a rubber 
membra.r..e secured with O-rings. Che:::k :'or 2.eakage. ::
back-pressure saturatior. is anticipated for cohesive soils, 
p~oced.ures indicated in Appendix X to EM 1110-2-i906 for the 
Q-tJ~e triaxial tests should be followed. For purely 
~oncohesive soils, it will be necessa~ to mair.~ain the 
vg,CUl.l1T. during placement of the =..VDT's. The specimer. is 
r:ow ready :'0 receive the LVDT's. 

b. ~xte:1d the lower Lv'DT clamp g,nd sli de it carefully dowr: over 
:,he specimen to approximg,tely the lower third point of the 
specimen. 

c. :\epeat this step fo~ the upper clarr.p, placing it at the upper 
third point. E~s~e that both clamps lie in horizontal 
pianes. 

d. Connect the :="'\.iDT's to the recording u~i t, and balance the 
recordir:g bridges. This step will requi~e recorder adjust
~ents and adjustment of the LVDT stems. v~en a recording 
bridge balar.ce has oee~ obtained, deternine (to the nearest 
O.Oi i:1 .. ) the vertical spacing between the LVDT clamps a:1d 
record this value. 

e. Place the triaxial chamber in position. Set the load cell 
i:1 place o~ the specimer.. 

f. Place tte cover p::"ate on the chamber. Insert the loadir:g 
piston, and obtain a firm connection wi':,h the 2..oad cell. 

~. ~ighten the ~ie rods firmly. 

t. Slide ~he assemcled apparatus into posi tior. under the axial 
10adi:1g ievice. Brir.g the ~oading device to a position in 
wtich it ~ea:ly cor:tacts the loading pisto:1. 

i. If the speci~er: is to be back-pressare saturated, proceed 
in accordance wi th Et~ 1110-2-::"906. 

J... After saturation has oeen completed, recalance the recorder 
bridge to the load cell and LVDT's. 

RESILIEIJCE T~STING OF COEES='v'E SOILS 

~he resilient properties of cohesive soils are only slightly 

affected by the ~agr.i t-.lde of the confining pressure 0'3 • For rr:ost 
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app:;'ications, this effect. can be disregarcieci. l .. rne:1 baci;.-pressure 

saturation is not L;.sec, :.he confining p::-essures used should approxir:.ate 

tte expected ir. situ ~orizer.tal stresses. Chambe::- pressures of 2, 4, 

2.I1d 6 psi should be '.lsed. If baci;.-pressure saturation is used, the 

chamber pressure will depend on the req'.lired saturatior. pressure. 

Resilie:1t properties are highly depende:1t on t~e magnitude of 

:,he devia-:;or stress It is t.here:'ore necessar'J to conduc:, the 

-:;es:'s for a range in devia:'or stress va::"ues. De\riater stresses ra:1ging 

:~rom 2 :'0 16 psi are reco!TL"'1.ended. ~he fo2.10wi:1g procedure s:'1::mld be 

:~ollowed : 

c.. If ·oack-pressure saturat::'::m is :1ot used, connect the chamber 
pressu::-e supply line and apply :,te cO:1:'ining pressure (equal 
to the chamber pressure). If back-pressure saturation is 
used, :,he chamber pressure will already have beer: established. 

b. Rebala.'1ce the recordir.g bridges for the LVDT' s, and balance 
the load cell recorciing bridge. 

c. Begin the test by app~yi:1g 500 to lOCO repetitions of a 
devi acor s:'ress of :10"':; more tr.an one-~al:' "he unconfined 
compressive strength. 

d. Decrease t~e de"\riato::- load to :.r.e lowest vah:.e to be used. 
Apply 20J repeti:,ions of :oad, recording the recovered 
ver:'ica: deformation at or near tr.e 2.ast repe:'ition. 

e. =:1crease the devia:,er load, recording defo::-ma-:;ior;s as in 
Step,£.. Repeat over the ::-ange of de"\riator stresses te be 
·~sed. 

f. At the c0IT.ple:,ion 0:: t"ie loacing, red"Llce the ch8r.!ber press'.lre 
to zero. :::\emove the c~arnber lVD~'s and load cel:1.. Use :'he 
e:1t::'::-e specimen for :'he pu::-pose of de:'er~ni:1g the moisture 
conte:1t. 

CQt.P~A~IJI~S Alm ?RESE:fTATIO:i 
JF RESULI'S FO:::\ COEESI'lE SO:::13 

Cor::p'.ltations consis"C of tr.e ::ollowing: 

a. Frem the measured dimensions a:1d weights, compute ar:d record 
the initial dry density, degree of saturation, and water

6
con

"':.ent using the equa"':.ions in Appendix II, ~H 1110-2-1906. 7 

b. I'r.e resilient modulus is computed ar.d recorded fer each stress 
state using the following formulas: 

Resilier.t axial strain E: = 6H /H. R "r l 
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(2 ) 

( 3) 

( 4) 

Resilien~ lateral strain E = 6D /D. . 
t r l 

Deviator stress 0 = 6P/A . 
d 0 

Resilient nodulus ~\ = 0 d/ Er 

where 

6H 
r = resilient change in gage height (distance between 

LVDT clamps) after specified number of load 
repe~itions. 

:r. = 
l 

instantaneous gage 
load repetitions. 
If 6H is snaIl, 

height after specified 
Can be calculated fron 
H car. be used.. 

number of 
H - liB • o 

o 
H = 

0 
initial gage height or distance between LVDT's 
adjustnents occurring during triaxial chamber 
assembly 

less 

6H = permanent change in gage height 

.0.P = change in axial load, maximum axial load minus 
surcharge load 

A = original cross-sectional area of specimen 
o 

~Dr = resilient change in dianeter after specified number 
of load ~epetitions 

J. = instantaneous diame-:'er after specified number of 
l 

load repetitions. Can be calculated from D + liD 
" v 

D = initial specimen diameter 
0 

6D = perma.!1ent change in specimen diameter 

T~e results of tte resi~ience tests can be presented in the form 

of a sunmary table, such as Table El, and graphically as shown in Fig

ure E3 for the resilient ~odulus. 

RESILIENCE TESTI]"G OF 
COHESIONLESS SOILS 

The resilient modulus of cohesionless soils r,~ is dependent 

upon the magnitude of the confining pressure 0
3 

and is nearly inde

pendent of the magnitude 0: the repeated axial stress. Therefore, it 

is necessary to test cohesionless materials over a range of confining 

and axial stresses. (The confining pressure is equal to the chamber 

pressure less the back pressure for saturated specimens.) The following 

procedures should be used for this type of test: 

a. Use confining pressures of 2, 4, 6, and 10 psi. At each 
confining pressure, test at four values of the principal 
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Figure E3. Presentation of results of resilience 
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stress difference corresponding to multiples (2, 3, 4, 15) 
of the cell pressure. 

b. Before beginning to record deformations, apply a series of 
conditioning stresses to the material to eliminate initial 
loading effects. The greatest amount of volume change occurs 
during the application of the conditioning stresses. Simula
tion of field conditions suggests that drainage of saturated 
specimens should be permitted during the application of these 
loads but that the test loading (beginning i~ Step f below) 
should be conducted in an undrained state. -

c. Set the axial load generator to apply a deviator stress of 
10 psi (i.e., a stress ratio eQual to 3). Activate the load 
generator and apply 200 repetitions of this load. Stop the 
loading. 

d. Set the axial load generator to apply a deviator stress o~ 
200 psi (i.e., a stress ratio eQual to 5). Activate the 
load generator and apply 200 repetitions of this load. Stop 
the loading. 

e. Repeat as in Step d above maintaining a stress ratio eQual 
to 6 and using the-following order and magnitude of con
fining pressures: 10, 20, 10, 5, 3, and 1 psi. 

f. Begin the record test using a confi~ing pressure of 2 psi and 
an eQual value of deviator stress. Record ~he resilient 
deformation after 200 repetitior.s. Increase the deviator 
stress to twice the confining pressure and record the 
resilient deformation after 200 repetitions. Repeat until 
a deviator stress of 4 times the confining pressure is 
reached (stress ratio of 5). 

£. Repeat as in Step [ above for each value o~ confining 
pressure. 

h. When the test is completed, decrease the back pressure to 
zero, reduce the chamber pressure to zero, and dismantle 
the cell. Remove the LVDT clamps, etc. Remove the soil 
specimen, and use the entire amount of soil to determine 
the moisture content. 

COMPUTATIONS .AND PRESENTATION 
OF RESULTS FOR COHESIONLESS SOILS 

Computations are similar to those for cohesive soils. The ratio 

of axial and confining stress and the first stress invariant are added. 

Tests results can be presented in the form of a summary table, such as 

Table E2, or a plot of log ~ versus log of the sum of the principal 

stresses (Figure E4). 
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APPENDIX F: USER INFOnMATION FO:1 THE 
BISAR COM?UTER PROGRA..'.1 

II\TRODUCTION 

The copyright of much of the ir.fornation provided herein is 

vested in She::;'l Research N.V. 'i'he in:'ormation is publishec. with the 

expressed permission of the S~ell Oil Company and Koninklijke/Shell 

Laboratorium, Amsterdam (KSLA). Use of the BISAR computer program in 

a'1y design procedure o-:l:er :,han :,ne proced'..lYe contained in this document 

is prohibited without writter. pernission :'rom Y.5LA. It may not be 

included in a library o~ programs maintained for conmercial purposes by 

se::;'lers of computer services ncr used in any other way w!1ich resu::..ts 

in paymer.t of fees to the possesscr of the program solely for the 

usage o~ -:l:e program. 'tlhen re~erence is nade to the results obtained 

~~th the program, acknow:ec.gement sl:ould be given :'0 KSLA. 

The information provided l:erein is as follows: 

a. Program listing. 

b. Input guide. 

c. Example problen wi tn coded data and progr9Jn output. 

The listing provided is identical, except for a few minor modifi

cations, to that for the program received -DY the HES from Shell in 197:"'. 

The modifications '-lade at the w"ES are primarily chanees in inpu-: fornat 

and changes r.ecessary for the progrEL.'Tl :'0 run on a Honeywell 6000 series 

computer. The information provided with the input guide was extracted 

f 
,. 23 ro::!! the User s Manual for tl:e BISAR computer program. 'I'he data for 

the example problen were developed at the I..rES, and the outpu:, given is 

frcm a Hor.eywell 6000 computer :;'ocated there. 

PROGRAM LIS'l'I::rG 

A complete listing of the computer program is presented on the 

following pages. 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

rl1'"PUT,o.TJr'" O~ STkESS~S.SlRAI"!> ANU ~AINOOIU 

OIS~LAC~~~NTS I~ LAyt~tD tLASTIC SYST~MS MAI~OO~V 

'"IS ~h~G~'M tALCULATt& TMt ~OLlU~IN~ HAINOOjU 
STh~SStS.ST~AINS ANO OISPLACt~tNTS MAINOOUU 

I) kAOIAL OISPLACeMtNT ~AINu05v 

2) 'AN~ENTIAL olS~LAC~~ENT MAl"uO~U 

l) vt~TICAL UlSPLACtMENTSMA!N007U 
U) hAO[AL &T~~SS MAINuObU 
~) TANG~NTIAL srREss MAIN009U 
~) vE~Tl(AL STRESS HAlNOIOu 
7) ~ADIAL AND rANGENTIAL Sl~eSS MAINUllu 
8) I1ADIAL AND VE~TICAL STRESS MAINOIZu 
~)TAN~tNTIAL ANU v[wTICAL STkESS MAINOl3U 

10) RAUIAL STRAIN MAINOluU 
11) TANGlNTIAL STkAIN MAINOI,U 
Ii) VlklICAL STkAIN HAINOlou 
13) kADIAL AND TAN~~NTIAL STkAIN MAINOl7U 
IU) hAOIAL AND VERTICAL SThAIN ,"AINOI8U 
1~)TANGENTlAL AND VEklICAL STRAIN MAINOl9U 

MAIN020U 
MASTEkPRUGRAM MAIN021U 

"Al"'0~2u 
pUhPUSE MAINOZ3u 

MAIN0201U 
TMIS MASTERPROGRAM R~ADS DATA ~MICM MAINOZ,O 
DETEkMINt TMt PHYSICAL BtHAVIOUk o~ MAINOZ~U 

TME SYSTtM O~ LAYERS AND ~HICM ~AINU27U 

DtSCRI~t THE CO"'~IGUk'TION OF TMe LOADS.~AJNU2bU 
FUR EACH SYST~H THt kEQUIRtO ST~ESSES MAIN029U 
STRAINS .0."0 DIS~LACEMENIS AkE ktAD IN. "'AINOlOu 
THlN THE CUOkDINATtS UF tACH PUSITIUN MAINOllU 
AkE ~EAD. ~AIN03Zu 
~1I1ot A COMPL~Tt:: INPUT-OESCkiPTION 5tE MAI,..03iU 
ukUUP ~lTEIotNAL ~~PORT A~SR. .7; M_INOluu 

SYS1~M DATA AkE OUTPU1TtU 8Y MAINU35U 
I) SYSTEM MA[NUj~U 

AFTE~ suaSt~UENT CALLI~G IN UF- MAINUj7U 
~) MACONI ~AI~Ol8U 

3) tUNSY5 MAINOl9U 
U) MAZCON HAINOUOU 
5) CUN~NT MA["'OUIU 
~) ASYMPT MAINO~2U 

7) GENDAT MAINO~lU 

8) INGkAL MAI~OuUU 

THE STRlSSt::S.ST~AINS AND DIS~LACtMt::NTS MA!"'OU5U 
AWE CALCULATtD ANO A~rEk Su~StuuENT MAl"'Ou~u 

CALLIN~ IN OF- MAINOU7U 
9) CALC ~AINuu8U 

IO)OUTPul MAINOU9U 
II)JACO~I MAINU,OU 
1~)ESU~T MAINOSIU 

MAIN UUTPuTS UW HAS ALREaDY UUTPUTTED- MA!NUS2U 
-ALL STRESSES,STkAINS AND DISPLACtMENTS. MAIN05ju 

I "'OIJCUJ 14'1' EACIo! LLJAD SEPAkA 1 E.L Y ANO MA I NOSUU 
E.~~l!>S~D IN CYLINU~ICAL CUMPUNtN1S. MAINU~~U 

-ALL f(]TAL srhtsSES SHI.61NS .0."<0 llISPLAO- MAIN050U 
ME.~TS t.P-ESStD I'" CAkTESI'''' lO~PUNt"'TS. MAIN057u 

-ALL PkINCI~AL TUTAL STlottSStS ANO STWAINS.MAINOS~U 
~ITM TME.IW PwINCIPLt U!wtlTIU"'S. MA1"'059U 

-ALL MAXIMUM TOTAL SHtAR Sl~t5StS A~U MAINO~OU 
STIotAINS.~lTH lMElw PWINCl~LE DIRtCT!ONS MAI~Oolu 
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( -l~E ~lO~DINTS UF f~~ l~~~l ACCUMPANYING "AINOb2u 
( ~O~~"S CI~CL~S, MA!NOblU 
( -TH~ TOTAL sr~AIN E~~NGY AND STRAIN MAI~Oo4U 
( ~NU/(.T OF l)ISTLlRTIO~, MAINOoSIJ C--------------------.-.---------_____________________ --.--_____________ ~Alt~O~bU 

LOGI('L ST~ESS,~PS,wLO~.'ID(27),N,L,N2,L2.NZ~P,NZ~~ ~AINOb7U 
INTEG~R ~lUES1(27),IU(1),OA1E(1),[STRSS(21),lN'V(IO),1~~RI(7), ~AINOb8U 

+I~E~2(10) H'INObqU 
~E'L NU,~S,HU,LDST~S(IO),HUST~(10),LUAD,I~'(17),V(I~),X(IO).Y(IO),HAIN070U 

.. ( 1 , 1 ) , H" ( 1 , 1 ) , ... (l ) , ( ( 1 q ) , ~ ( 1, 1 ) , T ExT (2 I) ) , A C C lJ" ( 1 ) , ~ S I ( I 0 ) , A 1\ (Q ), '" Al NO 7 1 U 
+'L~(q) MAIN0711 

DOUBLE PRE(ISION (Z,ELLE,tLLK MAIN072IJ 
(O"''''DN/ASC1/LAYER,NL'YS,M,R,l,NU(IO),AL(UR,LOAD,HOSTRS,~llNOS,H(Q)"'AIN071U 

+,K~(IO),E(IO)"L(q),T"'I(I\(q),~An[US(IO) "'AIN074U 
COM"'ON/ST~DTA/S1~~SS(~7),EPS(17),RLO~,ST,(T,L,A(C MAIN07~u 

CD""'ONICu·.ST/CZ,~LU ,ELLII,'LMI:!DA M'IN07ou 
(G"'HONICNrING/FIOMI,FI00,~I01,~11M2,F11MI,~IIO,~111 MA!N077U 
(O~~ON/TAP~/NUUT MAINo7AU 
DA" N~LA~~,ISTRSS,I"lFI,I~EF21 MAIN07qU 

+. ·,·U~ ·,·UT ·,·UZ ","SRN","STT·,·SZI","S~T","SRl","STZ","ERR"MAINObOu 
+,·ET'·,"EZl·,"EH,·,·~Nl","Ell","ux ",·UY ","sxx·,"SXY","sxZ·,·SyY"MAINOAlu 
+,"SYZ·,"EAI·,.EIY·,"EIZ·,"EYY·,"EY·,"LOAO","STwS"1 MAIN082u 
D,l, REUES1/"UH ·,·UT ",·Ul ·,"SRR·,·ST1·,·SZl","S~T·,·SRZ·,·STZ", 
I"~"R", 
2"ETT·,"~ZI","EHT","E~I·,"ETZ·,"UX ·,"UY ·,·SIX",·SXY","sxZ·,"SYY·, 
l"SYZ·,"EIX·,"EXY·,"EXZ","EYY·,"EY "I 

DATA I~ERI,lYER2/1,2,1,b,7,IJ,1~,~,S,8,Y,10,11,12,IS,lb,171 ~'IN081U 
OAT' IDE~T/"LOAD"/ c------------....... ----......... -----...... -..... -... ------. ___ . _______ MAINO~~v 

( 

( 
( 

( 

( 

( 

( 
( 

C 
C 

TH~Sl AW~ TH~~t ACCURACIES 
ACCUk(l) IS uStO fUR TtSTING SEVERAL 

VARIA~LES AGAINST ~ACH UT"lR, 
'((U~(2) IS uSED fOW AbSOLUTE ACCURACY 

OF rHE INr~~~ATION PROClDURE 
'(CUW(~) IS uSED FO~ R~LAllVE AC(URACY 

OF THE INT~GR'TION PRUCEDUR~ 
Nl~ , 
",OUT ARE SY~BULI( ""M~S fOH l",PUl A~D 

OUTPUT ~EOIA "ESP, 

~AIN085U 

""INObbU 
MA1"087U 
"'1"0111:111 
"'INO/'\QV 
~'I"OQOU 

"Al"OqIU 
I"I'iNOqZU 
~'I"'uqlV 
MAl"'Oq~U 

c--------._.---------._._---._.----._.------------------·------------. __ ~'1~OQ5V 
'(CU~( I )al,OE.O~ 
'((u R (2)al,OE-" 
'(CUR(~):I1,OE-J 
'(("((UI! (I) 

NIN=S 
NOUT:lb 
Y2:I,uI~21" 
wRITE(NOUT,qOOO) 

"'INOQbU 
~'INOq7U 

"'INOQ8U 
"'l~OqqU 

I"IAINIOOII 
l"I'IN10IIJ 
MAINI0211 
~'INIOJU c----------._.----------------._.--------------------------_____ . ____ . __ ~AIN10"V 

( c----------------.... ------------------------._._.----_____ . ___ .. __ . ____ MAJ~10bU 
R~AD(~IN,qOIO)TEXT 

.RITE(NUul,Q020)TtlT c--------------------------------------._.---------._. ____________ . _____ MAl~IOqU 
C M'INll011 
c------------------------_.---------.. -.---------------________ ._ .. _. ___ ~AINllIU 

R~AD(NI~,Q~lOINSVS 

800 FO~~AT('i). 

00 ~bO lSvSal,NSYS 
c-----------------_.---_.---------_.----_.-------------------___________ "'lNl1UU 
C 

F-3 



c------------------.----------------------------.-- ___ ------------- _____ MAJNlloU 
RtAn(NIN,40l0)NL'YS,ISMO,IR~O 

1~ ("LAYS.EY.I) GU TO 10 
M:NLAYS-l 

DO 315 lOll,,", 
l 1 ~ ~ E A n I N I '" , 11 0 5 0 ) E ( I ) • ~,u ( I ) • T .. I C I< ( I ) ... I< ( I ) 
10 ~EAn(NIN,4050)E(Nl6ySJ.NU(NlAYS) 

lOA IN IIIlU 
"AIN11I1U 

c--------------------------_·_-----------._-------------------------____ MAIN'2~u 
C ~~AD NGM~~" O~ LOAUS 'NU T"~IR PAWA"'ETERS "'6["'123U 
C---------------------------.-------------------.----- -------------~ __ ._M61N12~~ 

WE6D(NI"',~030)NLO'D 
IIIZEP :I .FALSE. 
NZEQ : ,FALSE. 
llO 30 I:I,NLU'D 

R~'DiN["',11050)LDST~S([).WADIUS(I),l(I),y(I), .. OSTR(I),P51(1) 
PSi(I)=,OI7ij553*~SI(I) 

I~ (LDSTWS(I),GT,ACCUW(I» Nl~P:I .TWUE. 
l~ ("OST~(I).~T,ACCUW(I» hZEQ = .TRU~. 
IF CIDEN'.~Y.lwE~I) GU Tu 20 
IFCID~NT.Nl.I~EF2) ~RITE("'UUT,110UOJ LDSTWS(i),HOSTW(11 
liO TO 30 

20 lDST~S(I) : LUSTRSC!I/(3,!ijI511.WADIUS(11*WADIUS(I» 
~OSTR(I) :I MOST~(1)/(3.lijl~~*RADIUS(1)*RAOIUS(II) 

30 CO'lTI'IuE 

''''INI2t1U 
,., A 1 "127 U 
"'Al1';1281J 

"'61"'13IU 
"'Ap .. 132u 
"'Al"'l BU 
""I"'13l1u 
"'AINI35U 
"'AII';13bU 
"" II'; l17u 
"'AINllI!U 
"'AIN15110 

c---------------------·-------_·----------------------------------.-- ___ ~AINl"lU 
C 
c: 
c: 
C 
C 
c: 
c: 

TEST ON UHVIOUS "'ISTAK~S IN SYSTE"'·S OA'A_"'AI"'llIll 
CARDS, "'AII';IUle 
~"~"'. I~EO X 0 lHE W~OUC:ED SPRINGCO"'PlIAI';- ""IN\lIlj 
C~ .'S ~EAO. ""IWI~\~ 

, "'U~-vA"'ISHING SLIP~~SISTANCE IS SU~STT_ ~'I~IQ2U 
TuTt~ TU ~REv~"'T wIGIO-BODY ~OTIOI'; OF THE ~AINIQjU 
TOPL'~EWS ~AINIUuu 

c------------------------------------------------------------------_____ M'INl~SU 

UO 

50 

00 SO J = \.~L'YS 
l~ «I.O-~U(J».LT.'CCUw(I» Gu TO "10 
IFn(J).LT,ACCU~(II) GO TU uC!O 
IF(J.~Q.~LAYSI bU TU 5u 
I~(I~~O.EU,O) GU TO 110 
'lK(J) = AK(JI 
I~ ('l~(J),lT.IOOO.O.OR •• ~OT."'Z~Q) GO TO SO 
ALI«J) I: lUOO.O 
AqJ) :I 1000.0 
(,0 TO 50 
'LI«J) • 'K(J).~(JI/(I.O+~U(J» 

IF ('lK(J).Ll.\OOO,O.U" •• ~OT.~lEQ) GO TO SO 
'LK(JI I: 1000.0 
'K(JI • 'LK(JI.(l.O+P;U(J)I/E(J) 

C:O'lll~uE 

~'ll';llIblJ 
~,pnllbl 

~AI~lube 

""Pol IIbj 
""INllltl lI 
"'AI"'llItI') 
""INlllbtl 
M'INiubl 
""INlubt! 
"'AI"11I7U 
""INI1I71 
""INlu7e 
""INI1I7j 
""IN\U7~ 

"'AI"'IIIIlU 
c------------------------------._-------_.-------._.----------------____ ~AI~lUQU 
c: 
C 

OuTPUT O~ ALL PHYSICAL OA1A O~ SYST~'" 

A~D LOADS ~y CALLING IN SYSTE"'. 
"'Al"'150U 
"'AINISIU 

c----------------------------------------._.-------------------------- __ ~Al~1~2U 
('Ll SySTEM()SYS,[,NU,THICK,AK,~lAYS,"',NlOAD,LDSTRS,HUST~,ALK, MA!NI5jU 
WAD!US,I.Y,~S!,!S~U, IkE~) M'I~I~~u 

IF(,"'OT,"'Zl~,AND"NUT.Nl~QI GO TO 1130 ~AINI~SU 

c-------------------------------------------------------------------- ___ MAINI5bV 
c 
( 

c: 

C'LClJLATll'''' UF CONSTA"'TS uSlu I'" SUHROU
TI"'t MATR)X TO ~UILT U~ vAWIOUS M'TWICES 
BY CALLING IN "'ACO"I. 

MAINIS7U 
""II';I~8U 

""INI5110 
c------------------------- .. ----------._.---------------------------____ ~AINlbOU 
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00 IF(~~~STS.EU.O) GO Tu 70 
CALL STSTt~()SYS,E,~lI,T~ICK,AK,~LA'S,M'~LOA~,LOSTHS,~OSTH,ALK, 

• kAOIUS,X,Y,~SI,ISMU,I~tD) . 

~AJ~lblU 

~AI~IO"U 

~AI~lb~U c---------------------.-.------.-.---.-.-------.-.---- __________________ ~Al~lboU 
C R~AU S'ktSSES,STRAI~S A~D UISPLAClMENTS MAI~lb7U 
C TV ~E CALCULATlD. MAINlb8u C------------------------.. --------._------------._.-- __ . _______ . _______ MAI~loqU 

70 CONTINU~ 

DO qO 1-I,l7 
If (kEQEST(I),~Q.N~LA~K) GO 
IF(k~~EST(I).Nl.ISTkSS(I» 
AIO(I) •• T~Ul. 
GU TO '0 

80 'IO(I)-.fALSE. 
qO Cu~TINul 

TO ijO 
~WITE(NOUT,q070) ISTkSS(l) 

MAIN171U 
MAINI7ZU 
~'IN171U 
M'1~17uU 
MAINI7~U 

~AINI7ou 

~'IN171u c------------._ .. -.---._-------------------._.--------__________________ MA1N17~U 
C 
C 
C 

CONSYS OtTlRMiNlS fOW EAC~ SYSTlM .HICM 
SIWESStS,STkA)NS AND DISPLACfMtNTS ~ILL 

8E CALCULATED. 

MAIN17QU 
MAJNIAOu 
MAINI81U c----._-------------._.-----_.--------_.---._ .. -.-----__________________ MAI~182U 

c-----------------------------------------------------_. __ . _____ . ______ .~AI~18"U 
C WlAD NUM&~~ OF PuSITIU~S AND SET LOOP 
c-------------------------------.. _--_._ .. -.... _.-.-----.-.-.--.-.. ---__ M'I~1800 

100 RlAO(NIN,Q010)NPOS 
00 "00 IPOS-1,NPOS 

NZ = N 
L2 • L 
00 110 [.1,1 
DO 110 Jel,l 

110 '(I,J).O.O 

MA[NI88 U 
~AIN189U 

~AINI90U 

~Al~lq1U 

M'lN19iU 
~AINI9JU 

c- •• _--------- ••• --------_.---------- ••• ----_ •• _.----- .--______________ ."jI~lQ~U 
C R~AU POINT COURDINATES AND LAYtRNUMHlR. c-------------------------------------------------------__________ . _____ ~al~lqbU 

IlO 
110 

Rl.D(NIN,qObO)L.YER,AA,Ay.DlPT~,~TA 

ET.=.017"~11.~TA ~'[NlqijV 
IF(~LAfS.EU.I) LAYERel MAINlq9U 
.WITE(NUUT,Q090) I~OS.LAYER,Al,Ay,OEPTH ~AINZOOU 
T~lN=I.OE.IO MAIN20lU 
IF(NL'YS.EY.I) GO TO 110 MA[NZ02U 
JaLAYEH+1 ~'lN201u 
Ja~INO(J,~) ~AIN20"U 
DO IZO I-I,J MAINlO~U 

IF(THICK(I).LT.T~IN) TMIN_THICK(l) MAIN20bU 
CONTINUE ~AINZ07U 
UlcO.O MAINZ08U 
UycO.O ~AINZO'U 
UZeO.O "AINZIOU 
~UCNU(LAYER) MAJN211U 
FT=(I.O.MU)/E(LAYER) MAIN212U C------------------_._.------------------.. ------... --_ .. ____ ._· ________ ~'IN21JU 

C SlT LUO~ FOH NUMijtk OF LUAOS. c--------.------------------.---.----.... -.-------.--. _____ .. _._._._. __ ."al~215u 
DO 110 [CI,NLOAO ~'[N11&U 

00 IUO J=I,17 MAJN217U 
IUO [NT(J)-O.O MAIN218U 

OU ISO J=I.Z7 "AIN2IQU 
I~O STHESS(J).AJD(J) ~'INl20U 

iF(NLAYS.tY.I) GO TO IbO MAINlcl U C-----.. ------ ... -...... ----.---...... ---- .... ----....... ___ . ___ ._. __ . __ MAI~i2iU 
C CALCULATION O~ CONSTANTS ~~lO~O FOR T~E 
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C 
C 
C 

tV'LUATIU~ n. l~E CMA~'Clt~I~TIC fUNCTI
O~S I~ MAT~Ix ~, CALLI~~ I~ MA2CO~, 
"A2CU~. 

",611-122I1U 
,.61"'225u 
M61"'22"u c----------------------.-.------------------_. ________ -------------_____ MAlf~~27v 

c------------·_·-------------------._._-_._. __________ --------------- ___ MAJ~22~u 
C DlT~~MINATIU", O~ ~UI~T COU~OI",ATt~ I~ TME M'IN230v 
C CYLI"'U~ICAL COU~DII-IA1E 51STlM "IT~ LOAD- MAIN21lU 
C AXIS AS AXIS Uf S, .. MURY, ~AII-I212U 
C------------------------------------- ________________ -------------- ____ MAIN253u 

IbO 

170 
180 

200 

210 

220 

210 

IF(X(I).ty,A~.A,.D.Y(I).Ey,AY) GU TO 170 "'1"'2iIlU 
THlTA=ATAN2«AY-Y(I)),(A~-X(I)))-PSI(I) MAIN21SU 
GO TU 1110 ,.A 1 1-12l"U 
TMlTA=E.TA-PSI(l) "'1"'237u 
RADDlS=S~~T«'X_X(I»)*62.("-'(I)**2) MAl~21~U 
~RITl(NOU1,qIOO) 1,~AD~IS,THtTA MAI"23qU 
~:RADUlS/~AUIUS(I) MAI"2110U 
Z=DEPTH/II"OIUS(l) "'IN211IU 
IF("LAYS.Eu.11 GO TO 2iO .. AIN2/lcU 
IF(L"'ER.GT,I) GO TO 210 ,..'!NZulU 
If(Z.GT.-ACCUR(II.AND.Z,LT.(H(I)+ACCUR(\))) GO TO 250 "'AIN21II1V 
.d~ITE.("'OuT.qIIO) "'I~2115U 
~O TO 1100 ,.'IN2IlbU 
IF(LA'tR.LT.~LAYS) GO TO 220 "'I~2117U 
r~(l.GT.(H(") .. ACCUIl(I)) GO 1u 210 MAIN211~U 

GO TO cOO MAI~2I1qU 
IF(l.bT.(H(LAYE~-I)-ACCUR(I),ANO.l.LT.(H(LAYtR).ACCUIl(1)"'1"'250U 
» GO TO 210 "'IN25IU 
GU 10 200 MAlto;i'52U 
~"O 1 :~AOIUS (I) ,., 1"'2!)]U 
LOAD=LDSTWS( I) "'IN25I1u 
MOSlwS=MUSTw(II M61N255u 
~LO~=~.LT.ACCU~(I) MAl"'2~"u 
ST=SI ... (T~tTA) MA1,.257U 
CT=COS(T"'ElAl MAIN258U 

c--------------------------------------------------------------- ________ ~AIN2SqU 
C 
C 
C 

(ONPNT O~TE~MINlS fO~ tACH POINT-LOAn 
CONFI~U~'TIO'" ~"'ICH Il-lTEGRALS HAV~ TO BE 
CALrULA TEO. 

,.AIN2bOU 
MAIN2blu 
MAI~202U 

c---------------·.·------------------._·-----------._.---------------___ M.I~lblu 
C'LL CONPNT(~.~USTRS.LOAD.Z.N2,L21 
If(LATl~.NE.I) ~O TO 25U 
CZ = OtlLUZI 
IF(Z.LT.&CCU W(ll.AI-ID.'U5(R-I.O).LT.ACCUW(I» 

MAl"i:!bIlU 
HA)Ncb5U 
..... 1 .. 2bbU 

GO TU 2110 M'IN2b7U 

c.---------------------------------------------~-------------------- ____ ~AJN2b8U C 
C 
C 
C 

ASYM~T n~Tl~HINtS TH~ LIPSCHITl-HA,..KEL 
l~TE.G~'LS "'tEDtD FU~ THE ASY"PTUTIC PART 
u~ TMl INTE.~R'LS,~UIl PUIN15 11-1 TH~ TOP_ 
L'YtR UNLY. • 

MAIN2bQU 
M'I"'270U 
M'I"'27IU 
MA IN2UU 

c-------------------------------.---------------.---~---------.-.---- ___ MAJ~27iu CALL A5YHPT(R.ACCu~(I» 

GO TO 250 
""IN27I1U 
"'I"'27'lU 

t-----------------._.----------._----------------------------.--.----___ ~Al~27bU 
C 
C 
C 

~OR POINTS AT THt ~IM Of THl LOAD T~~ 

LIPSCHITZ.MANKtL II-ITtG~AL5 CAN ~t GIvE'" 
OIl<tcTLY. 

"'I~Z77U 
MAIN278U 
"Al~27qU 

c----------------------._.-----------._.-------._.------------------____ ~Al~Z80u 
1'10"'1 = 0.olbb2 
FIOO.O.!:! 
1'11"1 : 0.5 
1'11"2 & O.~ZlIlIll 

~'-6 

MAl"'l810 
MAl"'282u 
"'1"'2111U 
I'IAI"'ZIIIIU 



FIOI • 0.0 
FIIO ,. 0.0 
Fill" 0.0 

~Al"'0!6511 

"'AIN2~bll 
"'A 1"1">6711 c---------.-.------------. _________ ._._. ______________ ---------------___ ~AI~cb~U 

e 
e 

CO~PUTATIUN Uf THl HlQulktO I"'T~~HALS ijY MAIN~~~V 
CALLING IN ~~NUAT AN~ INGRAL "'AIN2~OU c------------------------____ ._. ______________________ -------.-------__ .~41~2Q1U 

i!'i0 

l70 

Z80 

100 

II\jTT • 0 
DO lbO J • 1.17 

IIIIT(J) = 0.0 
CO"'Tl"'Ut. 
00 270 J • 1,10 

JI\jT\I(J) • 0 
II. = 1~ER2(J) 
IF(,I\jOT,EPS(K)) GO TO 270 
INTV(J) ,. II. 

INTT = It.TT+I 
CO"'TINUE 
IF(INTT,t.Y,OJ GU TO 260 
IF(NLAYS,Nt.IJ CALL GENnAT(I,NZtROS,H,ACC) 
CALL I"'GkAL(~.l"'T\I.l"'TT.INT) 

1"''' • 0 
DU 2qu J I: 1,7 

INTV(J) I: 0 
II. I: IytHI(Jl 
IF(,NOT,t.PS(KI) GO 10 2qO 
INTY(JI :; " 

I"'TT :; INTT+I 
eONTIt.ut 
I F (INTT.EQ.O) GU TO ]00 
IF (NLAYS.NE.I) CALL GtNDAT(O,NZEROS,R,ACCI 
CALL INGHAL(I,INTv.INT1,lNT) 
I'S10 ,. PSI(ll 

MA 1 NiQ2U 
MA I N~Cnll 
MA111101Q''1I 
"'Al>12QSU 
MAI'<2QoU 
"'AI'<2Q7U 
MAIN~Q~U 

"'AINlQQU 
"'AIN]OOU 
"'AIN]OIU 
"'A 1 III10i!1I 
MAIN103U 
M'IN10uU 
""111110511 
"'AIN10bll 
""1"'10711 
"'AI>ll06u 
"'AIN]OQU 
"'AI'<110U 
MAIN111U 
"'AI>ljI211 
MAIwlI111 
",AI"'l1 .. 11 
MAIN11~1I 

"""dloll 
"'Al",117U c----------·_·-·_·-----.-. ___________________ ._. ______ ---------------- __ MAl~i18u 

e CALC CO"'PuTES 'NO UUTPliTS lHt STk~SSlS, I'1AINUQU 
e STR'INS ''''0 OISPLACEMt. ... TS,IN~UCE~ ~y ~ACM ""IN120U 
e LUAU SEPAHAT(LY, "'AIN1Z1U 
C------------·_-------._---._ ... ---------------- __ . ___ --.-.---------- ___ MAl~122U 

C'~L C'LC(1~T,V,H,~U,~AOI,Fl,LUAD,~OSlHS,PSl0.Z) ""IN12111 
IF(."'UT.NZ) GO TO 1}0 "AI>llZ"V 

C----------------------------------------------------- --------.---------~'1~12~U 
C CO~~UT'TIUN ANO SUM"'ATION UF C'RT~SIAN l'1'I~}2011 
e CuO~~I~ATES.TME USEO COO~OINATl SYSTlM JS "'AI~127U 
C TH~ OlliE .MlREIN ~OINTeOOROINATES -t.RE "'INiZ6u 
e SUTED. MAIN12QU 

C-------------------------------------------------... -----------.----___ ~AINl3QU 

]10 

lZ0 

uZ aUZ+v(l) 
IF(A~S(R'ODlS).LT.'CCUH(I» GO TO ]10 
eT a (Ax.X(I»/HADOIS 
S1 c (AY.Y(I)I/RAOOIS 
(;0 TO ]20 
CT aCOS(ETA) 
ST aSl111(tTA) 
eTi! aCT*CT 
STi! =ShST 
STCT aST*CT 
'CI,I)CACl,l)+V(")-CTi!+V(S).STZ-2.0*y(7).STCT 
A(I,l):;'(I,c)+vC7)*(CT2-S12)+(~(")·VC~II*STeT 
A(I.11aA(l,])+Y(61*CT.v(Q).ST 
A(2.1)a'(I,2) 
A(l,2)a'(2,ll.~(~I*STl.V(51*CT2.2,O*V(7)*STlT 

F-7 

"AINl1lU 
I'1AINBZU 
1'1'IN111U 
MAI"l]"U 
""INH~U 
MAIN}]oll 
"'A I'd 31 U 
1'1 A PdJl!u 
"'AINH~U 
1'1 A I 111]"011 
1'1'1"'3~11I 
I'IAIN}"2U 
""IN1"5u 
'"'I ... 1 .... U 
M'IN1"~U 



DO 

31,j0 
350 

A(c,]):a(2,})+v(R)*ST+Y(Q)*CT 
All.! ):116(\,}) 
A(1,2) .. a(j!,S) 
A( \,3):&(]'})+V(") 
ux :UJ+~(I)*CT.v(2).ST 

UY =UY+V(I)*ST+V(2)*CT 
CU'" , I "'Ut. 
THaC~"'(I.I).'(2,2)+'(3.}) 
'H :II.O."U)/UL''I'~R) 
AC :Mu*r~'C~/~ILA'I'ER) 

00 3!:10 1;11,3 
00 3"0 J:I,3 

8!1.J):A~dll,J) 
IFII."'E.J) GO TO 1uO 
R(I.J):t<(l,J)-'C 

CO"TI"Ut. 
CUIIITI"'UE 

""1"'3UoO 
""IN311711 
MA I Nlll1l11 
""I"'lI1QII 
"'AI"'~':IOU 
""1"'15111 
""IN3520 
"'AIN35}1I 
""1"'35I1u 
"'I"'.s5!:111 
"'Al"'35011 
""IN35711 
""1"'35811 
""INl':lqO 
""IN30011 
"'IN3010 
""INlo<'O 

c---------------------... ------.-.-.-.------------------------.------ ___ ~AI~lb3U 
C 
C 
C 

OUTPUT FUH TUT'~ S1HESSt.S,STk'INS 'NO 
OISPL'CE"ENtS M'I' rHHEE TIMES C'LLI"'G IN 
uuTPUT. 

""1"'301,j1l 
"'A I NJo':l1l 
""1"'30011 c.-------... ------------........ --.. ------.......... --__ .. ___ ._. __ ... ___ MAIN307u 

.RI1E(NUuT,QI20) ""IN308U 
EPS(I):STIIESS(18) ""INioQU 
t.PSI21=STI<t.SSC21l ""IN170U 
t.PS(3)=STRtSS( oJ ""IN37111 
t.PS(I.t)=STHt.SS(2?) ""IN37211 
EPS(':I)=STl<tSS(20) ""1"'17511 
EI'S(b):Sl~[SS(\q) "'IN371,j1l 

C(I):oA(t.1> "'IN37511 
Clc):A(2.2) "'1"'3700 
C(1):A(i.3) ""111117711 
C(I,j):'Ci.l) "'1"'378U 
C'':I)='(1,3) "'AI"'17QIl 
C(0):'(1,2) ""IN180U 

CALL OUTPUT(E~S,C,b.l) "'Al"'3810 
EPS(I ):ST~ESS(23) "'AIN18211 
EI'S(2):sr~ESS(20) ~AIN38.s0 
EI'S(3):ST~ESS(12) ""IN}811U 
EPS("):ST~ESS(27) ""INJ8':!0 
EPSI")=ST~ESS(2") ""IN38011 
t.PS(0):ST~~SS(2") "'Al"'38711 

CII ):HII,I) ""IN388U 
C(2)"~12,2) M.I~38qll 
C(j):~(1,3) ""1"'3QOIl 
C(~):HI?,3) "'AI~3QIU 
C IS) .. H ( I ,J) "" I ,~ 3 Q 2 II 
CCo):IHI,2) ""I~lQ311 

CALL nUlpvT(E~S,C,o,z) ""1~3~~1I 
t.PSI I ):ST~~SS( ltd M'I"'}Q5u 
~PS(C!)=ST~~SS(17) ",AI ... ]QbO 
EPS(1)=STI<ESS( 3) "'AIN}Q7u 

CII)=UX ""I~3Q811 
(2)=U'I' M'I~3q~1I 
CI})=UI "'Al~~OOIi 

CALL UuTPUTI~PS,C,3,3) ""INIIOIU 
300 IF(.NUT.L2) ~U TU 1,j00 "'AINQ020 c----------------------------------------._._.-.-._.--... _________ . _____ M'lh~OJU 

C 
C 
C 

JACU~1 CUMPUTES PkINCIP'L v'LUtS 'NO ~AINUOUO 
DIRECTIONS OF TOT'L STHESSt.S AND STW'INS. "'AIN~O"U 
THE I'I<I~CIP'L Y'LuES '~E saRTtD 'CCO~OING "'AINwObll 
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C TO ~AGNITUO~ ~Y ~ALLI~~ IN ~SORT. ~Al~~07U C------ .. ·-.-.----.- .. ---.-.-.-.-.----____ ... __ ._._._.-_____ . _____ . _____ MAIN"U~U 
CALL JACUHI("HH,l.l.\,~,IQ) 

CALL ~SUR1IAiHH,1,1,\,N,IQ) 

"'AIN~oqU 

"'AIN~IOu 
c---------------.~---------.-- ______ . ________ . ________ --_______________ .MAl~~lIU 
C 
C 
C 

DtT~k"'l~ATION UF "'Ax,S~E'~ STHlSS~S 'NO "'AI~~12U 
ST~AINS ~ITH THlIH OlHlCTIUNS AND DETEH"'I.""IN~llU 
NATIUN OF "'IOPOIN1S U~ THE "'UHW"S CIRCLl, "'AIN~lijU 

c-------------------------_·_.---._.-------... -----------.----.-.---- ___ ~AI~"l~U 

170 

J80 

DO 170 J:I.l 
C(J ).'H*'IJ,J)·AC 
C(J+ ~):(HH(J,I).HH(J,j»)/~2 
C(J+ ~)=(HHIJ.l)+HH(J,1»/V2 
C(J+'U).(HHIJ,I)-HHlJ,2»)/~2 

C(J+18):(HH(J,I)+"'H(J.2»/V2 
CIJ+21)=lHH(J.I)-HH(J.1))/V2 
CIJ+~7)=lHH(J.21+"'HlJ.j)I/~2 

CO" T I NUE. 
C( u):O,5*(Alt.I)·A(1,1) 
C( q)aO,S*(A(I,I)+'(J,i) 
CII1):O,~*(Al\,I)-AI2,Z)) 
C(t~):O,S.(,(\,\)+A(2,2) 

C(22).O,S'(A(~.Z)-A(1,3)) 

C(27)=O,So("(Z.2)+A(},1) 
C( ,;).O,,)o(((1)-CO» 
((\ij):O,St(C(\)-C(Z» 
C(23).O,~*«((l)-C(3» 

IF(((ll),GT,C(2Z) GO TO 1qO 
OU 380 I:\,q 

((I+10)=C(1+12) 
C(I+li)·C(l+21) 
((1+21 ):C(I+10) 

CO .. TINUE. 

"'AIN~lbU 

""INijI711 
""I .. ij\8U 
""IIIo~lqU 

lo4'I~UlOV 

"'AINII2IU 
""I .... u22v 
"'''' .. 1I21u 
"'AIN~2I1u 

""INu2Su 
""Il\IuZou 
""Il\Iu27U 
""Il\Iijl8U 
""INII2qU 
""INij10U 
"'A!NII1iU 
",,!NII}2U 
""!NII13U 
"'A!NIIlijU 
"'''IIIoII1SII 
""lN~3I1u 
""IN~Hu 
"'AINijJ~1I 

"AI"~lqll c.--.. ---------~ .. --.--.---.--.-.--------.---.. -.----- __ . _______ . _____ ._M.I~~~oU 
( 

C 
OUTPUT fUR PRlNCIPAL STR~SSES,E1C,~~II"u~ ""IlIoijijIU 
S~lAH STHESS~S,lT( A~U S'~Al~ E~EWGIES, "AIN~ijlU 

c------------._.------._.---------._.--._.-----.-.------------------· __ .~'INij~30 
lqO ~RIT~(I\IOU',q\10)A(I,\),C(1),H~(I,I),~~(2,1),HH(1,1), "'INUijuU 

+ A(2,2),C(2),~H(\,Z),HH(l,2),HH(1.~), "'llIou"~U 

• A(1,1),C(1).HH(I,5),HH(l.i),~H(J,j), "'AINllijIlU 
+ (((l),I:ij,lO) "'AINU~7U 

~x • ('(\,I)+C(I)+A(l,2)*l(Z).A(1,1)'C(1»)00,S "'INuu8u 
BY • O,ellnbho7.A~.(C(ij).C(ij)+C(t5)oC(\1).C(22).C(22» "'AIN~UqU 

-MITE(NOuT,QZOO) ~1.8, "'INij50U 
1100 CONTINUE. "AJIIo~5IU 

GO TO ijbO "'A!NII';)2u 
~IO NHITE(~UUT,ql~O) J "'lNij';)lU 

GO TU ijuO "AINU5~u 

ijiO .HITE(NOUr,qIllO) J "'AINijSSU 
GO TO lIijO ""INijSIIU 

430 "AIll: ("'OUT,qlqO) "'II\IIIS1U C--._----._.--._.-------------.... ---------------._.---___________ ·· ___ ·~'I~"SRU 
c 
c 
C 
( 

FOk SYST~"'S ~OH ~HICH IT IS CLE.AR THAT ""IN~SqU 
~IST'~ES OCCUk I~ TH~ !I\IPuTlAkOS,TH~ ""INijIlUV 
HEUO~S' AND PUINT I~PUT (AADS AkE S~IPPEn,"AJl\lijIlIU 

PkOGR'" PHOt~~OS bY T'~I"'G ~tkT SYSTl", "'INUblu c------._--._ ...... -_-... ----....... -._.-._.--._.----- -_. ___________ . ___ MAI~~bJu 
~1I0 

1150 

READ l".ll\l,Ql';O) 
AEAO(I\IIN,qOiO) I\IPOS 
DO ij~O 1.1, NPOS 
READ (N!N ,qISO) 
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"AINijbUU 
"'AIN~b';)U 

""!N~bbU 
.. A!Nijb7U 



~oO CU~TINUE MAI~gOaU 

~~ITE(~OUT,9IbOI ~AI~gbq~ 

STU~ MAl~Y70u 

9000 FOwM'T(IHI,17X,II("H"l,~X.·lll",~x,II("S"J,OX,Q("A"),5X,II("R")I MAI~~7IU 
• 18X.ll(·~"l,~x,·III",~I,IZ(·S·l,51,lt("'"1,gl,I~(·R")1 M'I~472~ 
.IPI,"~H",~I,"H~~ III SSS·,IYl,"AAA",7x,"AA,· kH·,~X,·R~k"1 MAl~g13U 

.1~1,"~~",q.,"B~ III SS",151,"AA",QX,"" RH",QX,"H~"I MAl~ij7ijU 

.1~1,"~~",7x,"BB~ III SSS",lgX,"',",9X,"AA RH",~X,·HR"I MAINij7~U 

+1~1,IIC"8·),51,·III",YI,II("S·',5.,ll("'"l,3.,12("~") I MAINij7bU 
• IBl, I I ( • ~. 1 ,51, "II I • , ~.l , 1 I ( "S" 1 , ij I. Il ( • A" 1 , j. , II ( • k" )1 M A I "'" 7 7 U 
.181,"~H",7l,"UHti III",IUI,"SSS A'",9X,"AA ~k·,5.,"RH"1 M&INij76U 
.161,·BB",ax,"~B III·,I~X,"SS AA",Qt,"AA HH",OI,"RR"1 MAINII19U 
+181,"HH",7x,"BHd 111",lijX,"SSS A'",91,",' ~k",1x,"RH"1 M'INg~OU 

.1~I,12C"B·),UI,"III",lX,I~C"S"l,ijl,"A,",9x,"A' RR",al,"HR"1 MAINgBIU 

.1~I,IIC"B·,,~I,·III",l.,12(·S"),51,"AA·,QI,"AA Hk",9I,"Hk"1111 MAI~Ya20 

.75X,"THIS ""BIS'~·· Pk0~RA~ HAS BeEN u~TAI~ED FkOM·/~qX,"SHlLL ~fSM'INg650 

.EARCH B,V,"/Sqx,"rU" THl SOLE US~ U~"117bX, MAINuouu 

."SHELL OIL COMPA~.·/70I,"HUUSTON, T~XAS" MAINuB5~ 
+ 1170l,"ALL HIGHTS ARl RESEkVEO,MAINu~o~ 
• USE OF THIS PROGRAM"/7bX.~HY UNAIJTHOHIZED ~EHSONS IS PRUHIHITEO~)MAINijR7U 

9010 FU~MAT(20A~) 
Q020 fURMAT(I"I,~5(/).1~1,20A~) 
QOiO FO~MAT(12,11,11) 

90UO ~ORMAT(" ~urE T~AT ",EI2,h,-
.~ LUAUS I~ STk~SS UNITS") 

9050 FO~MAT(bFI0,O) 
qooo ~0~MAT(12,~I,gFIO.O) 

MAINu90U 
AND ·,EI2.b,· wILL HE CUNSIDERED TO BMAIN~QIO 

"AINu9lu 

Q070 FOWMAT(" ~UTE THAT INCO~kECT SPELLI~u HAS ~OT STOP~EO THE ~VALUATIMAI~1I9~U 
.UN OF STHlSS",Ul,All MAl~Q9bU 

qO~o FOW~ATCI2.uEI2,0) ~Al~u~7U 
9090 FOHMAT(IMI,11152x,"POSITION NUMHER ",I2115ijX,~LAYEH ~UMHER ·,I21IMAINu~8U 

+55" , "C 1I UR 0 I NAT E S ·,1 U 0 II. , "X • , I I I , • T • , I 1 X, "Z"I ~ 0 l , 11:: 12, Y ) M A J ~ II Q~ U 
9100 F(IRMAT(/2IX,·OISTA~C~ TU LOAD-AxIS(·,I2,"1",lul,"THlTA"li5X,EI2,g,~Al~500U 

+UIl,EI2.U/.) MAIN~OIU 

9110 FU~MAT(II.10x."T~!S PUSITIO~ HAS H~~~. OMITT~D SI~Ct TH~ LAYEk NUMHMAIN~02U 
.~w IS INCO~HECT") MAIN~Olu 

9120 FO~~AT(/10t,".X",10J,·YY",IUII.,"lZ",IOx.·YZ",\OIl.,"XI",1Ox,·XY",IOX,MAIN50ijU 
."UX",IOX,"UY",IUX,"UZ") MAIN~05u 

9110 FO~~ATC/" P ~ INC J PAL v A L U E SAN 0 D IRE C T I U NMAl~~ObU 
• S 0 F T UTA L S THE SSE SAN D S T R A I N S"/I~X,"~OMAI~507U 
+HMAL.,9X,"NORMAL",91,"S"lAk".101,"SH~Ak",13x,"I",IUX,"Y",IIIX,"Z"/IMAIN~080 
.5X,.STR~SS·,QJ,"STkAl~",ql,·STR~SS",q.,"STHAIN·,9X,"COMPUN~NT",bl.MAIN~09U 
•• COMPD~E"'T",bl,"CUMPO~l~T"I" ~AJIMlJM",2~15.3,iOx,~FI5,j/" MINIMAX"~AI~~IOU 
+,2~15.1.~OA,JfI5.J/· HI~IMUM",?eI5,~,lOx,~fI5.j/" MAxIMUM·,10I,2EIMAI~~IIU 
+5.J,5f 1~.1/811.,EI~,l,Y~x,lFI5.51· MINIMAx·,lol.21::1~.l,3~1~,l/~., ~AI~512u 
.El~.~,y~x,~fl~,3/. MI~lMuM·,jox.2EI5,3,JFI5.j/OX,EI5.1,Y5x,jF15,11MAI~~13U 

QluO FOW~ATC· lM~ PkO~LEM CAN~ur H~ SOLVED,~U(·,I2,"1 EQUALS UNE") MAI~~IQU 
91~0 F(JkMAT(I) "'I~5150 
91bO FOHMAT(IHll MAIN5100 
9170 FUk~'T(A~,OX.OFtO,O) 
91HO FOW~Ar(" TM~ PROHLEM CAN~UT Hl SOLVEU,~C·,I2,·, ~QUALS ZlRO") 
91QO F(J"MATC" STSTtM S~IPP~D NO LUADS") 

MAIN518U 
M'I~~19U 

Q200 FUWMAT(T"O,lll," STwAIN ENEWGY",EII.~/· STkAIN EN~RGY UF 
.N",EII.~l 

UISTQ~TIOMAIN520U 

END 
SU~ROUTINE SYSTEM(ISYS,E,~U.TMICK.AK,~LAYS,M,NLOAD,LD~TRS,MUSTR, 

IAL~,kADIUS,I.T,~SI,ISMO,lklU) 

MAI~~2IU 

"'AI~~2lU 
svSTOOIU 
svSTOo2U 

c----... ------------.-.-.... --------------------------·_----------_--___ SvSTOOlu 
C 
C 
C 

THIS SUH~OUTINl Oul~uTS ALL PHySiCAL DATA SYSTOO~U 
OF TH~ "'ULTI-LAY~REIl SYSTt.'" AND ALL OATA SYST005U 
ON CQNFIGURA1Iur. 'NI) ,.,AbNITUDl uF THE SYSTOOoO 

F-IO 



C LOAUS, SYS1007u 
C----.-.-----•••• -._. _____ •••• _______ ._. __ ._ •• _._._._. __________________ SySTOOHO 

I "" H G E R w fl U (;,.q 2 .. 5" U IJ , 104 ( 2 ) , I 5 .. T 104 ( 2 ) 5 Y S , 00 q U 
R~AL ~(10),~U(IO).T~ll~(~).A~(q),ALK(~),LU5TwS(IO).MUSTW(IO), 5YST010U 

I k A DIU S (1 0 ) • l ( I 0 1 • T ( 1 0 ) , P 51 (\ () ) S T 5 T 0 \I U 
CU .... U~/TAP~/NUUr 5Y5TOl2U 
DATA WOUG1-4,SMUOT~/·WoU·.aG1-4 ",·SMO·,·OTH"I 5'5T013U 
"WITE('IOUT,\OOll IS'S SYSTOI'lU 
IF(lkEO,~~.O) ~WITE(~UUT,IOOZ) 5'5TOI~O 
IF(Ik~U,'ILO) .. "'IlEl"'UUI'\007) 5'S10151 
1 F ( p., LAY S • ~ II • I) GO 1 U 'lOS Y 5 TO IOU 
00 10 1=1,,", 5YSTOl7U 

IF(IS"O.~Q.I) GO TU 10 5'STOI8U 
ISMT1-4II) 1:'1<01)101-4(1) SYSTOlqO 
15"'TI'4(2) = WOUGM(Z) 5,ST02011 
IF(AL~(I).L'.IOO,O) ~O 10 20 SYSTOilU 

10 I5 04 IMII) I: SMUllIH( I) SY5T022U 
IS"1H(2) • S"001M(Z) SYST02111 

20 ~~ITE("'OUT,IOOj) I,IS04THII),lSMTI'4(2),~II),NU(I),TMIC~(I),AK(Il S'ST02,,1I 
~o CONTI'IUE SYST02~0 
'10 .. RITt(NOUT,IOO'l) ~lA'S,l(NLAYS),NU(NLAYS) S,ST02011 

"I<11E(NOU1,1005) S'5T02711 
00 50 I .. I,NLOAO S"I'ST02811 

50 .. I<ITEINOUT,IOOo) 1.LOSTWS(I),HOSTR(I),~AOIUS(I),X(I),"I'(I),PSI(I) 5YST02qU 
1001 FOW"AT(IHI.IO(/).~lx,·S'STl" ~UMbtk·,1.,I2) 5yST0100 
1002 FOR .. AT(5(/),8l,"L&'~R",uX,"CALCULATION·,2x,·YOUNG··S·,'IX,"POISSON·SYS10!lu 

I·S·,ll.·THICKNESS·.SJ."I,.,TlR~ACE·/SX."NUMH~R·.1X,"..,tTHOO",7x,·MODUSYST01211 
2LUS·,uX,"RATIU·,18J,"SPWINGCO"'PL"/) SYSTO!lU 

1001 FO""AT(IOl,I2,~I,2A1,lx,'I~12.~) SYST03'10 
100~ FUR~AT(IOx,12.I"l,iE12.u) S"I'ST01Su 
100~ FOW04AT(III"X,·LuAO·,51,·~OR~AL·,7x,·SMEAI<·,51,"~AOIUS OF",7X,"LOADSYSTO!00 

1 • POSITION",OX,"S~~A~·/8X,·NUM~~R·,lx,·STkESS",7X,·ST~~SS",'IX, SYST037U 
2"LOAO~) AkEA".bX,·I",1IX,·Y·,7l,·OI~tCTION·I) SYSTOlftll 

1000 fORMAT(IO~,12,2l,oEI2.U) SYSTO!qU 
1007 ~OwI'4AT(5(/),~x.·LA'ER·,UI,·CALC~LATICN",2X,·YOu~G··S·,UX,"POlSSON·SYSTO~OU 

I·S·,}I,·T~ICKN~~5·,lX," REOuC~O· 181,"~UMMER·,3X,·~lTHOC·.7x,·M(lOU5'STO~111 
2~US·.~I."WATIO·,IHI,·SP~lN~CO"'P~·/) S'STO'l211 

RETUI<N S"I'STOU311 
E~O S'STO'l'lU 
SuMROuTINE MACON1(lSMO,A~~,NS"I'S) MACOOOIU t------------·_.---------------._.--- .... ------._.------. _______________ MACOOOiU 

C THIS SUMROUTINt CALCULAT~S CONSTANTS USEn MAC0001U 
C IN SUS"OUIINE MATRIx TO MulLO UP VAWIOUS ~ACOOO'lU 
C ~ATI<ICfS. ~AC0005U 

C TME COp.,STANTS AwE STORED IN ..,ACOOObD 
C CGM"O,,"/INOAYA/. "AC0007v 
C ~U~~WICAL STAbILIT' Of SO~UTIONPROCEDU~~ MACOUOeU 
C FOk T~~ SYSTEM IS TtSY~O 8"1' CALLIN~ IN- MACUOOqU 
C MA2CON, MACOOIOII 
C M,YRIX MACOOIIU 
C ~M~N INSTABILITY M'S TO ~~ t'P~CTtD THE ""COOI20 
C SMOOT~ CALCULATIUN PWOCEDUI<l IS CHOSl~ HY MACOOl3u 
C lAKlN~ ISHu = I AND NSYS IS 5tY t~UAL I • MACOOI~U 

C--------------_.------------·_.-------.... -------------------_._._-____ MAC0015U 
REAL ~1,~i,K1(IO),~U(IO),~5.Kb,NU.II,LOAO,ACCUW(J),ALK(~) MACOOlbU 
CO~MON/ASOT/LAT~k.NL"5,M,k,l,~U(101,ACCUH,LOAD.1'40S1WS,NZlROS.H(~)M'CnOI7U 
I,K~(lo),~ (IO),AL(~),T~ICK(q),"'DIU5(10) MACDOlbU 

C U" 040 ... /1 NO A 1 , II M A I , A I (~ ) ,81 (q ) • C I (~ ) , n (Q I , ~ E ( q ) ,f (q ) , Ii ( q ) , ... I (q 1 , MAC 00 I q U 
III(Q),KI(~),KZ(q).KO(IO),bt(Y),~U(q),~UUI~),bMU(ql.~lU(~I,UlUU(q),MAC00200 

2J2(q),Jl,r2(10),SS(2,10),GOI2(ql,G021(q),G022(q),~122(~), "ACUOlIU 
lMOI21~),M022(q)''''122Iq),0012(q),Do22(~),COll (~),COI2(q),~012(q), "AC0022U 

F-ll 



~F012(Q),Fl12(Q),~O'2(q),Cl(ij,2,q),DU(2,~,~),FF(Z,Z,q),GG(2,~,IOJ, ~A~U025V 

S~~(2,l.IU),kR(4,Z,IO),DDZ(Q),G20(q),G21(q),H20(q),HOiI (q),~G2(ln),MACU02~U 

b~M~(IO),QOII (~),Qlll (q),~OI~(Q),~112(q),~Z12(q),Y02~(q),UI22(q), 

7~FO(q),UFI (Q),lOII,Zlll,Z211,ZOIZ,ZI12,Zl12,l512,lOZI,Z12I,l022, 
8ZI22,12i'2,K"-
Cu~~UNIT'PE/NUUT 

NSYS 2 0 
IF(N~'YS,EQ.I) GO TO 10 
IIG ( I , I , I) 1& -1.0 
GII(Zo101) 1& 1.0 
IIII(I,Z,I) 2 1.0-Z.O.NU(I) 
GG(Z,Z.I) : Z.O.NU(I) 
MM(I,I.I'"' 1.0 
MM(I,Z,I) 1& GG(I,Z,I) 
HM(2',I,lJ = 1.0 
MM(i,2,1) : -GG(l,Z,I) 
IoIR(lol,"Il'YS) = 0.0 
IHnl,c:',Nl'YS) : 0.0 
R~(2,1,"'l'YS) 1& 0,0 
R~(2,Z,"I~A'S) = 0.0 
1oI~(~,I.~l'YS) = 1.0 
R~(3,2."I~'YSl 1& 0,0 
RIoI(~,I''''lAYSl II 0.0 
IoIR(U,2,,,,~,yS) 1& 1.0 
SS(I,Nl'YS) • 0.0 
SS(Z,"'l'YS) = 1.0 
IIG2(1) = 1.0 
MM2(1) 2-1.0 

10 KS(I'=I.O-Z.O'NUII) 
IF(N~'YS.lQ.I) GO TU 70 
K • 0 
Kbel) = ~.O'(I.O-NUel» 
DU 30 JI&I,~ 

KI(J)=H.O."'UeJ·l»'!:eJ)/eel.O.NUIJ»"'EIJ+I» 
IIZeJ)=I.o-KI (.;) 
KHJ)=""U(J.I )-NU(J)*K1 (J) 
K~eJ)=~.o*NUeJ)*NueJ.l' 
.S(J)=1.0-2.0· ... UeJ) 
Ko(J.I) 1& ~.U.(l,O-NU(J.I» 

'leJ,= !(beJ)-KZ(J) 
III eJ)= KZeJ).O<I (Jl.l'lbeJ.I) 
(I (J ):Z.O.I'IZ(J) 
D (J). K2(J).(1.0-~.O.NU(J» 

ll(J). IIZ(J'*11.0.K~(J»·o.0.1'I3IJ) 
F (JI. 'I(J)-SICJ) 
G (J). I'IZCJ)*(1.0-!(U(J».c:'.0.K3(J) 
MI(J)I&~,O'KZ(J)*(NU(J.I'·NU(J» 
JI(J): OIJ)·MIIJ) 

50 CO"'Tl"\J[ 
KS(~.I)I&I.0.2,O'''U(M.I) 

IF(IS~O.~~.I) GO TO 70 
DO 40 I 1& I, M 

I~('LK(ll.LT.IOO.O) GU TO ~O 
110 CI)"TI~u~ 

GO TO 70 

~'('OO'ZSV 

M'C002bU 
""(UOZ7U 
MACUOc8V 
~ACOOZqu 

"'ACUHO" 
""CUOiIV 
,uCUOic:'v 
~'CUOHU 
""(003UU 
"'C;Ou3~u 
"'C003bU 
M'(OOHII 
""(0058U 
~A(U05qU 

""COOIIOU 
~ACOU~lU 

~'(OO/j2U 

""((JOIISV 
"'ACOO/j~U 

I'I'CUOIISU 
I'I'(OOUbU 
""COO~7U 
""(001l8U 
~'COOllqU 

.... cnosou 
"'A(UO~lV 
~'CUOS2u 
I"'CUOS3U 
"'COOSYU 
"',((10,;)Sv 
MACUOSoU 
"'CU057u 
"'ACOC~8U 

""COO~9u 
""(UObOU 
""(OObIV 
~'CUOo2U 
""CUOojU 
""COOo~U 

""C0005U 
""COObbU 
"'COOo7V 
""CuOb8u 
""CUOb9U 
""C007UU 
''IAC007IV 
'''(;007ZU 
''''coonu 
"'AC0071111 
""(007~U 

~'(;U07bll 

""(;007711 
c.----------.-.. ----.. --------.-----~-.----.----.-----------____________ M'C001~U 
c 
C 

(AL(U~'TluN U~ CONSTANTS ON~Y ~ttDtD I~ 

MATRIx FO~ ST'~ILITY TEST, 
I'I'(;0079U 
I'1'C008UU 

c----------•••• ------.-•••••• -_._.-.----._._------_ •• -_. _______ ._. ______ MAlOOaIU 
SO T"'IN • I.OE+IO 

NTELL. .. 2 

F-12 
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I~(AIU(tO).A~D •• ~OT.~lEU) AIU( ")=.TwUt. 
I~(AID( ~).A~u •• ~Ur.~lEP) AIU(I()E.TWut. 
IF(AID( ~» CALL LU~S~T(JAW~(I, b),AID) 
IF(AIO(IO» AID(II}=.TRIJt::. 
IF(AIO( ~»AlO(lt)=.TRUE. 
IF(AID(12» AIU( o)=.TRUE. 
IF(AID( f:j» AID(I")=.TWll~ .• 
IF(AtD(I~» AID( f:j)c.THU~. 
IF(AID( S).A~D.'IO( 0» CALL LU~Stl(JAW~(l, 7),AID) 
IF(AID(lt).A~D.Alv(12» CALL lO~StT(JAHG(I, H),AID) 
IF(.~OT.~iEY) GO ,~ 20 
1 F ( A I D C 7» A I D ( 11) = • T Rut. 
I~CAID(11» AluC 7)=.TWUE. 
IFCAID( q» AIO(1'»=.TRUE. 
[F(AID!IS» AIO( q)=.TWUE. 
IF(AIDe S).A~D.Alnll0» CALL LOGS~T(JA~G!I, q),AID) 
IFIAID! ~).A~U.AID(IO» CALL LO~5ET(JARGel,10),AID} 

I~(AIO( I).A~D.AID( 2» CALL LU~str(JAH~(I,II).AIU) 
IF(AlD( ~).A~D.AIDI 7» CALL LU~StTCJ'H~Cl,12),AID) 
IF CAID( 7).A~~.AIO(IO» CALL LUGStTCJAkGCI.13),AIO) 
IF(AID( e).A~D.AIDC q» CALL LUGStTIJAkGII,I""AID) 
GO TO ]0 

20 IFIAID( I» CALL lDGStTIJAkG(I,ll),AID) 
IHAID( II» CALL luGSE1CJARC'(tol2),AID) 
I~(AID( e» CALL LOGSlTCJA~GCt.111).AID) 

]0 N : .FALSE. 
L. = .TRUE. 
IF(AID(1).OR.AI0(~).OR.AIO(12).OR.AIO(I~).OR.AID(17)1 ~=.THUE. 
00 ~o I • 111,27 

IHAIO(J) GO TO 110 
L. •• FALSt. 
GO TO ':10 

'10 " z .TRuE. 
50 COlooTIIoout 

RETuR~ 

E"O 
5U~kOUTI"t LO~StT(I,lUG) 

CO"50100 
Cu~5011U 

CUIooS01"U 
(;O~SO.Bo 

CU"SOl"U 
(.u"so350 
CO~SOlcu 

CUN5017U 
CUNS01IIU 
CU~SOHO 

CO~SO"OU 

CUNSO"IU 
(;0"50112U 
CONSu"lU 
CU~SO''''U 
CO"SO"'>u 
(;UNSO"OV 
lO"'SO~7U 
CUNSOlleU 
CONSO"qU 
CONSO~OV 

CO,.,S051U 
COr-;SO'>2u 
tONsor,lU 
CONS05"U 
CON50.,50 
CO"S050u 
CO~SO,7U 

CONS058U 
tu~So.,qO 

Cu"SOoOU 
CO"SOoIU 
CUNSOt>2 u 
Cu~S003U 

CUNSOO"U 
CU"SOb')U 
LU~SOOIU 

c----.-.-----------.-.--------.-.------.-------.-.--.-------------.-____ LU~S002U c 
C 
C 
C 

T~IS SubROUTI~E,[AL.LEO I'" HV CONSVS '''0 L.OuSOUlv 
CU~P~T,S~TS THt L.O~ICAL VAHIABLlS lOu(K) LUuSOO"U 
TkUt:: ~UR THE ~.VALUES,STOHlD I'" THt AH~U_ L.UuS005U 
Mt~T I. L.O~SOOov c---_._.---._----._._._.--.-.-------------._.--._.------------------____ LOGS007u 

lOGICAL lOGO) 
I'-H'tR 1(\) 

00 10 Ll:l,e, 
IF(l(l).EQ.O) GO TU 20 
Kal (L.) 
LOG(K) •• TRUE. 

10 COl'inl'iuE 
20 RElUR~ 

El'iD 
5U~HOUTINt MAiCUN(TMIN,I.ISMO,ALK) 

LOGSOOev 
LOGSOOliv 
L.U(iSl.llOU 
L.U(iSOll U 
L.OGSOli!U 
lOGS013u 
LOu~OlI1U 
LU~S015U 

L.O~SOIt>U 

MA2l00lv 
c---------.... _._ .. _.--------------------------_.---------------.---- ___ ~A2C002u 
c 
c 
c 
c 
c 

THIS SU~HUUTINE CALCULATES CO~STANTS USlO 
It. sU~kuUTI~E MATHI. TO HUIL.O U~ VAkIOUS 
MATRlttS. THESt CO~ST'NTS ALL. D~PE"nENT 
ON AL~(J) A"'V I Uk HAOIUS(I), AWE STOktO 
IN COM"UN/INUATA/. 

,.,AiC001U 
,.,Ac!COO"V 
MAlCOO'>u 
MA2COObU 
HAc!C007U 

c- •• -.---- ••• -------._.--._----------------._.------.-__________________ MA2l00Su 
HE'L KI,K2,KII(10),K~,K~,~II,K12,Nu,II,LOAD,ACCUH(1),ALKCq) MAiC009U 
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OU"''''Y = 0.0 
LAYER = P\jLAYS 
T2("'LAYS) = 0.0 
DO bO ~ = I,'" 

IF(THIC~(~l.LT.T"IN) T"I~ :I T~I(~(K) 
nU"'MY = OU"''''Y.THIC~(~l 
T2(~) = 2.U.THIC~(~)/~AOluS(ll 
H(~) = OU",,,,y/RAOluS(I) 

bO CO"-TINUt: 
CALL "'A2CUN(T"IN,I,IS"U,AL~) 
,. = b.b·~'OIUS(I)/rMIN 
II"'A,. :I T •• I.O 

""ACU08I1V 
MACOOIISV 
",AlUOClbV 
"'A(U()Cl7U 
I'1ACOO!!!!U 
l'1AcooaQU 
I'1ACLlOQOU 
"'ACOOen U 
"'A(Ouq2U 
""ACOOQ1U 
MACUOQ"U 
''1&CUOIl511 

c-------------------------------------------------------------------____ MACOOQbU 
C 
C 
C 
C 
C 
C 
C 
C 
C 

Tt:S1 ON NU"'tRICAL STAMILITY O~ T~~ SOLU
TIO~-p~OCtOUHt: TO ~t FOLLOwtD FOR T~IS 

SYSTt M HY CALLING I~ T""t MAT~ll SUH~UUTI

~f ~ITH NTtLL = 2 • 
AFTt~ TfST T""E SMUUTM O~ ROU~H CALCULATI_ 
ON PWO(t:OUkt IS CHOStN. 
T~ST IS UNlY NtCESSARY I~ Nor OI~ECTLY 
T~t S"'U(lTI'< (ALCULAT ION PRO(t:OU~E "'AS ~EE'" 
(MUS~N MY ISMU=I. 

"'ACUOQ7U 
foIACU\lQf:j1l 
MACOOQqU 
I'1'(Ul00U 
""A(010111 
MA(0102U 
""A(Ul0iU 
MACOIO"U 
MACOIOSU 

c----------------._.-------------------------... _.------------------- ___ MAC010oU 
(ALL "'ATRl.(TI,I.~Tt:LL) 

IF(NTt:LL.£Q.2) GO TO 70 
IS"O :I 1 
NSYS • I 
.. RITE ('IIOUT ,1001) 

70 IoItTUIoI .... 
1001 FOIol"'TC- TH~ "ORE STABLt 5"001"" lALCULATJUN PHOCtOuHE ""AS HEEN 

IStH,-) 
£1\10 
SUBHOUTI .... E COI\ISYS(AID,"-iEP,NZEY,N.Ll 

MACOI07U 
MACOI08U 
"'ACOIO'lU 
MACUIIUU 
MACLlIIIU 
""ACOI12u 

C""OMACOIIJU 
MAC01111U 
,oUCUIISU 
CO",SOOIU 

c-------------~---.. ---.----.-.------·---.----------------------------__ tO~S002u C 
C 
C 
C 
C 
C 
C 
C 
C 

H~IS SIir-WUU'.I"'t CtTEH"'\NrS FO"' ~ACH S~S- CONSOOlu 
Tt~ T~~ CYLI"'O~ICAL cu~PO~E~TS NEEutC FOR CONSOO"U 
CO"'PUTATIUN O~ T""t ~t:~ul~ED CA~T~SIAN CONSOOSU 
CU~~U"'E"'TS OF STwtSSES,ST~AINS AND OISPLA-CONSOObU 
CE~ENT. blvEN THIS ~tT U~ CUM~ON£"'TS A CONSOU711 
fUHT""t~ S~L~CTld," IS Pt:wFOkMlD ON lHE CUNS008U 
COMPONENTS T~A' CAN BE COMPUTED ~ITH TME CONSOOQU 
INT~GR'LS. CONSOIOU 
(UP\jSYS CALLS I'" Su~wOuTINE LOGStT CONSOIIU 

c---------------------_.-----------_.--------------------------------___ CuNS012u 
LUGICAL AID(27),NZ~P,"'ZEY,tPS(5),N,L 
INTtGER JARG(b,IQ) 
DATA JARG/ 

1 Q, 5, 7,IS,1~,21, 8, q,lO,22, 0, 0, 
21",15,2~,27, 0, 0, I, 2,lb,17, 0, 0, 
J Q,lO,ll, 0, 0, 0, II, ~,IO, 0, 0, U, 
II Q, 5,12, 0, 0, 0, Ib,I7, 0, 0, 0, 0, 
S2J,2".2b, 0, 0, 0, 20,~2.2S,27, 0, 01 
t~S(I) c AID(IS).OW.AIOCIQ).U R.AIO(21) 
tPS(2l s AID(20l.UR.AIO(22) 
EPS(l) • A\0(2S).OW.A\O(2Q).O~.AIO(lb) 

lPSI"l • ArO(2S).UH.AI0(27) 
EPS(~) s AIUClbl.U~.AIU(17) 

00 10 1 ::I I,~ 
J~(.NUT.~PS(I)l GU TU 10 
CALL LOGSlT(JAR~(I,I),AIO) 

10 CONTINUE 
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IO,Il,Il,ll,2Q,2b, 
".10.12, 0, 0, II, 
", b,ll, 0, 0, 0, 

18,IQ,21,21,211,2b, 

CONSO llV 
CONSOIIolU 
CONSOISII 
CO",SOlbll 
CUNSOl7U 
CONSOl8U 
CUNSOIQU 
CONS02011 
CONS021U 
CONS02211 
CUI\IS02lu 
COI\IS02"u 
COI\IS02.,u 
CO",S02bU 
CONS027u 
CO,"SU28U 
CO,..SozQU 



CO"~ON/ASDT/LArEH,NL~YS,~,~,Z,~IJ(IOl,ACtu~,LOA~,MOSI~S,~Ze~OS,M(ql~A2COIOU 
I,KS(10),E(IOl"Lrql,THIC~lql,~A~IUS(IO) ~A2[01IU 

C u ~ ~ ON II ~1)A " I X~' X , AI ( Ii ) , D 1 (q l , C 1 I Q ) , () ( Ii l , E E ( q ) , ~ (q l , (, (q ) , ,., 1 1 q l , "A 2t 01 &' U 
1 11 1 q l , " 1 1 q l , I( 21 q I , .. to I 1 0 ) , "~ 1 q ) , H U 1 Ii ) ,(\lJ U ( q l , Ii" U ( q l , Hi U (q l ,112 UIJ ( q J , .. ~ 2C 0 \3 U 
lJ2Iq),JI,Tl'IO),SS(~,IOI,GnI2(ql,~021(q),G02l(Q),GI2lIq), MA2COIWU 
l"Oll(Q),,,o2&,(q),"1'2(Q),UOI~lq),D022(q),COII(ql,COllI q),~012(q), "'lCOI5U 
wFOlllql,~112(ql,f02c(qJ,CC(W,&"q),OD(2,l,q),FF(l,2,ql,G&(2,2,10), "'lCOlbU 
~""(l,l,IOl,RR(~,l.10),OO,(q),Glij(q),~lllq),MlO(q),"U2l(ql,~~2110),"'2COI1U 
o"Ml(IO),QOII (q),Qllllq),YOI2Iq),Ylll(q),U2IZlqJ,~022(q),~IZl(q), "A2COI8u 
7GfO(Q),QFI (q),ZOII,llll,l21I,lOI2,ZI12,i212,ZlI2,ZO?I,ZIZI,ZOZ2, M'ZCOlqU 
8lIZl,Z222,K" "A2C020U 

X"'X =o.S*H'OIUSII)/T"IN MA2COliU 
K • 0 "'2C022U 
00 10 J • 1,~' ,,'lC021U 

'L(J) • 'LKIJl/(R'OIUS(Il+ALK(J)l "AcCOl~u 
Kil = 1,O-'L(Jl ,,'2COlSU 
1J011!J) • "lz.al(J) ,,'lCOloU 
QIII(Jl = l,O*'L(J)*,,'U(J+ll "~cC017u 
uOI2(J) &-"ll.~E(J) "A2C028U 
YOZ2(J) • KIZ.&lIJ) M'2~OZqU 

~122(J) • 'L(JJ.~S(Jl "AlC010U 
UFOIJ) • KI2*'ICJ)*!llIJ) MAiCOllU 
YF1IJ) .2,0*'LeJl*ll,0-NU(J)+(1.0-NU(J+I»*KI(J» "'cl012u 
If(IS"O.t.Q,I) GO TU 20 "AllOHu 
H('LKIJ),li~.IOO.O) GO TO 20· M'2C01"U 
HE(J) • -'LIJ)/II.O-'L(J» "'2C015u 
BU(J) • HE(J).2.0*NU(J+l) ,,'ZlOlbU 
RUU(J) • BU(J).K~(J) "'ZC037U 
lI"u(J) • BE(J).K~(J) ,,'lCOlijU 
IIZU(J) • H~(J)*(KS(J).Z.O*NUIJ+I» M'2C01YU 
!llUU(J) • HEIJ).(KS(J)+l.O*NUIJ+I» "'lCO"OU 
~O TO 30 ,,'2COWIU 

ZO KII. Z.O*(NU(J).NU(J+IlJ ~'.?CO"lU 
K • K.I· "'lCOIj~U 
J2(K) • J M'ZCO"~U 
GG(\,J,K.I) • K2(J) "'2COU!»U 
GOIZ(K} = Kll.Kl(J)e(l.O-u.O.NU(J+l» "'ZCOUOU 
GOll(K} =.~ll*KlCJ) "'2Cuu7U 
GOZ2(K) • (KII.~ZIJ»*KIl MAiCOlj8U 
GlllCK) =-l.O.~U(J+l)*'L(J) "'lCO"qU 
MM(I,I,K+l) =.l.O+~.O*NU(J)_KI(J) M'ZC050U 
MOIZ(K) .-l.O+l.O.~U(J)+o.O*NU(J+I)-~U(J)-(l.O-u.O.NU(J+I))* ~'ZC05IU 

Kl(J) "'ZCOSlU 
~OZI(K) • MM(I,I,K+I,*KIZ "'lCOS3U 
"021(K) .-Klc*II.O-l.O*NU(J)-b.O*NU(J+l).K"(J)-KI(J» M'lCOS"U 
Hlll(K) • Z.O*ALIJ)eNU(J+I) MtlC055U 
OOCI,I,K) •• KO(J) "'lCOSbU 
OOll(K) •• Kb(J).~S(J) "'lC057U 
OOCZ,I,K) •• KIZe.orJ) "'ZC058U 
DOl2(K) •• ~u(J).l.0*OD(2,I,K) ",icos.u 
COII(K) =-I.O+~.O.NU(J) "'lCObOU 
COIZ(K) • U.O*NU(J)*KS(J) M'lCUoIU 
CCC2,I,K) .-Z.O "'lCOoZU 
EOll(K) •• KII "'lCOoJU 
fOll(K) • KU(J)-l.OelNU(J)+NU(J+I» "AZCObUU 
Flll(K) • Z.0*t.Ol1(K) "'lC~oSU 
~OZl(K) • 1.0-~.O.NU(J+I) "'iCOhOU 
ff(Z,I,K) • Z.O "'2COolU 
DOZlK) • 2.hKIZIKI (J) "'2COoIIU 
GZO(K) • KIZ*(I.O-I.O/K1IJ») ,,'ZCOoqU 
GZICK) • 'L(J).0.5/KI(J) "'2C070U 
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H20(KI ~ KIZ*CI,O+I,O/KI(JI) 
30 CU"'TI"'uE 

J I : 1\ 

DU"''''':O,O 
T21NLA1S1 ~ 0,0 
DO uO I( = 1",101 

DU"''"'':DUM'''Y+THICK(I() 
'Z(K)=~,O·T"ICK(K1/~ADIUS(J) 
H(~)aDU"'''''/RAPluS(I) 

1112 : I.O.AL(II) 
1.1112(0() = .1(12*~(I(I.H(II)+('1111(1I)"K')(I\) 
Q212(K) a AL(II)*H(II).(2.0."'U(II+I).I(S(K) 

UO CONTI"'UE 
IF(L'YtR.tU."'LAYS) GD TO ~O 

"'2C07IU 
MAZ(07ZU 
"A~t071U 
HAcC07/jU 
""Zt07o"U 
MA2C07oU 
MA2t077U 
MA2tu71!U 
I'IA2CU7qU 
"'A2(OROU 
,.A2C08IU 
""2COI!2U 
,""A2CO!!3U 
'""2CO!!IIU 

c------------.-----------------.------.. ---~----... --------.--------____ ~A2C08~u C THEH ((,,,,ST&II,TS Akt USED FUR IH~ AS'MPTn. HAZC08bU 
C Tit t~ALUATIUN UF IHt lHAHACTE~lSTI( HAZL087U 
C ~UNCTJ(JNS I'" HAhill, MA2CO!!8U 
C._----------------.-.-----------------------------------... -------- __ .. MA2CO~qU 

J : LAYE.~ 

~KI : 2.0.~U(J+I)oCI(J' 

RKZ = 2.0."'U(J+I)o'I(J) 
RII} : 2.0."'U(J+I)*D(J) 
1021 = UOII(J).Cl(J) 
RKII: l021t101(J) 
1112 = I.O.AL(JI 
lOll = UOII(J)*OeJ) 
ZIII ~ AL(J).(~K]·G(J)·I(S(J).81 (J»-RIIII 
Z211 = AL(J)."IJ)·(81(J)-IIIJ)·kKl) 
lOl2 : -1I12'(D(J).tE(J)+AI(JJ*G(J» 
ll12 : UI22(Jl.(~K2-~(J)+~K~.tE(J»)+KI2.H(J).(AI(J). 

I "'I (J)+CI IJJ'f.UJ)-D(J)."(J») 
Z212 = -'L(J)."'IJ).(K~IJ).(kKl.~I(J)+ll(J)I·WK1+Et(J)+ 

I R~i.G(J))·kKII.H(J) 

l's I 2 : A L ( J ) ." ( J i Hi ( J ) • ( Ii I ( J ) .. R K I -I I r,J ) ) 
llZI = AL(J).(~KI·HI (J)+II(J)) 
l022 : 1112*(AI(J)"II(JJ-EtIJ)eCI (J» 
llZ2 = ALIJ).( ... K2.tE(J).K~(J).(RIII+11(J)).~K" 
1.222 : Zlcl."(J) 

':10 RETUiiOj 
EIlfD 
SUbWDUTINE CO~PNTIR,HUSTRS,LU'D,Z,N2,L2) 

""2COqOU 
HA2t:OQIIJ 
HA2COQ2U 
HA2COQ)U 
MA2C09uU 
MA~lOQo"u 

MAZCOQbU 
MA2C0971J 
MA2C098U 
M'ZCOq<iU 
HA2Cl00U 
MAiCl011J 
HA2Cl0ZU 
MA2tIO]U 
HA2CIOIIU 
,..A2Cl0';U 
,.A2(IOoU 
""cCl07U 
"'A2C108U 
MA2CI09U 
MA2CI10U 
MA2CIIIU 
CUNPOOIU 

c--------._.------._._ .. _.--_.--._.---.-.--------------------------- ____ CuNP002U 
C 
C 
C 
C 
C 
C 
C 
C 

PUI"'T-tU"'POOH THIS SU~wDUTI"'E UtTtkMINtS ~U~ EACH 
LOAD CU"'FIGU~ATION StPA~ATlL' THE 
INrt(,kALS IIfHlltll ~O~ CO",,,uTATJD'" OF THE 
UESlwtD CDHPUNt~TS U~ STRtSS,tTC. 
FU~ PUJNT~ AT THE RJM OF THt LOAD SOME 
CUMPU"'~"'TS l'N~OT 8l CALCULATlD K~CAUSE 
OF SJ"'GULA~ ~tHAvIOUR, A "'ESSAGE IS 
PRI"'TED. 

COIliPOOliU 
CuNPOOo"u 
CUNPOObU 
Cu",P007U 
CONP008U 
CU"'''009U 
COIlfPOIOU 

c------------------------ .... -------------_.---._.--_.------·--------- __ lU~P011U 
LOGICAL STRfSS.EPS,WLUN.IliZ,LZ 
REAL LOAD 
IIIiTtGE~ IA~G(b,12).KA~G(b,/j).JJ(12,l':l) 
CO~HUI\l/STWDT'/STHfSS(271,EPS(17).RLO~,5T,CT,L,'CC 
CO""'I.)N/TAl-'t/IliOUT 
CATA 1'~"1 

I 701Z,I7, 0, U, 0, 
2 7, 8. Q.!Z,!",17, 
3 7'\2,1u,I').17, 0, 

li.1"0I7. O. 0, 0, 
7, q0l2,111.17, 0, 
bolO,lb, U, 0, 0, 
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10.11. 0, 0, 0, 
8, 9, 0, 0, O. 

10.1's,lb, 0, 0, 

CUIIoPOl2U 
lU"'I-'013U 
lUIliPOlliU 
CONPOI'!!U 
cur.POlbU 
CO"'POI7U 

O,CDNPOl8U 
O,CUr.POlqU 
O,CO~P020U 



Q 7, 8,12,1~,11, 0, 
DATA "HI('I 

0, 0, 6, ~. 0, 0, o. n/C(J~~021U 

1 1, 2. Q. O. O. 
2 ~, 5,\0,\1.12. 

01. TA JJI 
1 1, 0, 0, 0, 0, 
2 0, I. 0, 0, 0, 
i I, I, 0, 0, 0, 
Q I, 0, 0, O. 0, 
5 O. 1, O. 0, 0, ° I, I, 0, 0, O. 
7 I, 0,1.-1,-1, 
8 0, I, O. 0, 0, 
«;I I, I, 1,-1,-\, 
TI.O,I,I,I, 
1 0, 1, 0, 0, o. 
2 I, 1, I, I, I, 
l 1, 0, I, I. 1, 
Q O. I, 0, 0, 0, 
5 I, I, I, I, I, 

.... lllH s 0 
DO 10 1 '" 1,17 

0, 
01 

0, 0, 
0, 0, 
0, o. 
0, O. 
II, 0, 
0, 0, 
0, o. 
0, -I , 
11.-1. 
0, O. 
0, I, 
0, 1, 
1, 0, 
0, I, 
1. 1, 

E. P S (1) '" • f A L St • 
10 CO~Tl .... uE 

J=J 
1~(&8S(STI.LT.ACC) 

l~(AbS(CT).L',ACC) 
If(HUST~S.LT.ACCJ 
IF(RLU-) 
IF (l.LT .ACC) 
I&J+IQ 
GO TO 50 

20 1=2 
If(RLO") 
GO TU 50 

30 I=J.r; 
I~(Z.LT.ACC) 

GO TO 50 
QO I=J+ll 

2. Q. O. O. O~ 0, 

0, 
o. 
O. 
I. 
0, 
I , 

O. o. 
0, 0, 
0, 0, 
0, 0, 
1 , u. 
1. 0, 

0, 0,-1, 
0, O. 0, 
0, 0,-1, 
0, 0, I, 
0, 0, 0, 
0, 0, I, 
I, 0, I, 
0, 1, 0, 
I, I" I, 

0, 0, 
0, 0, 
0, 0, 
0, 0, 
0, 0, 
0, 0, 
t , -I , 
0, 0, 
I , -I , 
1, I, 
0, O. 
1, I. 
1, I, 
0, 0, 
1, II' 

J-l 
Js2 
GU TO 
GO To 
GU TO 

20 
30 
£10 

1=1 

I, 2, 0, 

IF(ABS(R-I.O),LT.ACC) 1=1-1 
'IF (STRESS( Q).OR.STkESS(IO)CALL LU(,Sll(KA~G(I,I),EPS) 50 
IF(STRESS( 5» CALL LUGSET(KAHG(I,2),EPS) 
J~(STWlSS( J) lPS( i)=.T~UE.. 

IF(STklSS(ll» E~S( Q)=.TRVl. 
IF(SIUE.SS(12)) CALL LUGSET(KA~G(I,3),I:.P5) 

IF (STRESS( b).A~D.(Z.GT.'C() l~S( 11=.TRUl. 
IF(.NOT.STUI:.5S( 8)1 (,U TO 00 
IF(Z.LT.ACC) GU TO 00 
J~(R.GT.'(C) E~S(5)s.TRUl. 

00 IF(I.LT.l) GO TO 180 

70 

00 «;10 J s 1,12 
1~(.~OT.5TWE5S(J) 

IF(JJ(J,I-2») 
.... ER .. - 1 
STRESS(JI •• FALSE. 
L2 '" .FALSE. 
GO TO «;10 

GO TO «;10 
7U,«;I0,80 

eo CALL LOGSET(JAR(,(I,J),EPS) 
«;10 cOPon '-lUI:. 

100 
IF ("I:.RH) 100,100,100 
I~(I-IO) 110,130,120 
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ClJ~ ... oau 
o.0,0.((.; ...... 023 u 

Co ... P02<lU 
CO",P02r,u 
CONP02bU 
lO'-lP027U 
('ONP02I!U 
CONP02«;1U 
lUN~OiuU 

CUN~O H U 
CO ... POiZU 
CO"POHU 
CONPOiQU 
lO"'P035U 
CONP03bU 
CONPO}7U 
(UN1'018U 
CUNP03«;111 
COIII~OQOII 

COf';POQIU 
CO",POQ2U 
CU"POQiU 
lU~POQQU 

ClJN~OQ5U 

CO'-lPlJlloU 
CONPUll7U 
CO'-lPOll8U 
CUIIIPOII«;lU 
COf';~or;OU 

CO"P05IU 
CONPO':l2U 
cur.l'oSiu 
CO ... PU5Io1U 
CO"1'05r;U 
CONPOr,bU 
COIIIPOr,7U 
COIliPOSI:IU 
cOIIIPor;QU 
CO'-lPObOU 
CU"'POoIU 
CON~002U 

CUN~OolU 
CONI'OOlHI 
lOlllP0050 
CUNPOObU 
CO",POb7U 
CU/jPOoI:IU 
CONI'Oo«;lU 
COIII~070U 

CO"P07IU 
CO",P072U 
CO",P07iU 
CUIIIP07~U 

CO",P075U 
CON,",070U 
COIII~077U 

CO"1'078U 
CO"I'079U 
CONPOI!OU 
CON~081U 



110 

I~O 

110 

"loll TE (NUUT ,qOOo, 
GO TO 1110 
"IoIIH.(NUUT,qO?O) 
STI<[SS(IJ) : ,FALSE. 
GU TU 141> 
"HI TI:: (NUUT ,qOI 0 I 
ST"~SS(11) = ,FALSE. 
IHsr'H.SS(12) foU TU 1'50 
IF(ST~[SS(5),0~.ST~lSS(b) 

IHSTOieSS(1I!1)) GO TU 1'50 
IF(STloItSS(17) GO TU ISO 
IF(STQ[SS(20) GO TO 1'50 
IF(srlo/[SS(22) GO TO ISO 
IF(STQeSSI~~)) GU TO ISO 
IF(STH~SSI27)) ~U TO 1'50 
"42 = ,FALSE. 

150 ST~tSS(18) E ,FALSE. 
SY"t:SSClq) : ,FALSE. 
ST"~SS(21) = ,FALSE. 
ST~~SS(21) : ,FALSE. 
srlol~SS(2") E ,fALSE, 
STlo/tSSI21!1) : .FALSE, 

II!IO IF(LOAD,GT,ACC) GO TO 180 
OU I 70 J = I. S 

170 EPS(J) = .~ALS£, 

GO TU I~O 

CONF'082U 
CIlNPOII1U 
CU""\i!l41J 
CU"'flOtl~1J 
CUNP08bO 
CUNP087U 
CO"'''U!l8U 
CU",POSqU 
CO"'POqOIJ 
CONPU'H u 
CUNf'Oq2U 
CUNPOq1U 
CfJ"'POq"u 
CU"'POq~U 
CONPOqbU 
CUNPOq7U 
lO",POqSU 
CO"'POqqU 
CO"'PIOOU 
CONPIOIU 
CDNf'I02u 
ClJNPI01u 
CONPIO"U 
CONPIOSU 
CO"'PIObU 

180 IoI[TUR'" 
qooo FORMAT(" AT 

IULAIjITl'") 
TMIS POI"4T SWk,STT,ERIo/ AND Ell HAVE A LOGA~ITHMIC 

qOIO FORMAT(" AT THIS POINT SRT _NO ERr 

CONPI07U 
SI"C;CU"'PIOSU 

ClJNPIOqU 
MAVE A LUGARITMMIC SINGULA~ITY"ClJNPIIOU 

1 ) 
q020 FORMAT(" AT TMIS POINT 

IMIC SINGULARITy", 
E"'O 
SIII;"'OUTI"'t.° GE"'OAT("',"'HRCS,R,'CC) 

CUNfllllU 
LOGARlTMCO"'PlI2U 

CO"'PII1U 
CONP114U 
G~NOOOIU c--------.--------------------------------------------. _______ · ________ .G~NU002U 

C THIS SU~Io/UUTINt. GIvES THt. Zl::kUS U~ TH~ G[ND001U 
C PIWOUCTS JOIXRl*JI(X) ''''0 JI(~kl*JIIX) IN ('ENOOO'lU 
C TMt IeIGHT ORUEIoi. THt SUBSt.(W[N! It.I<OS AilE GEt.OOOSU 
C STOk~O I'" lEkOS ~OOi USING THEM I'" INGRAL, GENOOObU 
C THE ZtlollJS lJF JO ANU JI 'kE STORtlJ 'S GE"'D007U 
C ~ltROS IN T~E IILUCK DATA, u~~D008u C--._---------._._ .... -._.-----------------------._.--______ . ___________ ~~NUOOqU 

COM~0~/~~DAT'/IIZ~RUS(I"q,2),ltROS(2~8) 

IF(R.LT.ACC,OIo/.'IIS(~-I,O).LT,ACC) GO TO "0 
1·1 
Jel 
00 20 K=I,j!qa 

IF(I.GT.1Uq) GO TO 10 
IF(J.~T.I~q) GO TO 30 
IF(8ZE~OS(I.2).LT,BZEROS(J,~+I)/R) GO TO 10 
ltHOSI~) c BltROS(J,N+ll/H 
J=J+I 
GO TO 20 

10 ZEIeOS(K)a6ZERUSCI,2) 
1=1. I 

20 CO~TI"'U~ 
10 "'Zt liDS .... -1 

W~TUR", 

"0 H!k,GT.'CC) GO TO 70 
50 00 bO 1=1,I"q 

l~1oI0S(1)=lIlEROS(1,2) 

::<-18 

Gt."'DOIOU 
t>ENDOllu 
GENOOl2U 
uEN0011u 
IOt:NUOluU 
G~"'DOIo;U 
~~NDOlbU 

GtNDOl7u 
(,E ... UOlllu 
GE,".,O tc~U 
GENUUcO U 
G~N002IU 
(,~ND022u 

IOt.I-002 }U 
(,~ ... D02uu 
GEr.Ou25u 
(,~"'002bU 
Gt.ND027u 
Gt"'002tlU 



bO CONTI~u~ ~~NDUZqV 
NZEROSa,"q ~t~~OlOU 
RETURN ~~ND03IV 

70 IF (I".E(.I.I) GO TO .,U lJl:.,.f)OJ2u 
DO 80 K:o I, 1'1"1 lJL~L;Oj 11.1 

ZE~OS(Z*IC-I':dlt~OS(K,11 G~~D03I1U 
lEIlOStZ*1C IzltlEIIQS(K,'!) ~E.t.DOj5U 

80 CONTINUt t.lNOOloU 
NlE~OS:02q8 GEN0017U 
RETURN b~~OOj8U 
END ~tNOOlqU 
SUBROUTINE ASY"PT(R,ACCI ASY~OOIU 

C-------------------_________ ._. ______________________ ------------- _____ ASYM002U 
C 
C 
C 
C 
C 
C 
C 

THIS SUb~UUTI~E OHGAN!ZlS THE CUMPUTATION 
O~ Tt"E ASYMPTOT IC pun U~ TH~ INTEGIUL.S 
AS USEO ~OR THI:. TO"-L.A'~H ONLY. 
AS''''''' CALL.S IN SU~HUUTINI:. ASS 
AS''''PT CALLS IN ~UNCTIONS FLL~ 

FlLI( 
~l"'I:IOA 

AS'~OO}U 

65''''00IlU 
A~''''OO,;)u 

"S'MOOeU 
AS' ~ 0 0·' U 
"S''''008U 
"Sy."'ooqO 

c--·-~---------------------------------------.-------- --------------- ___ ASyM010U OOUl:IlE PHlCISION OR,KACCZ.C,ELLE,lL.L.I(,FL.L~,FL.L.K 
CO·~ON/CONST/C,EL.LE,ELLI(,AL.H8DA 

IFtR.LT.ACCI GO TO 10 
DR=O&LEC~) 

KACC2=((1.000-OHJ*tl.ODO-OH)+C*C)/(CI.ODO+OR)*CI.000+UH)+C*C) 
lLLK=FLLK(KACCZ) 
ELU =~·LLE CKACCZ) 
ALHI:IOA = FLMBOA(UA,C,ELLK,tLLE,KACC2) 

10 CAL.L ASS(ACC,R) 
R~ TUIHt 
END 
DOUbLE PHECISION FUNCTION fLLK(ICACCZ) 

ASY"'OIIU 
AS'MOllU 
AS'I'HOI3U 
A5,HUI"U 
A5'1'"015U 
AS'MOloU 
ASYMOl7U 
ASY'10ItlU 
ASY"'Olqu 
A5'1'M020U 
ASYM021U 
FLLKOOIU 

c-------------·_··-----·_----------------------------------------.----__ fLL~U02u 
C 
C 
C 
C 
C 
C 
C 

T~IS ~U~tTIOhSU~~UuTINE £VALUAT~S T~~ 

CO"PU TE ~LLlI'TIC INTEGRAL OF Tt"~ f I~ST 
KIND FRU'" A SEHItS-tlPA~SIO~ 6CCO~OI~t. TU 
8'1'kO AND fRIEO"AN,~6NU~UOK O~ LL.L.IPTIC 
INTEGRALS ~OR EN~I~~t~S ANO I'HVSICIST5, 
~ORMULA qOO.OO fO~ KAC(2.~I:..O.~ 

FOkMULA qOO.Ob ~UH KACCe.LT.u.S 

~LL."OOJU 
~ LLKOOIIU 
~LlK005U 

~LL.I(OObU 

fLL"'007U 
~LL1(008U 

~LlKOOqU 

c-------------------------------------------------------------------- __ .FlLK010U 
DOUBLE PRECISION KACC2,KA,~1,KACC FLLKOllU 
KA c I.OOO-KACC2 ~L.LI(OllU 

IF(KA.GT.O.';)OO) GU TO 10 FLLKOI1U 
fLLK=I.000.KA*(0.ZSOO.KA*(0.I"OeZ~DO+KA*(0.Oq70502~00+KA.(O.07117btl~LlKOIIIU 
100bIl00+KA.(O,Ob05b2Ij3800.I(A*CO.OSOtl~qul';)OOO+K'*(0.O"jtl7h7q3700 .... '~lL.I(UISU 
Z.(0.018.,b';)J"b500+I(A.(O.03w3qyJlo"OO .... A.(O.0110"~IIUI20O+K'*(u.0282~~LL.I(OlbU 
172J,;)lOO+KAaCO.02';)Q7 Q 07I1JOO+KA*(0.02"01ql152uo+KA*CO.Uc21l"lOI200.KfLlKOI7U 
"A*0.0208bqq708DO)))))))))))))) fLL. ... Olt1U 

GO TO JO FLL.KOlqU 
10 KACC=DSQHT(KACC2) ~LLKO~UU 

IFCKACC.LT.I.OD-O") GO 10 20 ~lLKOZIU 
"I=-DLOGCKACC) fLLKOZ2u 
FLLK=~I*(I.OOO+I(AC(2*CO.Z,;)DO+KACC2*(0.IWOb~500+I(ACC2.CO.Oq7bS02S00FLLI(023u 
I.KACCZ*(O.07"70tlOboIlOO+1(6C(Z*(O.Ob05bZI31~UO+~'CC2.CO.050~8qOI5 nfLLKOZ"U 
~0.I(ACCZ*CO.O"3~7~7Y37 UO+KACC2.(O.018~b5j"b~ nu .... AlC2.(O.01w3QQ3lb f LLKOZSO 
111 00+KACC2.(0.0110",;)"012 OO+KACCc.CO.02H287l353 OO+KAtC2.(0.OZ,;)Q7QfLLK02bU 
"07"} 00+KACCl.(0.02wOIQIIS2 DU+I(AC(2*0.u221l"IUI2 OU))))))))))))))FlL K027u 
~+1.1802QllloOOtKACt2*(~.oY~S7j';)QOjDO+"'ACCZ*(0.o308H51"II~DO+"'ACCZ*(0~LL"'OZ8U 
b.01"Q37cOOwOOtKACCZaCO.OOtl7bb31ZZ00+""LL2*(u.00S7S"8877DOtKACCZ*(OFL.LK02qU 

F-19 



7,OO~Ub~65~500.KA([?(O,OOJ0225~b500+KACC2.(U,002Ji~l~'~OO.~ACC2.(O~LLKOJOU 

8,OOI~~BD70JDO.KAC(2.(O,OOI~IJ~llbDO+KACL~.(O,001~~b~qIIUOtKA[C2.rO~LLKOiIO 
q,OOIO~4q2~700.~At(2.(O,OUO~Obv~qbQO.KACC~.O,OOU1H~~11~DU»»)I»))FLLKu320 

T») ~LL~UJJU 

FLLK = 2.000.FLL.'J,I~I~~2b~3500 FLLK03wO 
bO TO 30 ~LLKOJSU 

20 FLLK = 0,000 ~LLKO}bU 
30 ~ETUAN fLLKOJ7U 

f:o.jO ~LLI\UHO 

OOUHLl PHf:ClSIO~ ~u~C1ION FLL~(KACC2) fLLlOOIV 
c------.-------------------------------------------------------------- __ fLLtoo2U 
C T~IS FU~C1IO~SUkROUTI~E EVALUATlS T~E ~LLE003u 
C CO~PL~Tf: ELLf:PllC IN1~~HAL OF r~t StCOND ~LLlOO~U 

C Kl~D f~O~ A SEHltS-tXPA~SIU~ ACCURDING TO ~LLE005U 

C ~lHD A~O FHIf:D~AN,~A~DbUO~ O~ tLLIPTl~ FLLtOObU 
C I~Tt~H'LS ~UH E~GI~tlHS A~D P~YS1[ISTS, ~LLE007U 
C FOI/MULA qOO,07 fOH "ACC2.G~.O,S fLLEOO~O 
C FOHMULA qOO.IO ~UfoI·"ACC2,lT.0.5 FLLI:OOQU 
C--------------------------------------------------------------------- __ ~LLI:OIOU 

DOU~LE P~f:CISION KACC2.KACC,KA FLLlOI1U 
Kl = I.OOO-KAtC2 ~LltUI2U 
IF(U.Gr.O,~DO) GU TO 10 ~LLtOI3U 
FLLE=I,OnO-KA.(O.25nO.~A.rO.O~b87~OO+KA.(O.Olq~312~DO+KA*rO,OI0h8I F LLtUIQU 
1152JDu+~A.(O,UOb12qI2bODO+KA.(O.OOWb2b27~IDO+KA.(O,OOj37~2ql~DO+KAFLLf:0ISU 
2*(0.00251102J1DO.I\A*(O.OOlOl3wqO~DO.KA.(0.OOlb139b~~D0+~4.0,OOI3w7FLltOlbV 
101IZDO»»»»)) ~LLEOI7U 

GO TO iO ~lLEOI~U 
10 KACC=DS~HT(KACC2) ~LLEOlqU 

IF(KACC,LT.I.OD-O~) GO TO 20 fLLt020U 
fLL£=I.ODO-0.SOOO.KlCC2.DLOG(KlCC).(I.ODO+KACC2.(O.17~OO+KA[C2.(O FLLt021U 
1.2jQj7S00+~ACC2.(0.ll084HwJ'~Dn.K'CC2.(O.llQ~M2~lqbOO+KA[C2.(O,IIIFLL~022U 
203n~78boo.KACC2*(O.Oq~508171 IDO'KACC2.(O.O~t~7Z7l~~OO+KA[C2*(O,n7ZFLLE02iU· 

38~5b51bOO+KACCZ*(U,nb53~H'jq3IJO.KAC[2.(u.OSqCbrluqlIOO+KACl2.(O.05U~LLE02~U 
Q21'lOIIUO.KACC2.(o,O~q9~q7bUbDO'KACC2.(O,O~b122~802DO+KACl2*O.OU\IFLLE02S U 

~;92bc3001)11))))I)))+0.2~OU*"'Cl2*(I,77l~88722UO'KA~l2*(O,227Z2nFLLt02bU 
b7707DO.~ACC2.(O,O~7325QBI7DO+KACC2.(O.04bI7BO~SbDO+KACC2*(0.02"~~HFLLt027U 
7001200+K'CC2.(O,OlqWI8q7l3DO+~ACC2.(0.OIUO~87SIROO+KA[C2.(o.nIOh~8~LLt02BU 
8qQl~DO.~ACC2*(0.0063w~58Y5DO+KACC2*(0.0067Ibb7j7DO+KACC2*(O.00~~22~LLE02qu 
q28H8DO+KACC2*(O.004h20~q3~DO+~ACC2*(O,003~2lq30~OO+KACC2*(0.003372 F lLlOlOu 
T25wQDO+KACC2*0.002q2qq2YHUO»»»»»»» ~LLEOllu 

FLLE = 2.0DO'fLLE/3.1~I~Q2b~1500 FLLt012U 
GO TO iO FLLEOBU 

20 FLL£ = 2.000'3.1~I~Q2b5j5DO FLLtOl~U 
10 lit TURIIt FLLt035U 

tND ~LLEOlbO 
FUNCTIO~ FLM~Dl(OR,C.£lLK,~LLt,KACC2) FL~~OOIU 

c----------.-.------ ... ---._.----.- .. ---------------------.-------------fL"~002v 
C 
C 
C 
C 
C 
C 
C 
C 
C 

THIS fUNCTIUNSUHHUUTINt tVALUATtS THE 
HtU~AN·S-L'~~OA ~UNCTION ~AOM A StHlts
~XPANSIUN AC~OI/OIN~ TO 
~YHU '~D F~ltD~A~,HANDbOOK OF ~LLIPTIC 

INrt~H'LS FOR t~~INtE~S A~D P~lSlCISTS, 

FL~B001U 
FLMB004U 
FLM~005U 

FlMbOOb U 
~LMB007U 

FLMIlOOflU FOk"'UL.A q04,OO 
USE 1 S "'0£ O~ TfotE 
GHAlS UF THt Flfo/ST 
AND tlLf tVALUATlD 

CO~PLlTt ~LLIPTIC INT~.FL"'BOOqU 
AND SteOND KINO tLlK~LMHOIOU 
Hl FLLK AND fLLE. FlM~OIIU c----------------------------------------------------- ___ . ______________ ~LMbOlcU 

OOUHLE P~lCISIO~ Dk,0.SI~,SU~,p"I,DS.DC.A,T,Al,KACC2.T~AI.DA~.~LLKFL~~011U 
I,ELL~.E,K,C FL~1l01~U 
O'k = DlHS(I.ODO-ON) ~LM8015u 
IF(C,LT.Olk) GO TO 10 FLMIlOlbU 
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O'SI~ = O'HIC ~LMbOI7U 
P~I = , ,5107qbll.HDO-D'T'~CDASI~) ~LMHOI~U 
GO TO in ~LMbOlqU 

10 O'SI~ = C/O'H ~LMb020u 
IFCC,LT,(O,IO-O~.O'~» GO TO 20 ~LMU02IU 
P~I : D'T'~(O'SI~) ~LMb022u 
GO TO in FLMSOZlu 

ZO PMI : DAS1~ FLMBOZ4U 
10 IF(OABSCPMI-I.~'07qb!2beOO),~1.I.OO-b) GO TO QO fLMFOZ~U 

FLMijOA=I.O FLMb02bU 
GO TO bO FLM~0;7U 

40 os=osr~(p~l) FLMh028U 
OC=DCOS(PHI) FLM~02qu 

~ • tLLt fLMb030U 
~ = ELL~ FLM~OlIU 
FLMbDA=PMI*t ~LMB03ZU 
T=O.SOO*IPHI-OS*OC) fLM~OjjU 
A=O.SOO*~'CC2 ~LM0014U 
SUM=A*T*IZ.ODO*«-E) fLMBOl5U 
IF(SU M.LT.I.OO-Ol) GO TO ~O fLMB03bU 
1=1 fLMB037u 

50 FLMKO' = FLMH01-S~L(SUM) fLMb038u 
1=1+1 fLMBOlqU 
11.1 FLMb040U 
T.'1=2.000*'I-l.000 fLM~04IU 
T=0.500*T*T.'I/AI-O,500*OC*IOS**T.'I)"1 ~LMB042U 
':O.500*A.(T.AI-Z.ODO).~1CCZ/AI FLM~04jU 

SUM.A*T*C2.000*AI*K-T~'1*~) FLMb044U 
IF(SU M.GT.I.00-07) GO TO ~O FLMh04~U 

bO NtTUWN FLHH04bU 
tNO FLMb047U 
SU"AOuTr~t 'SS(ACC,A) '55 OOIU 

C------------.-.-------.-.-----------.-.-.--.-.. -.---------------.--- ___ A55 oo~u 
C TMIS SUBROUTINE COM~UTES TMt LIPSCHITZ- ASS OOlU 
C HA~KtL INTtuA'LS ICI,J,K) ~RUM lX~~tSSI- ASS OO~U 

C O~S 1~ EARLIER ~vALUATtO ELLI~lIC FU~CTI_ ASS 005U 
C O~S OF THE FIRST AND StCO~O ~I~D,ELLK AND ASS OObU 
C ~LLE,ANO HEUMA~·S.LAMHOA FU~C1IO~,ALMHOA. ASS 007U 
C N~F~WtNCE ASS OO~U 

C E'SON,NUBLt AND S~EnonN,CEHTAI~ I~TEGAALS ASS ooqU 
C OF LI~SCHITZ-HA~KEL TY~E INVULVING ~WU_ ASS OIOU 
C OuCTS UF HESSEL FU~CTIO~S,PHILOSO~HICAL ASS OIIU 
C TkA~SACTIONS,VOL 247,S~HI~S Aq35,A~HIL ASS 012U 
C IqS5,PP S2q-5~b. ASS OllU 
C fIUMI=ICI,01-1) ASS Ol4U 
C FIOO =ICI,010) ASS 015U 
C FIOI al(I,011) ASS OlbU 
C FIIMZ=I(I,I?-Z) ASS 0170 
t ~IIHI=ICI,11-1) ASS 018U 
C Fl10 al(I,110) ASS OI~U 
C Fill aICI,111) ASS OZOU 
c-----_.------._.-----------._ ... ·---·_·------.. -·_·--·_··.-----_·_---._&55 021U 

CUM~ON/CO~ST/C,EL~t,ELL~,ALM"DA ASS 022U 
COMMON/CNTI~~/FIO~I,fl·OO,FIOI,FtIMl,FIIMI,~IIO,flll ASS 021U 
OOU~LE ~RECISION OH,C,OtPR,OlMR,OCZ,OR12,DHT,OAO,ON2,ONC2,ORNT, ·ASS 02~U 

IOEMRR,~LLE,ELLK '55 02~U 
EC = S~~L(C) ASS 02bU 
IF(N.LT.ACC) GO TO 20 ASS OZ7U 
E~R • I.O-W ASS 028U 
EPR • I.O+A ASS 02~U 
C2 • EC*EC ASS 030U 
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HT2 : Cr+[PH*EPR ASS 031U 
HT : SQRT(RT2) ASS U.h'U 
Hi : ~.H ASS 01SU 
t .... I< : 1,0-1<2 ASS OjjjU 
Ok = OBLE(H) ASS Ol~U 

DEPR = I,ODO+DH ASS OlbU 
CE~~ = I,ODO-DR ASS 037U 
ne2 = C*C ASS 03Mu 
DI<T2 = DC2.Dt~H*DtPR ASS Oj~U 

DRT = DSUHT(DRT2) ASS OjjOU 
DAD = DC2+D[~R.DEMR ASS OlllU 
DR2 = DI<*DR ASS 01l2U 
ONCl = DR2+DC~ ASS OillU 
ONRT : DN*DNT ASS OjjilU 
Dt"',<H = I,ODO-DR2 ASS 01l5U 
~IOI = 0,5DO*(lLL[.(I,OUO·DRC2)/(DAD*D~T).~LLK/nI<T) ASS oabU 
FIIO : UHT*(tLLK*(I,ODO+DHC2J/DUT2.[LL~)/(2.0DO*DR) ASS 01l7U 
Fill : C*([LL~'(I,ODO+OI<C2)/DAO.[LL~)/(2,ODO*DRRT) ASS 01l8U 
F 10"'1 : 0,500*!;LLE*O'd ASS OjjQU 
1'100 : .0,~1}0*C*ELlK/DI<T ASS 050U 
~ 11"'2 = -C*(C*tLLt*~RT/(jj,ODO.DR)-C*I:LLK*(I,ODO+DH2+0,5DO*DC2) I ASS 051U 
1(2,OOO.DHRT»/3,OOO+O~*(OHT.ELLt/2,OOO+r.E"'RH*tLLK/(2.ODO*OI<T»1 ASS O~~U 
2j,ODO.(ELLt.D~T/(2,ODO.CU).Dc~N"'*ELLK/(~,ODO*DRHT»/3,000 ASS 0~5U 

1'11"'1 = O,5DO*(U,5DO*I:LLE*C*DRT/OR.ELLK*l*(I,OOO+DR2tO,5DO*DC2)1 ASS 0511U 
IDRRT) ASS 055U 

HLP : R ASS 05bU 
IF(",GT,I,O) "'LP:I,O/U ASS 057U 
IF(A~S(t"'R).LT,AC() GO TO 10 ASS 058U 
FIO~I = Fl0"'I+O,5*(S~~L(tLL~)*[HHR/l<t+SI~~(EC*ALMSDA,I:MR») ASS OSQU 
1'100 = FI00+O,S*SIG~(6L.~DA,.l"'Rl ASS ObOU 
1'11.2 = ~11"'2.£(*AL"'~uA.SIGN(I,U'£"'I<).E"'HHI(Q.O.R) ASS OblU 
FIJ~2 = FII~2.EC*(~LP/2,O."'L~)/3,O ASS 002U 
1'11"1 = Fll"'I.SIG~(0.2S.t"'H)*tMH"'*ALM~DA/~+O,5*HLP ASS Ob3 U 
IF(R.t>T,I.O) GO TO 10 ASS ObQO 
FIO~q = ~IO"I-EC ASS Ob5U 
1'100 = ~100+1.0 ASS Oboll 
GO TO 30 ASS 007U 

10 1'10"'1 = fIO"'I-O.So£C ASS Ob8U 
1'100 = ~100+0.5 ASS 009U 
Fl1H2 = FII"'2-0.5*EC ASS 070U 
Fll"'l = flll"I+O.5*l1lP ASS 071U 
GO TO 50 ASS 072U 

20 '0 : I.O.~C.EC ASS 073U 
RT : SQRT(AO) ASS 07~U 
AORT : AO*NT ASS 07SU 
rlOI = I .O/'O~T ASS 07bU 
FIIO = O,5/AORT ASS 077u 
fill: 1,5*EC/(AD*ADRT) ASS 0780 
Fl0"1 = RT-EC ASS o 7 CHI 
flOO = I,O.H/~T ASS OIlOU 
FII'''2 = O,'5.(ln-ECl ASS 081U 
FII"'1 = 0,'5*(1.0-H/",T) ASS 08211 

30 "ETUHN ASS 083U 
l~O ASS 08~U 

SUbROUTINE INGU'L(lL,I~Tv,INTT,I~T) INGNOO\O c----------------.------------------------------------_________________ .J~~~002u 
C 
C 
C 
C 
C 

TMIS SUBRUurlNt lONTROLS TH~ SI~ULTANEOUS ING~OOlU 
CO~~UTATIO~ O~ A t>kOU~ OUT O~ T~E 17 I~TE_INGHOOWU 
GRAlS. IN~kOO~U 
IL=I,T"'t GHOU~ -IT", JO(XH)JI(X) IN INT~GR,ING~UObU 
IL=2,I~E GHOU~ ~lTM JI (XH1JIC.) IN INTlGR,l NGk007 U 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

THE f.L~"~"'TS Of I"'Ty AI(~ Ht~ "'UMkERS OF IN(jIolOOau 
"'E~UI~tD I"'T!:GkALS U~ THE ('kOUP, IN~"uOqU 
INTT IS T~~ TUTAL "'UMU!:k OF "'EQuIR~U INTE-INGkOIOU 
~RAlS I'" fH!: (,RUUP, IN(,ROIIU 
THE SET U~ COMPUTtO I~TEGRALS IS D!:LIV~- IN,1oI0120 
"'~O IN INT, IN(,"'OIJU 
ACTUAL INfEr. ... AT/ON BY MEA"'5 UF A GAUSS_ IN(j"'OIUU 
UUA0kATu ... t IS PERfOkMED ~, tALLING ~UAD, INGkOl~u 
INTtG"'AT IIlIlo I'ROCl::.tDS HY (JUAI)IUTUkE UIIER IN(,HOlbU 
INTt k VAL5 I' RUM O"'E Ht5StL l!:kO TU THE INGkOl7u 
"'fXT, fkUM THt O~I(jIN TU IHE FIkST ~tSSfL-I"'G"'018U 
ltHO A LE(jEIIoU"'~-('AUSS ~UADkATU"'E OF OkDfR ING~OlqU 
M,O~TAI"I~G DI::.SlktD ACCUkkAC' HY SU~SE- IN(,HU20U 
IHJtNT 5IJI:!I)!'dSl0N OF THt I"'Tt"'VAL, 1110('1010210 
F"'UM THE 1'1"'51 I:!ESSELlE"'O ON A JACUI:!I- INGR022U 
('AUSS UUAllkATUHE,UdlAl"'INe. D!:.5IH!:D ACCU- IN[iH021U 
RACY HY SUBS!:.(JUt"" kAISINe. THt UkOtR 1"'[ikO~UU 
51'Hll"" ~ITH THE UfH ORDtR, INGkO~SU 
!IIoT~GR'TION STOPS AS SOON AS TftO SUHSE- INGR02bO 
OUE"'T INTlkVALS (10 "'aT CONTkll:!uTt INGH027U 
SIGNIFItANTLY. IN(jH028u 
I"'TEGRATIU'" STOPS PRtMATUHELy IF- IN(jH02qU 
_IN THE ~I"'SI l"'TEHVAL MOR~ THA'" ]0 SUB- IN(,H010U 

01V151U"'S A"'t "'!:EDEO. INGkOllU 
-IN TH!:. fOlLO~lNG INTt"'VAlS tVEN TH!:. I~TH I"'GR012U 
nI(D~H IS "'aT ACCuRATt E",OUuH. IN(jROJ}U 

-tlitN THt IUq-TH(~qH TH)INT~HVAl DOtS INGkOJUU 
(jIvE .A NUN-Nt(,lGIBLt CONT"'IHUTIUN. INGROJSU 

c------------------------.· .. ----------.--·.-------------------~------ __ I~G~OlbU 
lIloTEG~~ AlFA,OROtR,INTVCI0),I~TV2CIO),INTvJ(10),KKCIOJ,BtTA I~G~Ol7u 

H~AL ~10P~T,LO~E~,lOAD,NU,ACCUW(l),K~,CO~P(IO),FI~5T(10), IN(jHOi8u 
ISECO"'D(10),I"T(17),W[S(IIIJ P~Gw03qll. 
CU~WO~/ASU"L'yE~,"'LAYS,~,~,l,NU(IO),ACCUR,LoaO,HU5'kS,NZEwUS.~(Q)INGROUOU 

1,~S(IO),E(IOl,AL(Q),THICK(q),WADIU5(IO) INlO"'oulu 
CO~WQN/G~UATA/Bl~ROS(IUq,lJ,l!:.R05(lqb) IN(,HOU2u 
CO~wO~/C""ING/~10~I,Flon,FIOI,FIIM2,~11~1,~110,flll IN(,Wuu1u 
COMMON/TA~E/~OU' INlOkOQUII 
NTEll • 0 IN~WOusu 

"INT • 7 lllo~I(UQbU 

IF (ll.EQ.2) NI"'T • 10 I"'GRUU7u 
UO 1000 I • I,NI'" I"'CRou8U 

KK(IJ • 0 I"'GWOuqU 
1000 CO"'TINUE INGH050V 

IF(L&VER.NE.l) GO TO 2000 IN~w05IU 

c-------------------------------------------------------------------- ___ I~C~05~u 
C 
C 

CALCULATIUN UF THE A5Y~PTOTlt PAkT O~ THE IN(,WOSlO 
INTEG~ALS,FOW PUI"'T~ IN THE TOPLAYER ONLY.IN~HOSuU 

c--------------------------_.-----_._------------------------_· _________ J~Gw05~u 
DO IlqO 1 = I,NINT 

K • r"Tv(J) 
If(K.EO,O) GO TO Itc~o 
GO TO (IOln,1020,1010,IOUO.10~O,IObO.1070,1080.IOQO,IIOO,1110, 

I 1120.lI]n.l11l0.l150.l100,l17U),K 
1010 INT(K). FlOO+l*fI.Il1 

GO TO llqO 
10ZO INT(K). FIOO 

GO TO llQO 
10]0 INT(K). -Z.0*CI.O-NUCI»*FI0 MI-Z*FIOO 

co TU llqO 
10UO INT(.). CI.0-2.0*NU(IJ)*FII M1-Z*fII0 

GO TO 1180 
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I"CROSbU 
IN(,ROS7u 
INGHO!:l80 
I'Ij(jROSqU 
INCHOoOu 
I"'~kUblU 
I"'CROblU 
INIOROblO 
IN(jkObUU 
IN(;WObSU 
IN(,HOooU 
IN(jROb7U 
1"'(jHOb8U 



IF(INTVieJ).EQ.OI GU TO 20QO 
IFeARSeCO",p(JIl,LT,HCl/lle211 GO TO 20tlo 
IFe'~S«CU"'P(J)-~IIiST(JI-SECUND(J»)/CU"'P(JI),LT,ACcu~eill 
(;0 TO 0.'080 
(;U TU 2090 

2080 INTT~ = INTT1-1 
IF(LCh,ER,[.l,ACCUIiC\» GU T(l 20QO 
PdT2 = INTT?-I 
iNTVHJ) :. 0 

2090 CONTlNU!:. 
I~ (INTT1.~Q.0) GO Tu 2110 
AL ~, = 0 
LU"ER = "'IOPNT 
DELTA:. O.S*OtLTA 
~ETA I: BlT'.1 
1~(BETA,Gl.10) GO TO 21~O 

pHi" 130 U 
INr,HIHU 
1,,[,101 1 icU 
I "'Ci~ 1 ~ iu 
I "Gli 13l1u 
Ir~GR13"u 
IIII(jRIltlu 
I IIIGIi I 170 
I "'Glol I .HIU 
INGlilHu 
IIII(iRIIIOU 
INGRIIIIU 
IN(,1i11l2L1 
INt>"IIIJU 
I"GIIIIII.IU 
I NI>l< 1 11511 

c---------------------------------------------------------------------__ l~G~lijbU 
C AIiRIVAL HERE MEANS THAT THE IN~E[,RAND IS TOO IN[,IiI~7U 
C JIiREGULA" TO GEl INTE(,RAHO U~!:.H THE REGION FRU'" I N[,1<141:1U 
C THE ORIGIN TO THE F1RST ~ESSEL lERO, IN[,lilL1QU 
c-------------------------------------------_._.---------·-----------___ I~G~lS0U 

IRES:. 1 
DO 2100 J :. I,NINT 

Co~peJ) • SECOIIIOeJ) 
R~SeJ) • FJASTeJl 

liDO CO"'TIIIIUE 
INTTJ = INlT&! 
GO TO 2070 

2110 00 2120 J = I,NI"T 
I( = INT'I2CJ) 
IF(K.H.oI,O) GO TO 2120 
INT(II) I: INTCK)+FlkST(J)+StCONOeJ) 
IF(INTv3eJ).Nl.0) GO Tu 2120 
INTv2eJl = 0 

2120 CONTiNUE 
UPP~R z LO"EH 
l",rT} = INTfi' 
IFIALFAI 1000,21110,2130 

2110 DtLTA I: DELTA.2.0 
B~ TI. = ~EU-l 

21110 ALFA = ALFA+I 
GO TO 2020 

2150 ""IT~(NOUT,Q040) 
GO TO Heo 

INGR1~IU 

INGRI~cU 

I"'GHI~JU 
IN~1i15I1U-
1 "'1,10/ 1 ~~II 
It.(ili I 5t1U 
I"GII 1 <'711 
IIIIGHI~8u 

INGHI,qU 
Ir-.GHlbOU 
IIIIGRlbIU' 
IIIIGRlb2u 
INGHlbJII 
IIII(;Hlb4lU 
INGHlb5U 
1"C,RlbbU 
I"Glilb7u 
INGklb8u 
I"'GHlbQU 
INGHI70U 
IN[,HI71U 
I"'G1I172U 
INGRI71U c-----------------------------------------------------__________________ I~G~17QU 

C INT~GIiATIUN ovtH TH~ IitMAINllliG INTtIiVALS, 1~[,1I175U c---------------------------------------_._._._._-----__________________ I~GR17bU 
1000 IF IN = Nl~1I0S.1 I ",(;k'i 17U 

DO 3°10 J = I,NI'" IN[,Io/178U 
INf~2IJ) • INTv(J) IN(;RI7QU 

1010 CONTINUE. INt>II180U 
INTTZ = I"TT INGWl81U 
DO 31lU 1~~SS I: l.IF11li I"G1o/182u 

00 3020 J = I,"'INT' IIII(;HI8JU 
I"TvHJ) = INTv2(J) INGhlll4lU 
~ (HST (J) = 0.0 IN(,klllo,U 

1020 CONTl"UE INGRI8t1U 
(~TT3 = INTT2 ING"'~1!7U 
DO 3070 ORD~R = 11,15 INGR188U 

CALL QUAD(IL,INTv3,zEROSel~tSSI,ZEROS(I~~SS+I),OkOlR.SlCONO,INGwI8QU 
NTlLL) INGHIQOU 
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\0'>0 1 r. T (I'. ) = Z*F III ING~ObQU 

GO TO IIQO I~Gk070U 

lObO I r. , ( 1\ ) :: FlOO-Z*FIOI I:.Gk07IU 
GU TO 1190 INGHU72u 

1070 Pd("') = -c.O*II.O-r.UII))*FIUMI+l*FluO Ir.GkU130 
(;U TU 1190 I"IGHUll4u 

10110 I"" (I'.) .. -2.0*11.0-"'UII»*FIIO+Z*FIII l"'I.~1)75U 

GO TO 1190 I .. GkU7bu 
10QO I NT(K) .. -F 11 0 Ir.Gk077U 

GO TO 1190 INl.k07l!u 
1100 1 r.T (lq .. Fl1"Q-Z·FIIO I111GH07QI.I 

GO TO 1180 I"'GHOtlOU 
1110 I'" II'.) = FI pq 1"'(;1<0811.1 

GO TO 1180 INGk082U 
1120 IN T I K) = -Z.O*(I.O-NUII »*FIIM2.l*~II~1 I "C;k0831.1 

GO TO 1180 I"GkOIlI4U 
liJO I,..T (Ie.) II _F 100 I "GHOIl51.1 

GO TO 11 <.j0 I,..GROllbU 
11/,10 I'" T ( I( ) :: FIO"'I 1 "IGHOIl71.1 

GO TO IIQO INGROIIIIU 
1150 I'" (II ) .. f 110 INGH08QI.I 

GO TO 11 90 I .. Gw090U 
llbO 1"1 T (K I .. -F I 1"'1 I"IGROQII.I 

GO TO I 1110 IN(iRu9,?U 
1110 I"'T(K) :: FII"'2 I "'(;RU950 
1180 IF(~.G~.ACCUR(I)I I ... T(K) :: I"'T(K)/R I ",(;ROQ,",I.I 
I1QO CO"rrr.ul INGH09.,U 

I" IN~AYS.tQ.I) CO TO H"O 1 .. C;kOQbU 
c----------------------.---.-----.-.- ... -.----------------------·-______ IN~RU97u 
C 
C 

I"'TtGkATION tWUM THE OWIGIN TO 'M~ FIRST l"'I.R098U 
~~SSELl~HO. Ir.~ROQQI.I 

c-----------._.---._.-_.--._.----·_.-_·_---·_·----------·-------------__ 1~G~100U 
2000 Ir."2 .. I"'TT 

INT11 :: I"TT 
DO 2~lU J = I,"'INT 

l~rY2(J) .. 1 ... TV(J) 
IN'v]IJ) .. I ... rv(J) 

2010 CO".TI"'uE 
UPPER:: lEHOSI!) 
BE TA .. 0 
A~FA .. 0 
IRES" 0 
OHlA .. O.".ZEHOSIIl 

2020 ~O~ER .. U~~EH-O~~T' 
IFI~O~EH-ACCUH(I») c03~,20lu,20"0 

2010 '~F' :: -I 
~O .. EH 1: 0.0 

20"0 IFIIAES.EG.I) CO TO 20S0 
CA~~ QU&D(IL,I ... Tyl,~lJ .. E~,uPP~R,lb,CO"'P,NH~~) 
IF(NIE~~."t.O) GO TO 3180 
GO TO 2070 

205000 2000 J .. I,NINT 
CO"'~(J) .. RlS(J) 

20.,0 CONTI",uE 
IRES = a 

2070 "'IOP"'T .. o.,>.rLO"~H.UP~EU) 
CALL yU&UIIL,I~'yl,LO~ER,MIOPN'.lo,FlRST,,,.TELL) 
'F(N'l~L.N~.O) IOU IU jl80 
C'~~ QU'O(I~,I~TVj,~IUP"T,UPP~N.I."5~tO,,.D,"T~~L) 
If(NTfL~.~E.O) GO TO ll80 
OU ZOQO J • I,NINT 
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1"'[,1011010 
I"G~luZU 
1"('~IOjU 
I"G'-IO,",I.I 
I~(OHIO"U 
lr."RIO.,U 
'''(OwIQ7u 
I""G~109u 
INGRI08U 
INGRI10U 
I NGIoIIII 1.1 
IN(;RllcU 
INGRIIJU 
I "IC;1oI 11 ,,1.1 
I .... GH 1151.1 
lr.GHllbl.l 
lr.C,PI17u 
1",C;RI18U 
1"'C;HIIQU 
INl.wI2UI.I 
I"'lOio/lilU 
p.(OiI Inu 
lr.I.IoII~3u 

INGRI~III.I 

JNC;~I~"U 
1",(010110101.1 
lr.C.Hl~'U 
I"'G~128U 
1".(;HI2QU 



30 ~o 
30'10 

1050 
5000 

J070 

IFCNI~LL,Nt,OI GO TU liMO 
DO lObO J = I,NINT 

I( = INTV.HJI 
IFCI(.~[J.UI ('0 TU lObO 
IHAhSCI"lC"».LI,O.OI) GU TO H10 
I ~ (A ~ 5 C (F I I< SIC J ) -SE l 0"'0 C J ) ) lIN T (K) ) ,L T ,0. I dC C UR (3 ) ) 
GU TO 10110 
GU Tu 30.,0 
IF(AMS(FIRST(J)-StCUNO(J»,GE,O,loACCUR(2») Gu TU 50"0 
I"'IV~(J) :I 0 
INTTj = p.Tn-t 
GO TO 1000 
FI~STCJ) : SE(UNU(J) 

CO"TI"'UE 
IFCINTT3,~y,0) GO TO jO~O 

lONqNUf. 
.. RI Tt CNOUT ,q020) 
.. Rllf.("'UUT,q050) lERUSCIBtSS) 

1",C;RlqIU 
1"'(jl<lqlU 
INGklQjU 
INGklqllU 
J '.G" I q.,U 
INGl<lqoU 
I/,GRlq7U 
1",r,lqq!!() 
I",C,I<\qqU 
I"'G1<200U 
1 NC,/o,20 1 U 

INGI<20iU 
I",('1<20JU 
) "'GI<20'l() 
)IIIGII20Su 
IN(,1<200u 
I"'G .... 07U 
)/'-.GR<'O!!U c-------------------------------------------_. _______ ._._ .. _____________ 1~G~20qU 

c 
c 
c 

ARFlIVAL Hf.R~ MEANS THAT THE DlSI~~O AC(URACY (AN"'OT 
Ht ~ET ~y ~EANS OF TME AVAILA~Ll GAUSS-JA(OBI 
PUL f'.O~ I NALS. 

1 loG JoI <'1 ou 
1",,,1I21IU 
IN(,1:<212U 

c-------------------------------------.-.----------._.--.-- _____________ lNGw21jU 
GO TO 11110 

3080 DO ~120 J : I,NINT 
K z INTvl(J) 
I~ (I(,EO,O) GU TO H20 
INI(kJ z INTCk)+SE(ONO(J) 
IF(AMS(INT(K)J,LT,Q,OI) GU TU 10qO 
IF(A~SlSt(UNu(J)/INT(k».LT,O,I*A(CUk(3» GO TU 3110 
GO TO 5100 

JOqo 1~(A~S(SECOllo~(JI),LT,O,I*A(CUFI(2» GO TO 3110 
1100 kk(J) = 0 

GO 10 ~IZO 
1110 kll.{J) = I(qJ)+1 

IF(kk(J),LT.2) GO TO 3120 
INTVl(J) : 0 
l .. n2:1 ]NTT2-1 

H20 (ONII'-UI: 
IF(I'_TTZ,I:Q.U) GU TO 31~0 

3110 (O"'T!"'UI: 
.. RlTE(NOuT,q010) 
~RITI:C~OUT,qO~O) Zl~05(IFI'-) 

!N(,FlZI'IU 
INb"21~U 
IN(.IIZlf)U 
I"'(;"ZI7U 
IN(;&,ZI60 
INGIIZlqU 
!NGRZ<'OU 
1 '-GI<221 1.1 
IN(.1<2ZZu 
1 "'G"'225u 
1 "'liFli!<!lI() 
IN(iRZ2Su 
INGR220u 
1"GfoI2270 
I"GfoI2lMII 
IIIIG~2ZqU 

I"GR210u 
1 .... li~21IU 
1"GkZ5~U 
INGR21lu c-------------------.----------------------------------_________________ I~~Hel~u 

( 

( 

C 

A~RlvAL Hl~E ~EANS T~AT ALL ~VAILAHLE ~ES5EL lEIiOS 
~AvE B~~~ lX~AUSII:O ~E(AUSt Uf ILL CONvE~G£I\ICf. O~ 
1Ht JIIo1EGI<ALS, 

ING~2~~U 

I"'li~c.'lou 
IIIIGRZHU c._-----------------_._.-.-.--._.----.... ----------._. ______ . ___________ 1~G~2J8U 

GO TO HIIO 
11'10 DO 3170 J 2 1,'_llliT 

I( z l",h'(J) 

IH"',lU,O) GO TO 3170 
IF(II-S) 5IS0dl~{J,1100 

11~0 INT(K) = I"'T(I()eLOAD 
GO TO Sl70 

31bO 1",1(1() z I .. T(K).H05T Q5 
3170 (O"T["ul:. 

HE TURIII. 
1180 .. NITf.("OuT,~OIO) (INT~l(J),J.I,'-lNT) 

GO TO 11'10 
qOIO FOR-ATC- DURING (ALCULATIO'" OF !1II1EGRALS",10I3) 
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I .. GII23~U 
INGQZ'IOU 
INb R2alu 
I .. G~Z"2u 
IN(,R2'11U 
INGIoI2"'1U 
I"G~2l1~U 
l"'GRZ'IbO 
1"'[;101241 1U 
INGJoI2allu 
INIiNZ'IQU 
INGN2SUU 
INGRiSl1I 



9020 FO~~Ar(· SuS~t~D PkUG~A~ GAUSS PULYS tXHAUSTtD") 
90JO ~O~~AT(· SuSPt~u PkUGkAM ~~S~~L ztWns ~X~AUSltD"). 

1",GH2'5l0 
I "'Gk2'::1JV 
I "'(; ..... '::101 U 
I N(.~2'::1';u 
I ... G ..... '5ou 
UUAliOO\O 

90110 FO~'UTl" SuSPt"'li PHfl[,WA~ SII:.PSIZE. ~IHsr INTUIVAL IOU SMALL.·") 
90')0 FOH~AT(" AT THE VALIlt -".EII.II." fUH IH~ I~I~GHATION VAHIAtJLE") 

END 
SU8RDUTIN~ ~UAO (IL,INTV,ALU.Up,~GAUSS.~SL,NT~LL) 

t- -------- •••• -----.-------.- •• -.-.------
___ • ___________ UUAUOOlO 

C 
C 
C 
C 
C. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

THIS SUI;H('Un"'t. CALClJLAH.S FU~ THI: SET 
INlv THE INr~GHAL.S U~ T~~ COHkESPUND[NG 
~U"'CTIU"'S IGkANO 6~T~EtN T~~ LIMITS AL.O 
AND uP HY USI"'G A GAUSS QUADwATU"'~ OF 
OROt.k NGAUSS. 
-FOH ",GAuSS:lo A LEGENliH~-GAUSS QU'OHATU_ 
R~ OF DRUtH • 

-FO'" "'GAUSS.LT.lo A JACO~I-GAUSSQUAO"'ATu_ 
H~. 

TH~ ABSCISSAE AND ~£Ir.HTS uF 8UTH ARE 
STUHED AS 'GAUSS ''''0 MGAUSS I~ TH~ HLDCK 
DATA. 
TH~ SET OF INT~G"'A"'OS IS CU~PUTED ~URING 
SUbSI:QUtNT CALLING IN 

SUbRUUTI"'ES 
OF

MATHII 
~PIGIU 

AND FU"'CTIUN IGRAND 
THE S~T Of kl:SULTING INTEG ... AL.S IS 
DHllrERtO IN FSC 

(lUAC1003U 
UUAOOOI.IO 
QUAIJUO';U 
(JUAOOOoU 
uuA00070 
(,)UA0008U 
UUAOOOqu 
OUAOOIOU 
(WIIOOllu 
QUAOOI2° 
I.IUAUOI1U 
(JUADOIIiU 
QUAOOI.,U 
QUAOOlbU 
(JUA(JO 1 7u 
~UA{)018U 

~UAOOI9U 

QuA0020u 
(,IUA(lU210 

c--------------------------------------------------------·----------- __ .QUADOZc U 
INTEGEH l"TV(IO) 
MEAL IG~A .. O.FSC(IO) 
COMMO~/GAuSS/AGAUSS(10,lo),HGAUSS(lo,to) 

NINT a 7 
1I'1lL..EIol.n NINT : ,10 
00 10 J : I,NI",T 

K : 1I\4ty(J) 
IF(K.EQ.O) GO TO 10 
FSC(J) :0 0.0 

10 CONTll'oLl!: 
L'tlEL. s 0 
IF(IL..tQ.2) GO TO 20 
IF«II'oTV(1 )+INTV(2)+INTV(1».GT.0) L.A~EL : L.ABEL.+I 
IF«(lNTV(II)+INTV(S».GT.O) LAB~L : L.AHt.L.+2 
IF«(I",rV(b)+II\4TIr(7».GT.0) LABtL. : L.AB!:L+~ 

GO TO 1u 
20 IF«Il'orV(I)+Il'orV(2».GT.0) L.A~~L. .. L.AI:I!:L+1 

IF(INrV(i)+lNTV(u)+INTV(~)+1 .. TV(b)+1 .. TV(1».GT.0) LASEL : 
IF«(INTV(8)+INTV(9)+INTV(10».bT.O) L.ABI:L. :0 L.A~EL.+~ 

30 Fl : O • .,e(UP.AL.O) 
FZ s O.'::Ie(UP.AL.U) 
IGlUSS.: NGAUSS 
IF(NGAUSS.£Q.lo) I~AUSS.8 
OU SO J .. 1,IGlUSS 

X :0 fleAGAUSS(I'''GAUSSl+F~ 

CALL M&T~Il (X,LABEL..I'oTtL.L.) 
IF ("'TtL.L..EIJ.I) k~TUk" 
CAL.L. FPIG ... A (IL.,I) 
00 110 J : I,NINT 

K .. IhTV(J) 
IF(~.tQ.O) GO TO 110 
fSC(J) : FSC(J)+~~AUSS(l.NGAUSS).IG"'AND(.,K) 

110 CONTINUE 
')0 COIliTINUI: 
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~ut.002iO 

UUA602110 
IoIUAOOl'::lll 
QUADOiolJ 
QUAUOZ1U 
t.lUA[\02t!1I 
QUAOl)2qU 
(,IU&00300 
QUII00110 
QUAoOJlU 
CWADOHu 
IJUAOOlliU 
QUAOOl';O 
QUA00100 
QUAnOH'" 
(,IUA0038U 
QUAo03<10 

L.ABEL.+ZQUADOIIOII 
QUADOIIIII 
I,IUAoOlii U 
,",uAOO"lU 
QUA004.lllU 
QUA004.l')0 
QUADOllblJ 
\fUAOOll70 
QUAU04.l81J 
(,IUA{)OllqU 
UUA00'504,1 
!,IUAOOSIIJ 
QUAOO.,2U 
QUAOO'5iU 
Q \.I "0 0'::111 U 
QUAOO.,.,U 
QUAOO.,oU 

!'~ 



00 bO J = I,NI~T 
I( = [ .. T \I (J I 
IF(I(.EU,O) GU TO bO 
FSC(J) = FSCIJ)*Fl 

bO CO",TPoIut: 
70 R~ TUR~ 

t.ND 
SU~ROVTI"'E ~6TRI. (X,LA~L,NTELL) 

LlUAU057U 
UU600C;tSU 
QUADO'>'HI 
UUAOObOU 
LlUAI)Ob I v 
.,UAOObo!U 
LlUA[)iJbjv 
MATI/OOIU 

c----------------------------------------------.-.-------------------- __ ~AT~002u 
C THIS SUHWOUTINt CU~~UTtS IHt S~T U~ (HA- MAT~OOjU 

C WACTt:RISTIC-FUNCTIUNS TO,YO,SO,UO,TI,VI, MATWOOQU 
C 51 ,UI, TQI AND SQI ~OR THE VALUE X OF THE MAT~OO,)U 

C I"'YtGRATIUN-~ARAMET~w. uSE IS ~ADt: O~ MAT~OObO 

C CU~STANYS CALCULATED IN MACONI AND MAZCO~.MATR007U 

C THEV ~EH~ STUwEU IN CO~~O"/I"OATA/, MATROO~v 

C CHAHACTEwISTIC-~UN(TION VALUES AHE OELIV~_MATHOOqU 
C H~U IN lUMMONIIGHAN/. MArHOIDu 
C ~AHL DETEwMINES ftHICH CMARACTERISTIC- MATFlOIIU 
C FU,,"CTIONS AHE NEEDED- MArkOllu 
C -LABL=I-TO,vO,SO,UO MATFlOl1v 
C -LABL=Z-TI,VI,51,UI MATRulQU 
C .LA~L=3-TO,VO,SO,UO,YI,VI,SI,UI MATROISu 
C -LAHL="-HJI,Sf.l1 ~ATIlOlbU 
C -LABL=,>-ro,VO,50.UO,TQI,SQI MATROl70 
C .LA8L=b-TI.~I,SI,ul,T~I,5UI MATROl8u 
C -LibL=7-TO,IIO,SO,UO,Tl ,VI ,51 ,UI, TCH ,sell MATWOlqV 
C 5UBHOUTI"'~ 15 INTE~RUPTE[) A~O RtTURNEO MA1Fl020U 
C ~ITH "'T~LL=I -HE~ SULUTIUN BECO~ES TOO MATR021u 
C iNACCUHATE B[CAU~~ OF ILL MATHI •• CeNOI- MAT~022U 
C UN OUR''''G I"VEH5IO~. MATR02jU C---------------G---____ ... _________________________ ... __ ._ .. _ .... _ ... _.MATNO~~U 

REAL LOAry,NU.-(","lq),P(",2).~~(?,Z),~I,K2,~5,~~,II,~J(2,Z,q),I(I(~,MAT~OZ~U 

IACCUR(~),~P(Z,IO), .. J2(ql,Pl(2),~PZ(10),KQ(10) MATROZbU 
CO~MO~/ASDj/LAY~~,NLA'S,M,~,Z,NU(10),ACtUW.LOAO,~OSTWS.NZER05,H(II)MAlR027U. 
I.K~(IO).E(IO),AL(ql,IHICK(q).~AOIUS(IO) MAik02tSU 
C OM"O ... /1 "0 ~ TAIl( MA., A I (q ) .111 (q) • C I (q) .0 (1#) , H. (q) , F (q) , G (q) , H I C q) , M A TRO Z q \I 

III(q),KI (q),K2(q),Kb(10).8f(q),~U(q),RUU(q),BMU(q),MZUCq),MZUuCq),MATR010U 
2J2(q),JI.TZ(10),5S(Z,10),GOI2CQ),G021(q),GUZZ(q),GIZ2 (q), MATROllU 
lH012(q).~02Z(q).~122(q),~012(ql,D022(q),COII(q),COIZ(q).tUIZ(q). MATROlo!U 
4FOI2(q).FI12(Q),F022(Q),CC(",2.q).DO(2,2,q),FF(2,2.q),GG(2,Z,10). MATR01jU 
')H"(2,2,10),FI~(",?,IO),DD2(q),G20(q),G21(qJ.H20(q),~02l(q),GG2CIO\,MATR01QU 
bHH2(IO).QOII(Q),QI11(q),QOI2(1I),QI12(q),Y212Cq),yUccCq),Ql~2(q), MATFIOiSU 
7YFO(q).UFICQ),ZOII.llll,Z211.l012,lI12,Z212,ZlI2.Z021,lIZI,ZOZ2, MATH03bu 
8lI22,Z222.K4 MATH017U 
COMMON/IGRAN/TO,\lO.SO,UO,TI.VI,S\,UI,TUliSQ1.FPIGH,EXI,E.~ MiTR03~U 
COM"ON/TAPt/NUUT "'ATWOlqU 
LABt:L • LAB~ ... 'TRO"OU 
IF(L'MEL.LT.QI GO TO 1000 ... 'TRO"lu 
IF(X.LT •• MAtj GO TU 100 MATIot042U c-----------... ---------... ---------------------------__________________ MAT"OU]U 

C 
C 

AS''''PTOTIC EYALUATION UF Tal A~O 5QI MiTkO"QU 
MATwO"~u c---------------------------------.----------------_.- __________________ ~ATRO"bU 

TQI • I,D "'ATHO"7U 
IF(L'YE~,E(,j.1l GO TU 30 ,uTFlO"~V 
J • L"EQ-I MATH04qu 
DO 20 II • I,J MATIo/OSOu 

TQI&T~I.2,O*(1.0 ... L(K)/«1.0.'L(K)J*(I,O+I(I(II))+O,').AL(K).X) MAT~O,)IU 
20 CONTINUE MA'RO~2u 
10 5QI=TQI.CO.~*AL(L'yER)*X-(1.0-'L(LAYEHII*K2(L'YERII/C(1.0-'LCLAYE~MA'ROS1U 

1 I) *CI.O+KI(L'YERI)+O.,>o'LCLAYEH)*X) MATROS"u 
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LA8H. Ii LAHI:L-" 
GO TO 1000 

"'6TIoIO<"<"U 
"'ATWO~DU 

c-----------.----~----------------------------------- ___________________ ~AT~O~7U 
C CALCLJLATI(lN OF fiJi ANIl Sill FO~ X,LT.X"". M"k058U C----------._----._.----------------------------------________ . _________ MATh05~U 

100 

110 
120 

130 
1110 

1.,0 

100 

200 
210 

212 
21" 

220 
lJO 
2110 

IF(JI.E~,61 GO TO 120 
DO 110 J = I,JI 

GGi(J+II : G20IJI-G21(JI.X 
HI'12(J+11 = H20(J)t('21(JI" 

CO"'TINUt 
DO I') 0 I< = I, '" 

1 ~ ( J 1 • t u. 0) GO TO I" 0 • 
DO 110 1 : I,JI 

IF(J2(1),tQ.KI GO TO 1~0 
COIli,y"ut 
~I : 0.5·11.0+1<1(1<1) 
~2 =-O."."Z(K) 
~J • 8E(I<).0.2S •• 
NJ(I,I,K) Ii ~I+~J 

NJ(I,Z,KI : .2-R3 
IliJI?,I,K) = -2+Rl 
NJ(2.2,K) Ii -1 •• 3 

COIliTJNUI: 
JS = JI+I 
DO 100 "'~ :I I,JS 

N Ii J5+1""''' 
IF(IIi-11 1~O,I~0,170 

Jl = I 
CO 10 180 
Jl = Jl(N-ll+1 
IFIJS_N) IC/O,IC/O,iOO 
J" • '" 
(,0 TO ZIO 
J" = Jl("')-I 
IF(Ji.G1,JII) GO TO 2110 
00 liO JJ Ii JI,JII 
JI< Ii JII+Jl-IJ 
lL Ii 11<+1 

t IIPO:-a .T2 (lL) 
IF(E1PO.LT.-70.0)CO TO 212 
EXPI=EXP(l:xPO)·SS(I,IL) 
GO TO 21" 
EIP111i~,0 

DO 220 1-1,2 
SS[I,II<) Ii NJ(I,1,IK)*EIIPltNJ(I,2,lk)*SS(2,IL) 

CONT1111uE 
"'N - "-1 

tXPOa.uT2(JI) 
J'(txPO.LT,-70.0)CO TO 2"2 
ElP2 aUP (E IIPO) 
GO TO l"l1 
EIP2=0.0 
PROO=GGZ(N).SS(I,Jl)*EXPZ 

P2 a PROO+HM2(N).SS(2,J3) 

"'AT~OOOU 

"'ATRODIII 
""UiOb211 
""'~OblU 
MAT~OOIiIi 

",,11010050 
"'AIRODOU 
OIA11O'00111 
""IIoI008U 
""lkOoC/U 
""TI107(.1U 
""1"07IU 
"'ATIo'07o!U 
OI'TR07311 
"'AT~07"1I 
",,a1~07"1I 

"",10107101.1 
""110107711 
M,aT~07~1I 

.. "H07C/II 
","101011011 
OIAll10lHII 
OI,alJiOfl211 
OI'TwOlliU 
OI'TIoI08I1U 
"'11<01l"U 
""110108011 
""lkOll7u 
" ... ~R08I1U· 
""IRllec/1I 
""TkOQOIl 
01'11010«1111 
"'A'1O'0C/2u 
OIA'~0C/3i1 

"'ATROC/51 
""lk(.lC/i~ 

"" THOC/3l 
"'A'l(uC/311 
"'AlkOC/1I1I 
""1fo10C/5U 
"'THOc/oli 
""1f/0c/711 
""11.0«,171 
"'A1HOC/7.:! 
''''TROC/7ot 
""TWOc/711 
1''11010C/7~ 

"", .. OC/IIII 
"",1oI0QC/U 

c---------------------_.------------------------------________________ ._M'TMI00U 
C TEST ""'HIX.CO"'DI11U'" bE~OHE IhVI:WSIOIli. ""1HIOIII C--------------------------.--------------------------___________ .. _____ MATRIOiU 

IF(ABS{P2),L1,I,OE-7.AijS(PROUI/'CCUW(i) CO 1U 2000 
"P2 Ii 1,0/P2 
IF (N.EI).1 I (;0 TO 310 
NJ2(N~) a PP2.00l(Nh) 
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",1WI03i1 
","kIOllU 
""1Hl0511 
""TRIObU 



DO Z70 I = I.Z 
Z70 PJ(I) = SSI[.J3)'~J~(~~) 

PPZ=P~(I)·E.P~-P~(c) 

!)S(I,J~-l) = PPZ.I,O 
SS(~.Jl-l) = 1.0 

JOO CONTl"uE 
llO 1~("'TELL,tQ,2) ~ETUR~ 

NPZ( I) = .PPZ 
IHJI,UJ,O) GO TO JQO 
DO 3')0 I = I.JI 

J = JI+I-l 
IHl.AYER,GT,JC(J» GO TO )bo 

l50 CONTINUE 
J5 = I 
GO TO HO 

300 DO 380 I = I,J 
~PZ(I+I) = NJl(1 ) .... PZ(l) 

380 CONTINUE 
J5 = J+I 

HO J = LAYE::II 
SQI = S5(I,J)'~P2(J5) 
TUI = SS(~,J)'NP2(J~) 
LA8~.L = \.ASEl-1l 

""TOII070 
"'AI"'IOHU 
I<ATOIIO'1U 
I'AlHI10U 
M A rill I 1 u 
"'ATHII~u 

.. AT"lliu 
M' Tii III 1 
1'1 A T" I III U 
MATHII'>u 
MATkllbU 
.. ATj;/I170 
MAliillllU 
MATHllqU 
MATRI~OU 

"'ATRIZlu 
MAT"'I~Zo 
MATRI2lu 
M6TRIZ"0 
M6TI<\250 
M'TFlIZoV 
MArkl~7u 

M'T1<1280 
c----------------.-.---------~.----------------------- __________________ MATk12Qu c 
c 

ASYMPTUTIC EVALUATIUN OF TO,vO.SO,uO,TI. 
~I,!)I '~O UI FOk _,GE •• M'X, 

MATIIDOU 
.. ,TIo/13IU 

c----------------------------------------------------- ------.-.----_~ ___ ~Arklliu 
1000 IF(lAStL.tQ,O) ... UUi-Il\; 

IF(A,L1,.""l) GU TO 1100 
L = LA'fE~ 
x2 = "'X 
xj = .2*. 
IFIL,tU,NLAYS) r,U TU 1010 
ZII = lOl\+ •• ZIII+.~*Z~11 
liZ = ZOII+I.lll?+.~·Z2IZ+.l*ljIZ 
ZZI = l~~I+.~lIZI 
ZZ2 = Z02~+x.lI22+12·ZZ22 

1010 I~ILASE.L.GT.Il (,0 TO 1010 
10ZO IH\.ARE.l.~[.j.O) j;/E.TUi<" 

NP(I") = C'.O''''UII) 
"P(~'\l = 1.0 
GO TO 10110 

10iO NP(I.ll = I,O-Z.O.NUII) 
NPI2.t) = -1,0 

10110 P(,I~ = 1.0 
IF(L.Ew.ll GO TO 1000 
00 1050 II. Ii 2,L 

J = 11.-1 
P[.j~ = PQF*KbIJ)/(QFO(J)+QFIIJ) .. )() 
.. I: .'L(J)oX 
.. q = \1(J).X 
~P(I,K) = "P(I,J)*(QOII(Jl.~III(J)*x+ .. I* .. q)+~P(Z.J)*(QOIZ(Jl 

I .QI1Z(J)._.Q2IcIJ)*x2."I*,,'1· .. q) 
1050 NP I2.K) = -"I*"PII,J).N~(Z.J)e(nOZ2IJ)+QIZZIJ1*x- .. I*wq) 

IF(L."'~.NlAYS) GO TO lObO 
S = 0.0 
U = 0.0 
GO TO 1070 

10&0 5 = (~P(I,Ll.LII+N~(2,LleZI2).P~F/«(,I~0(L)+UFI(L)*l) 
U : I .. P(\,Ll.Z21.NI>(2,LleZ2i)ePQF/IU~0IL).U~IIL)U) 

1070 T = NPIl,LlePUF . 
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M'HoI11iU 
I'IATkli .. 1I 
.. AT1o/135u 
"'AT~ll&O 
"AT~ 1370 
MAT~li8U 

MA1~11QU 

M"lIlIIlOU 
MA1i<IIIIU 
M'TRI1I2u 
"uHqlljU 
"'AT~IIIIoIU 

"'AIIII"':>V 
MATR\lIbU 
"AT~I"7U 
MATII\IIIjU 
MATRlllqU 
MATlliSOU 
MATICI')lU 
"'Alli 1':>211 
"'AT"I'51u 
MAT~l'lIlU 

I'IAT~I':>SU 

MATRI'5bli 
"'A1RI'5711 
",ATR1'>IIU 
MA1~1'l~u 

"'ATHlb()U 
""TRloIU 
MAT"lb2v 
..... TRlb~U 
"'ATllloilU 
MAT~lbr;u 

I'IATl-llbbU 



II 3 Nj.I(2,L).PUF 
If. (LABt.L. ,uT ,I) r.0 TO 10110 
50 :z 5 
UO :::I U 
TO • T 
YO :::I " 
Rt,TURN 

1080 51 :::I 5 
UI a U 
11 • T 
III = II 
L.A!:IEL. • L.AHEL.-l 
GO TO 1020 

I1"T~11J71J 
... ATklblllJ 
"oI.TRlb'lU 
"'''TII170'' 
I'I&T~17IU 

"'&TII172U 
MAT~I71U 

... ATRI711 U 
MATRI7,)U 
"'A",1170U 
MA U/I 17 u 
"'&THI7!1U 
MATHI7'1U c---------·---·--.. ··.----..... ---.. -..... -- ____ . ____ .----------.---____ ~'TR180U 

C CAL.CULATIO~ UF TO,YO,50,UO,TI,VI,SI A~D I'I&THI~IU 
C UI FOH X,L.T,XMAX, MATRI82U 
c--------·····-·_··---------· ..... -.-------... ________ ------.-------. __ .~'TwlHJU 

1100 IFlJI,EY,O) GO TO 1120 
00 1110 J • I,JI 

~ • J2(J) 
",I a.AL(.) •• 
109 • H(K) •• 
CC(I,I,J) a COII(J)'l,O ... 9 
CC(I,2,J) • COI2(J)'2,0 ... 9.",9 
CC(2,2,J) a C01I(J)-2,0 •• '1 . 
DO(I,l,J) • OOI2(J).DO(I,I,J) •• q 
DO(l,2,J) • 0022(J)'OO(2,I,J) •• ca 
FF(\,1,J) 3 -COli (J)-2.0."ca 
FF(I,2,J) a FOI2(J).FII~(J) ... ca-l,O.1o9 •• 9 
FF(2,2,J) = F02l(J)'2,0.loq 
GG(I,2,J'I) = GOI2(J).GG(I,I,J'I'.W9 
GG(i,I,J'I) :z G021(J)'''1 
GG(2,2,J.I) :z G022(J).(GOlI(J).H(~).GIll(J».X ... I.R9 
HH(I,2iJ.I) a "'012(J).HH(I,I,J'I) •• q 
HM(2,I,J'1) a H021(J)'''1 
HH(2,2,J.I) a "'022(J)'H021(J) •• 9, H I22(J) •• ''''I.wq 

1110 CONTINUE 
1120 00 1150 Kal,I'I 

IF(JI.t.Q,O) GO TO 11"0 
DO I I 10 I = I. J I 

IF(J2(I),tQ,.) GO TO 1150 
1150 CONTINUt 
11110 .1 a HMU(~) •• 

.ca a H(K)eX 
1010 • ",ca". 
.2 a IdO.Bf(K) 
.. II • "2".'1 
1111 a .ca.eICK) 
",II a HE(II)'" 
.0; • HU(K)e. 
.8 • I:IUU(II) •• 
.7 a CI(Ioe",ca •• q 
"(I,I,~) • AI (11)'.1-"'2 
",(1.2,11) = -Et.(K)'~(II)eR9'.H.82U(K)."'IO-"'11 
111(1,1,11) = 0(11)-.1'.1-",2 
"(1,11,.) • -G(K).Hl(KI."9-I:IUU(K)*a-.7.BiUU(K),,.IO-.11 
.(2d,K) •• 11 
W(2,l,K) a BI(K) •• ~ •• 2 
.(2.1,11) • CI (11)."'11 
.(2,11,.' = I1(K) •• 1-.5 •• 2 
.. (I,I,K) a 0(1I"R1-"I-.2 
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I'IATHI811U 
MATHI8~V 

MATI/18bU 
I'IAT~I!l1U 

Io4ATR188U 
MATR189U 
I'IAT"'190V 
",ATRI 'II U 
I'IATR1'12V 
I'IAT"'193U 
MATR1'111U 
"'A Ull 9.,U 
I'IATHlqoU 
MAT"'197U 
"'AT~lq8V 

MATRI9QU 
I'IATRi!OO'" 
""T"2010 
"ATIoIZOZU 
"'ATIIlOlU 
"'AT~20"U 
"'ATRZOSU 
",ATH20bU 
"'ATH207U 
MA,k20eU 
"'ATWi!OQU 
"'ATHi!IOU 
I'IATR211 U 
"'ATw212U 
MATR21lU 
"'ATIo/2UU 
"'ATN21~U 
"'AT~ZloU 
MAT~i17U 

"'AT~iIIlU 
"'ATH21caU 
I'IATWZ20U 
"'ATR221 U 
"'ATHi'i:!2U 
"'ATRi2iU 
MATR2i?uU 
MATN2l5U 
"'ATRlleU 
"'ATR227U 



.. (J,Z,II) = (;("J+lq(KJ ... q-,,!!+,,'-ElZUu(KJ*"IO ... tl MATk.?.?!!U 
lrI(j,5,t<) = &1(M)- ... !-w(? ~ATw22qU 

~CJ,q,~1 = El("l+~ (~I.~q+.d.~.?U(K)o .. 10-"11 MArk~iOu 

.. ( <I , I , "I = -( I I I<. ) ... " M ~ 1 H III U 

.. (<I,2,K) = II(1I1- .. 3+ .. ~ ... c MATH23~u 

"(",S,,,) = .. " MATh'ZllU 
.. (",14,i'.) = 8I(1()- .. <;."z MATk'?J"\) 

1150 CO~TIN~E MAIR~3~\) 

II bO 

1170 
1180 
IIQO 

1200 
1210 

1212 
121 ~ 

1220 
1 

IlJO 
12~0 

J~ = JI+I ~ATk2Jb\) 

Pl(lCb = 1.0 MATk~37u 

DO 1100 1'1" = I,J'J MATk2l!!U 
KKb = 1.0 MATk23qU 
~ = JS.I-~M MATk~IIOU 

U'(Iooi-I) IfbOrllbO,1170 MATk'?IIIU 
JJ = I MATk2".?u 
GO TO 1180 MAlkllllv 
JJ = J2("-I)+1 .MATke<l"V 
IF'(J~-~) Il'iO,lIQ0r1200 MATk2"SU 
JII = 1'1 MATHZ"bU 
('0 TO IllO MATI<2"7U 
Jw = JlC~)-1 "ATk~il8U 
IF(H,('T.JIII r;.o TO 12110 "'ATkc"qU 
DO IliO IJ = Jl,J" MAlk~50U 

II( = J"+J3-IJ MATklSIU 
IL = 1"'+1 ""TkZ.,2U 
Kl(b = I(KO •• I,( II() "ATkl.,Ju 
IFIIK,t~.LAytk) PIII(O = "'lib MATh'lS"U 

Expo=-x.rZCIL) ",ATRZ.,,,l 
IF(HPU,LT.-10.0)GU TO 1212 "AlRZr,,,c 
tXPI=EIP(EXPOI MATk25"~ 
GO TO IZI" "" Th'2.,1li! 
EXPl=O.O ""T~~SII~ 
DO 1210 1=1," MATk2.,SU 

gO 1220 II = I.e MA Tk2SbU 
Rh'Cl.~,IK1=C"(I,I,lK).h'Rtl,II,IL)+"CI,c,III)*kR(2,II,IL1)MAlkl57u 

.tXPI+.(I.J,ll1).h'~li,II,IL)+"(I,Il,IK)*RH(w,K,IL) MAlk2~8v 

CO"TtNU~ MATRlbOU 
~N = i00i-1 "'ATRlbIU 

ExPO=- •• TZ(Jl) MATklb11 
IF(ExPU,LT.-70.0)GO TO 1211l "ATR2ble 
txPl=ExPIExPO) MATkZblj 
(;0 TO I,?QIl MAlkcol" 

12"2 ExPl=O.O MATH2bl' 
Illl .. DO 1250 1=1,2 MAUlcblu 

1250 
I 

DO 1250 K = 1,2 MATklbjU 
P(I,K) = C('G(I,I,")*RRII,K,JJ)+GG(I,2,NI*RR(~,K.JJ)J MA1RlbilU 

*tXP2.~~(I.l.~)o~R(i,K,Jll+~~(I,c''')OWR(~,K.Jl) MATHlb~U 
P~OO : P(lo1l*p(c?,in "IATW~bbU 
otT = PROD-~11,2)*P(c,l) "'TR2b]\) 

c--------------------------------------------------.-.-------------_____ M'T~cb8U 
C T~ST w6TRlx.Cu~oITlu~ ~~FDRt INVERSION. MATW2bQU 
C----------------------------------------------------- _________ • ________ MA1H270U 

IF(AkS(Dtl),LT.I.OE-7*ABS(~ROOJ/ACCuw(l)) (,u TU ~OOO MArRl71 U 
Q~l(o : KilO/DEI MATR~72U 
Pfo'll,\) : P(2,l)or,I'IIe. ~ATR~7lu 
PP(I.lJ : -PII.cI6(Jl(l(b MA1R27"U 
PPCc?,1J = -P(2,\1*'JI(KO ",ATR"7~v 
PP(c?,cl = ~(I.t).()Kl(o "·'TRZTou 
If(N.EI.l,I) GO TO 1110 MAH'C77U 
DO IZbU I = 1.2 "'ATR27RU 

UO 12bO I( = 1.2 MATR27QU 
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12bO 

1270 

1280 

1100 
1110 

1120 

1]]0 

lHO 

llbO 

IHe 
IHO 

1190 

~J(I,K,~~)=PP(I,I).DO(I,K,N~)+P~(1,2).DD(~,K,NN) ~ATR2~OU 

DO 1270 I II I." ~ATk'''I!IU 
DO 127v II = l,z "AT~28~u 

~(I,~) =(~k([,I,Jj).NJ(I, ... ,NN)+~~(1,2,Jl)*NJ(~,~,~N»/~Kb"AT~28iu 
DU 1280 I II I.i 
~~(I,I)a(P(I,I).lOI2(NN)*P(2,1»·txP2+FF(I,I,N~) 

.p (i, I ) +~ F (I, r, NN).~ (/j, I) 
P~(2,1)=P(2,[t.tJP2+rF(2,1,~N)*p(1,I)+FF(2,2,N~).p(II,1) 

00 1290 1 = I.i 
Oll 1290 ~ = 1.2 

R~(I'''',Jl.l) I: CC(I,K,NN)+PP(I,K) 
R~Cl'\,Jl-l) = 1,0 
k~(l,2,J].I) II 0,0 
kll(II,I,J]-I) • 0,0· 
~~(1l,2,J].I) I: 1.0 

CONTlNut 
IF(NTELL.EQ.~) ~O Tu 100 
IF(LAB~L.GT.I) GO TO 1]10 
IF(LAHEL.tQ.O) RETURN 
NP(I,I) = PP(!,I' 
NP(Z,I) = PP(2,11 
(;0 TO IlllO 
NP(I.I) : PP(I,l) 
NP(2,11 : PP(2.21 
[F(JI.EQ.O) GO TO 119~ 

001350 I. I.JI 
J • J1+I-l 
IF(L'YER.(;T.J2(J» (;0 TO IJbO 

CO"TlNUE 
J5 c I 
GO TU 1190 
00 1:380 I • I.J 

1M = 1+1 
DO 1.370 I( = 1.2 

NP(K,lM) ... J(K,I,I).NP(I,1)+NJ(K,2,1)*~P(2,I) 
Co .. TlNUt. 
J, = J+1 
J = LAfEA 
S =(RH(I,I,J)."P(I,J~)+H~(1,2,J).NP(2,J5)I/PKKb 
U 1:(~H(2,I,JJ.NP(I,J'J."H(i,2,J).~P(2,J5»/P"'Kb 
T =(RR(],1,J).NP(I,J~)+HH(1,2,J).NP(2,J5»/PKKb 
V I:(UH(II,I,J).NP(I,J~)+Rk(/j,~,J).NP(2,J~»/PIIKO 
JF(LAdEL.~'.I) ~U TO 11100 
TO • T 
SO II S 
UO • U 
va • v 
Ht.TU~'" 
SI • S 
T I • T 
UI I: U 
v I • \I 

LABEL. LASt.L-i 
GO TO 1120 

~ATHcI!IlU 

"'ATR21!5U 
""TR28011 
~'Tk'287U 
~ATR"89U 
MAT~c90U 

"IAT~2Cnll 

,.ATH292u 
~ATo/29iu 

MAT~29IlU 

~'rR29~U 
"'AT~29bU 

M"~r.97U 
"ATH2971 
MAT~2qbU 

""TH29YU 
1" HUOOu 
~AT~1OIU 

"" TlHOili 
,,'10I10jll 
"'T~~OIlIl. 
~A TIoljO~U 

"" T~lObU 
""TH]07U 
M'IIoI]08U 
",'T-]O U 
"'AT~]IOU 

~ATR111" 
~AT~jIZO 

~'T"]ljll 

"APHIIlU 
"'Tkj\5U 
,.ATH5\bU 
~ATRlI7U 

~"H.stI!\I 

~'HI'slqU 

MATR's~Ou 

"'ATkj~IU 

'" Tk]220 
",ATRS21U 
~ATRliIjU 

",AIAJi5U 
MATH ~2bU 
"'AT1I127U 
"'.TR12I!U 
I'\.,RJ29U 
""TH,S.soU 
""TH]]IU 
",6TRllZU 
.. ,THli]U c------.---.-.---------.-------.-.--------------------__________________ ~AT~lluu 

C 
C 
C 
C 

AWklVAL "E~E M~.NS T"'T SOLUTIUN Of T"E 
(M'WACT~HlSTIC fUNlYIO~S "AS ijElN STO~P~O 
PRt.~ATuwtLY BECAuSE or ILL ~'Twil CONDI
TIO" ~lT DlJ~IN(; SCLUTION PUOl~SS. 

MATHHo;U 
MATRJ1bU 
"'ATIIH7U 
"'A YW]]lIu c----------._.---------._.-----._.-----------------------_______________ MAT~j]qU 
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~TtLL I I 
~ETU~~ 

QQQO FO~HAT(· ILL-CO-OITIONED DETE~HrNANT 'OR X.·,EI5,7) 
END 
sUeROUTI~E FPI~AA (IL,X) 

MATR3QIU 
MATR3U2U 
MATH3Q]U 
MATR]UUU 
FPJGOO!O 

c •• • •• ••• .•• ---·.· •••••••• • •••• ---- •••••••••• --- •••••• -- ••••••••.•••.••• FPIGOOlU 
C TMIs SUHRDUTINE COMPUTES THE 8ESSELFUNC- FPIG001U 
C TION.PART OF THE INTEGRANDs FOR THE FPIGOOUU 
C INTEGRALS COMPUTED IN INGRAL, FPIG005U 
C FOR IL-' THIS PART IS· JO(XR)tJI(X) FPIGOO~U 
C FOR IL=2 THIS PART IS· Jl(XR)tJl(X) FPIG007U 
C COMPUTEO RESULTS A~E DELIVERED AS FPJGR, FPIG0080 
C EXPI AND EXPZ IN COMMON/IGRANI FPIG009U 
C THE SUHRDUTINf CALLS IN FUNCTION 8ESS, FPIGOIOO 
C·.· .• ··········.·.·--.·_··.--·.· •• ·.·.·_-.·.·.·.·.--.• -.-.--~.-.•• ---•• FPIGOlIU 

REAL LOAD,NU,ACCUA(J),K5 FPIGOIZU 
COMMON/AsDT/LA'EA.NLA~5,M,R,Z,~U(10),ACCUR,LOAD,HOSTRS,NZEROS,H(9)FPJGOI1U 

I,K5(10),E(IO),AlC9),THICK(9),RADIUS(10) . FPIG01UO 
CDMMON/IGRAN/TO,WO,SO,UO,TI,V\,51,UI,TQ1,SQI,FPIGR,EXPI,EXP2 FPIGOl5U 
IF(LAYER.NE.I) GO TO 20 FPIGOlbO 
TO • TO-Z,O*NUtl) 'PIGOI70 
vo • VO-I.O FPJGOl8U 
Tl • TI-I.OtZ.O*NU(!, FPIGOl9U 
VI = VI+I.O FPIG0200 
TOI • TOI-I,O FPIG021U 

20 IF(H.LT.ACCUR(tJ) GO TO 40 FPIGOZ20· 
IF(IL.EQ.Z) GO TO ]0 FPIG0230 
FPIGR = 8Esseo,.*Rl*BESSC1,X)/X FPIG024U 
GO TO bO FPIG025U 

)0 F~IGA = HESsCl,X*Rl*8E5SC1,xl/eX*R) FPIG02bU 
GO TO bO FPIG0270 

~o IF(I~.EQ.Z) GO TO 50 FPIG0280 
FPIGR = BESS(I,I)/X FPIG029U 
GO TO bO FPIG030D 

SO FPIGR • O,5*BESS(I,X) FPIGOllD 
bO :F(~~A'S.~Q.LAYfR) GO TO 70 FPIGOliU 

IF(A8S( •• (2.0*~(LAYER).lll.GT.70.0lGO TO 70 FPIGOllU 
E.PI • EXP(-Xa(i,OeM(LAYER).Z) FPIGOJ40 
IF(XaZ).GT.70.0)GO TO 90 FPIG01SU 
EXP2 • fxpe-x*z) FPIGO]bU 
GO TO 100 FPIG0370 

70 IF«(X a Z).GT.10.0)GO TO 80 FPIG0180 
fXPI = 0.0 FPIG019U 
EXP2 • EIP(-X*Zl FPJGOQOO 
GO TO 100 FPIGO~IU 

80 fxPI • 0.0 FPIGOU2U 
QO ExP2 I 0,0 FPIG04]U 

100 RETURN FPIGOU4D 
END FPIGOUSO 
FUNCTION BEsSeN,X) BEsS001U 

c •••• -.-.-•••• ~-.-.-.--••• - •••• - •• - •••• --•••••• - ••• -.-•• -·-.···-••• --_._B~SSOOlg 
C TME 8ES5fL FU~CTIONS JO(X) AND Jlex) ARE BEsS0010 
C EVALUATED FROM TMEI~ CHEBYSM~V SERIES, BESSOOUO 
C (SEE CLENSMAW,MATH. TAHL~5-vOL,S, B£SS0050 
C CHEBYSHEV SERIES FOR MATH. FUNCTIONS 8E5S00bO 
C NPL-OSIR), 8£550070 
C TMIS PROGRAM 5tLECTS TME 'PPROPRIATE BEsS0080 
C CMEHrSMEV CONSTANTS ACCORDING TO wMETHER 8E55009U 
C NaO OR NIl AND wMETHER X IS GREATER OR 8ESs010D 
C LESS TMAN 8,0 AND CALLS IN FUNCTION CME8 BES5011U 
C TO SUM THE SERIES. ~ESSOI20 
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DOUblE PRECISION B(12.2J,BP(~o2).BQ(So2)ol 8ESS0140 
DATA 6 1 •• 30c8"7bD-7,o,17b20m5.,12UbODcU, •• 4bOb2bD-J,,U8l~i800-2.BES90150 
1.,JU89J7b9Dc1.,15~Ob7102D90,ooJ;OOqU~~~D90'o?b5178blJ090, 6ES50160 
2 •• a721uu20.2.,Ji5455qU3D~0.oo!D-8'o2qD~7,oo7b2Dob,.158870 0 u, BfSS017U 
3·.2bOUUUD·J.o~240270002,-,2qi75525D~!o.11170qiI1D~0,o.bcIUuJq14D90~tSSOI8U 
U,I.287q9410D90,cl,19!80ilbD+O,lo29b7!154D~01 BESSOl9U 

DATA BP/.2D~8.Q.52D·7'o3075D-5,o,5Jb522Dol.loqq6q2070D90. BESS020U 
1·,2D.8.,b2DG7.·.lqS7D-5'o8q8qqODc3,2000180b08D~OI BESS02!O 

DATA BQ/ •• IDo8,oI8Do7'~o7UID~b,,~8185DoU.-o311l!709D~~. BlSS0220 
l,IO-8,-.210 o 7,,9jUD o b,o,9b277D o U,.915SS57uD o ll B~SS0210 
~ a ~+I B~SS02UO 
IF(X-8,O) 1,1.2 HESS0250 
Z • x*x~0.Ob25-200 BESS02bO 
BESS ~ CHEB(B(I'~)Di2.Z) 8E5S0270 
1~(~,EQ.l) ~~5S 0 0.~25~~oBf$S 6ESS028Q 
RETUR~ ~ESS0290 

2 l ~ 2S~<0/(XO~)D2.0 ~ESSOJOO 
~I m X-0.78Sl9S1@ BESSOliO 
IF(N.EQ,I) Xl D ~1~1,S707~b~ ~~SSOl2U 
BESS a (O.797G8Q5bISQRT(~))Q(CHES(BP(noM).S,Z~*COS(~!1.300Q BESSOllO 

I CHE8(SQ(loM)cS,Z)~SIN(~X)/~) BES501ijO 
RETURN BESSOlSO 
E~D BESS03bU 
FU~CTION CHES(AcNoZ) CHE80010 

C •• ·._-_._a_~_ •• a~~cocccmoDoo~ooa=c~=eoo_~ceooooc.~o~~--~-Q~~cG~~.eo __ o.CHEBOOlO 
C TM!S SUK~ROGRAM EVALUA'~S THE CHEH'SH~V CHE~OOl~ 
C SERIES USING THE RECUMRENC~ RELAT!ON CHEB004U 
C TECHN!QU[ C5~E CLENSH~~ NPL ~ATHo T~B~ES CH~~OOSU 
C VO~u~t 5 PAG~ ~~o CHEBOObU 
~. __ •• __ ._.COC_DQO •• oOQOaODOCOCO~oQeoo~oo~QOQO~~~~O~g~OQ-OQ~_o.~~o.oc_ •• C~~B007U 

DOUBLE PRECISXO~ ~(a)c~(iU)o' CHEB008U 
B(I)mo.oo+o CHEBooqO 
B(2)~O.OO.0 CHE~0100 
00 i lal.N CHEB01&U 

BCl+2)~Z~e(l¢aloe(Z)¢G'R) CHt~Oi2U 
CONTI~UE CH~B011U 
CHEB • O.5DOoC8CN.e)QE(~) CHE80140 
RETURN CHEB01S0 
END CHE~01bU 
REAL FU~CTION IGRA~O (X,LABEL) IGHA001U 

C. __ •• __ • __ c •••• _~.so~oo~c ____ oac_~_.oo~_oecae~a~QQcc_ma._._.-~=-~ •• __ •• IGRAOOlO 
C THIS SUBROUTINE CO~PUTES THE I~TEGRANOS IG~'OO!O 
C ~OR T~E I~TfGRA~S :O~PUT~O IN XNGR~~. IGRA0040 
C US~ IS MADE Of THE RfSULTS O~ FPIGRA iNO !GRa0050 
C MAiR!~ STO~~O I~ COMMON/IGR~N/o IGRAOO&O 
C •••••••• -._. __ ~ ••• Po~oc~om~~OODQQO~~~occ.CGO~~oo •• ~.aQoo •• _aa_a~o •• __ •• lGRA007U 

RE'~ lOAo,~u,aCCUR(3).~S !GHA006U 
CO~~0~/ASDT/~AVER.NLAVS.K,R.Z,~U(10).'CCUR,LO~O.HOSTRS,NZEROS,H(q)IGRAOOqO 
I,KS(IO).E(IO),~L(q),YHIC~(q),RADIUS('O) IGRA0100 
COM~ON/IGRAN/TO.VOoSO.UO.Tl,Vi,Si,Ul.TQ~.SQI.FPIGR.E~PI,EXP2 IGRAOiBU 
GO TO C10,20~lOo~0.50.&0,70.GOo~0.iOO.ll0.!20.110,1~O,ISO,leO,170)IGRA012 0 

I,~A~EL IGRA011U 
10 IGRA~D aF~IGRQ~e«UO.{KS(LAVER)o~~I)cSO)QE~PI+CTO~VO.(KSC~AYlR)+xaIGRAOlijO 

lZ»~E.F2) IGR.Ol~O 
RETUR~ IGRA01~O 

20 IGRANO 2~PiGR~~~(UOQE~P!¢VO~[~P2~ IGRAOl70 
RETURN IGRAOl8U 

JO IGRA~D =FPIGR~((UO.C2.0*K5CLAYER~o~~Z)QSO)~E~Pl~'TO+VO*(2.0*K5CLAVlGRAOlqU 
lER).X*Z»*EXPl> lGRA020U 

RETURN IGRA021U 
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40 IGRANO aFPIGR*CCSO+UO*(I.OtX*ZI)*EXP!+CVO*CI,O-X*Z)-TO)*EXPZJ IGRA022U 
RETUR~ IGRA0210 

SO IGRANO .FPIG~*X.R*CCSOtUOtC2 •• ~U(~AYER)+X*ZII'EXPI+(TO+VO'(X*Z.?,*IGRA02~0 
INUCLAYER»)'ExP2) IGRA02S0 

RETURN IGRA02eU 
eO IGRANO =FPIGR'X*«(SI+UIQ(2.0tNUC~AYER)+X'Z»*EXP1+CTI+VI*CX*Z-2.o*IGRA027U 

INUCLAYERI)J*EXPi) {GRAD28U 
RETUR~ IGRA0290 

70 IGRANO ~FPIGR*CCSI+UI*(1,0+x'Z)*EXP1+(VltCI,0-X*Z)-TI)*EXPZ) IGRA030U 
RETUR~ IGRAOJIU 

80 IGRANO aFPIGR.x*R'C(SI+UI*CI,O+X*Z»*EXPI+(VI*(I,O-x*Zl-TI)*EXP2l IGHA032~ 
RETURN IGRA0310 

90 IG~ANO .FPIGR*X*Rt(UI'E~PI+VI'EXPl' [GRA03QO 
RETUR~ [GRA03S0 

100 IGRANO =FP[GR'(CS1+UI'(2,*NU(~AYER)tX*Z)l'EXPI+(TI+Vl*(X*Z-2,*NU(~lGRAOlbU 
!AyEHll)*ExPZ) IGRAOJ7U 

RETURN IGRA038U 
110 IGRA~O aFPIGReCUI*ExPI.Vl'EXP2) IGRA0190 

RETuR~ IGRA0400 
120 [GRA~O a'PIGR'C,SI+Ul*Cl,+X*Zll*EXPI+Cvl*Cl.-X*Z)-Tll*EXPZl/X IGRA0410 

RETURN IGRA04Z0 
110 IGRAND .,P[GRtXtCSG!.Expa-TQI'EXPZ) IGRA043U 

RETURN IGRA044U 
140 IGRANO aFPIGRt(SQ\*EXPI+TQI*EXPZ) IGRA045U 

RETURN IGRA04eU 
ISO IGRAND :FPIGRtXtRtCSQltEXPI+TQltEXP2) IGRA047U 

RETURN IGRA04!0 
IbO IGRANO aFPIGR*CSQI*EXPj-TQI*EXP2) IGRA0490 

RETURN IGR}OSOO 
170 IGRANO .FPIGR~(SQ1*EXPI+iQltEXPZ)/X IGRAOSIO 

~ETURN IGRA05Z0 
END IGRA053U 
SUBROUTINE CALC(INr,V,R,MU,~ADI,'r,~OAD,HOSTRS,PSIO,Z) CALCOOtO 

C •••• __ •• • •• __ •• •• • ••••••• G •••• c ••••••••• e •••• __ •••••• --- ••• ----•••••••• CALC002Q 
C COMPO~ENTS OF THE STRESSES, STRAINS AND CALC0040 
C THIS Su~ROUTINE COMPUT~S THE CY~IND~IC'L CALC001U 
C DISPLAClMENTS FROM T~E 17 INTEG~A~S ST~_ CA~COOSO 
C REO I~ INT, THESE CA~CU~ATED COMPONENTS CA~COObO 
C AR~ STORED IN V AND OUTPUTTED, CA~C007U C_. ___ • ___ • __ •• _.O __ .D~ .. _____ •. _. __ o_ •• __ •• __ ._ •• __ •• _._---_._._._._ ••• CALC008U 

REA~ INT(17),Y(15),Mu,~OAD,C(b) C'~C0090 
INTEGER FM(19l,FMT(S),TC1Z) C'~COIOO 
LOGICAL STRESS.EPS,R~OW CAL.COllO 
COMMON/STRDT"STRESSC27j,EPS(17).R~O~,ST,CT,L,ACC C'~COllO 
COMMON/TAPE/~OUT CAL.C01]0 
DATA FM(I),FII4T,FMC19),TI CALCOUO 

."C1X ·,-,E1Z",",4,1",·OX . -,-,12.·,- ,1·,·.) ., CA~C0150 
+"DISP.,"LACE-,.wENT","S ., CALC01.U 
." S","TRES",.SES "," ., C'~C0170 
+" S.,"T~AI.,.NS .,. ., CA~COI80 

DO 10 I-l,IS CALC0190 
10 veIlaolo CA~C020U 

IFC(STqESS( 4).OR,ST~ESSC S).OR.STRESSC 7),OR,STRESS(10).OR. CALCOZIU 
+ STRESSCll»,AND,C,NOT.RLOR» FCTaC2,0*INTCIZ'-INTC 7)-Z.OtINT(C'~C02ZU 
+ 14).4.0*INTCl7»/~ CA~COZ10 

IFC,NOT.STRESSC I» GO TO 20 CA~C024U 
YC l)aFT*RADIaCT.CZ.OAJNTCI7'.!NTCI2)-INTC 7) CAL.(02S0 
IFCR~O.) GO TO ZO CA~COZ.O 
V( l)aVe .1)-FhlhIUDItINT( iI) CA~COZ70 

iO IFCSTRESSC 2» YC Z).FTtRADltSTtCl.OaCINTC17)-INTCI4»+INTC12» (A~C02!O 
IFC.NOT.STRfSS( 1» GO TO ]0 CA~COl90 

F-36 



V( l,.-FT*~ADI*INT( 1) 
IF(RLOw) GO TO ]0 
V( ll.V( 1)tFT*R*RAOI*CT*«2.0-2.0*MU)*INT(II)-INT(10» 

30 IF(.~Or.STHESS( a» GO TO 40 
V( al.CT*(INT( 8)t2.0-MU*INT( 9»+INT( l)+INT( a)-2.o*INT( 2) 
IF(RLO") GO TO 40 
V( a)aV( a)-CTeFCT 

40 [F(.~OT.STRESS( 5» 
V( 5)aCT*2.0*MU*[NT( 
IF(RLOIJjI 

GO TO 50 
9)-Z.O*MU*lNT( 2)-INT( 4) 
GO TO 50 

V( 51'V( 5)+CT*FCT 
SO IF(.NOT.STRESS( 7» GO TO bO 

V( 7).ST*INT(lS) 
IF(RLOIiI 
v( 7).~( 1l-ST-FCT 

GO TO bO 

bO IFC.~OT.STRESSCIOI) GO TO 70 
V(IOl.FT*(CT*INT( 8)tJNT( ').INT( 4l-C2.0-2,OeMU)*INT( 2» 
IF(RLO") GO TO 70 
V(10).vClOI-FT*CT*FCT 

70 IF(.NOT.STRESS(11» GO TO 80 
VOl ).-FhINf( 'II 
IFCRLOIII GO TO 80 
v(lllaV(11).FT*CT*FCT 

80 IF(STR[SSCll» V(12).FT*CCT*(C2,0-4,0*MUl*INT( 9)-INT( 8). 
• 2.0*"'U*INT( l)-INT( 1» 

[F(Z,LT.'CC) GO TO 90 
IF(STRESS( 0) V( &);CT*«2.0-2.0*MU)*INTC 9)-INT( 8l).INT( I) 
IF(STRESS( 8» V( 8)=CT*(JNT(lb)+INT(10)·INT( b»)-INT( 5) 
IF(STRESS( 9») V( 9,'ST*(INT(lO)-INT(ll)tlNT(10» 
GO TO 110 

90 IF(.8S(R-I.0).LT.ACC) GO TO 10C 

100 

110 

120 

130 

140 
150 

170 
180 

IF(R.GT,I.O) GO TO 110 
IF(STRESS( b» V( bl.-LO'D 
IF(STRESS( 8» V( S).-MOSTRS*COS(PSIC) 
IF(STRESS( 9» ~(9).MOSTRS*S[N(PSIO) 
GO TO 110 
IF(STRESS( b» 
IF(STIH.SS( 8)) 
IF(STRESS( 9» 
IF(STR[SS(\3)) 
IF(STRESS(1a)) 
IF(STRESS(IS») 
00 120 1.2,18 
F"'OhT(8) 
00 130 1.4,10,J 
F"(1hFMT(J) 
K-O 
J-O 
DO 210 1-1, U 

J·J+l 

V( &) •• 0.5*I.OAO 
~( 8).-0.5*MOSTRS*COS(PSIO) 
V( 9). O.S*MOSTRS*SIN(PSIO) 
V(ll).FT*V( 7) 
V(\4!)-FhV( S) 
VClS).FhV( q) 

IF(I-4) 190,1&0,140 
IF(I-IO) 190.150,190 
IF(K.Ea.O) GO TO ISO 
.. RIT[(NOUT,9010) (TCJ),J-S,8) 
~RITE(NOUT,FM) (C(J),J-I,K) 
GO TO 170 
IF(~.EQ.OI GO TO ISO 
wRIT[(NOUT,9000) (T(J),J.I,4) 
~RITE'NOUT,FM) (C(J),J.I,K) 
'UO 
Jel 
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CALCOJOti 
ClLCOHO 
CALCO}2u 
CALCOn\) 
C'LCOl"U 
CAI.COJ5U 
0l.C01oO 
CAI.C0170 
CAI.C0]80 
CALCOHU 
C'LCOI.ICII 
CAt.,coalO 
C'LCOl.l20 
CALCOQ1U 
CALCOI.II.IO 
CALCOOISII 
CALCOllou 
CALCOll70 
CALCOll80 
CAI.C04'H 
C'lCOSOO 
C'lCOS1\) 
CAlCOS20 
CALC OS]\) 
CALCOS .. II 
CAL,COSSti 
CALCOS&tI 
C'LCOS70 
CALCOSSO 
c.LC059U 
C'LCOoOO 
CAlCOU" 
CAL,COblO 
CAt.,COb30 
C'LCO&IIO 
C"LCOOSO 
CALCObOO 
CALCo07Q 
CALCOUII 
C'LCOb90 
CiLC0700 
C'L,C071~ 
C'LC0720 
CAL,Cony 
CALC07GO 
C'LC0750 
C'L.COh\! 
C'LCono 
C'LCOf80 
CAL.C079'" 
C'LC080'" 
C'LCOS,,, 
C'LC08l0 
CALCOn", 
C'LCOUO 
CALCOnO 
C'LC0800 
C'LC08TO 
CALC08S0 
CALCoe~O 
CAL.COQOO 



190 ~'].J CALC091U 
IF(,NOT,STRESS(I)) GO TO ZOO CALC09ZU 
IOIK., CALC091U 
C(K).Y(I) CALC094U 
FM(M_I) .. FMT(l) CALC09SU 
FM(~ )SFMT(Z) CALC0900 
GO TO ZIO CALC097U 

200 FM(M_t)aFMT(4) CALC09au 
FM(M )sFMT(S) CALC099U 

210 CONTINUE CALCIODU 
IF(K,EG,O) AETUA~ CALelOIO 
~RITE(NOUT,qOIO) (T(J),Js9,lll CALCI02U 
~RITE(NOUT,FM) (C(J),JsI,K) CALC1010 
RETURN CALCI040 

9000 FOAMAT(IX,4A 4/SX,"RADIAL",12X,"TANGENTIAL",14X,"YERTICAL") CALC10SU 
9010 FORMAT(IX,~A4/SX.·RADIAL·,IZX,·TANGENTIAL",14X,·YERTICAL",llX,"RAOCALCIOoO 

+,/TANG,",IIX,"AAO,/YEAT,",12X,"TANG,IVERT,") CALCI01U 
END CALCloao 
SUBROUTINE OUTPUT(EPS,C,K,L) OUTPOOIU 

c •••• --.---.--.-.~ •• o-~ ••••••• --.-•••••• - •••• -- •• - •• -. -- ••••• ·---.--__ •• QuTPQ02U 
C THIS SUBROUTINE OUT~UTS BY MEANS OF THREE OuTP001U 
C SUBSEQUENT CALLS FROM THE MAIN PRUGRAM OUTP004U 
C THE TOTAL STRESSES,STRAINS AND SISPLACE- OUTP0050 
C MENTS, OUTPOOoO c ___ •• ___ D ••••••••••••••••••••••••••••••••••• _ •••••••• ~- •• • •• • __ ••• ____ .OUTP001U 

INTEGER FM(lo),FHT(8) 
LOGICAL EPS(e) 
OIME~SION c(e),TKST(e,4) 
COHMON/TAPE/NOUT 
DATA TKSTI 

I" TO·,· T •• ,. L ·,·S 
2" TO·,· T '"," L ·,·S 
1" TO"," T A"," L ","0 
4"C E .,"1'1 E ","N T" "," 

OAT' FMT,FH(10)1 
I"CoA4·,~,IZX·,· 

IF(L,NE.l) GO TO 
FM(t)sFMT(e) 
FI'ICZ).FMTO) 
FI'IO)·FMT(8) 
GO TO 20 

10 FH(llISFHT(1) 
FM(Z)sFMT(H 
FM O)aFHT (]) 

lO /l/sO 
MalU+l 
DO 110 Iall,M,l 

JaIll-l 

T ·,-R E ",·5 5 ., 
T ·,·R A ","I N ., 
1 ·,"S P ·,"L , ., 

.,. .,. "1 

IF(.NOT.EPS(J) GO TQ 30 
f"M(!):=FMT(4I) 
FHC1+I)'FHTC5) 
/1/."1+1 
C(N)sC(J) 
GO TO 110 

)0 FH(l).F~T(l) 

FMCIt!).F"'T(]) 
40 CONTINUE 

IF(L.EQ,l) GO TO eO 
IF(N,EQ.O) GO TO 50 
_RITE(NOUT,FH) (TKST(1.L),1.1,e),(C(I),Ia"N) 
RETURN 
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OUTP0080 
OuTP0090 
OUTPOIOO 
OUTP0110 
ouT'POllO 
OUTP01l0 
OulPOI4!) 
oulPOIS!) 
OUTPOloO 
OUTP0170 
OU1POl80 
OuTP0190 
OUTP0200 
OuTPOZIU 
OUTPOZ20 
OUTPOZ10 
OUTPOZ/IO 
OUTP02S11 
OUTPOZeO 
OUTPOZ70 
OUTPoze,' 
OUTPOl90 
OUTPOlDII 
OUTP0111I 
OUTPOllO 
OUTPOllU 
OUTP0140 
OUTP0150 
ouTPOleO 
OUTP0170 
OUTPD18U 
QUTP0190 
OuTP0400 
OuTPOlll0 
OUTP04l11 
OUTPD41U 



50 wRITEC~OUT,F~) (TKSTCI,L),I_I,b) OUT~O~~C 
~ETURN OUTPO~SU 

bO DO 70 1-10,15 OUTPO~bO 
70 FM(I)sFMT(]) OUTPO~7U 

IFCN.EQ,O) GO TO 80 OUTPO~8u 
WRITE(NOUT,FM) (TKSTCI,]),I a l,b),(TKSTCI,Q),Isl,b),(CCI),lal,N) OUTPOqqO 
RETURN OUTP050U 

80 wRITE(NOUT,FM) (TKST(I,]),I.l,b),(TKST(I,~),I-I,b) OUTP051U 
RETUR~ OUTP05iO 
END OUTP05]O 
SU8ROUTINE JACOBI (H,U,ND,N,IvEC,W,IQ) JAC00010 

C··-.··.·.·.·.· •• • •••••••••••••• - •••••••••••••••••• ___ -------.-_ ••• _ •••• JACDOOlu 
C SUBROUTINE JACOBI TO COMPUTE EIGENVALUES JAC0001U 
C AND EIGENVECTORS OF A SYMM~T~IC MATRIX, JACOOO~O 
CHIS T~~ GIvEN MATRIX,THE DIAGONAL OF JACOOOSO 
C WHICM CONTAINS AFTER THE ITERATiON THE JACOOObO 
C EIGENVALUES OF H. JAC0007U 
C U IS THE MATRIX,TH~ COLUMNS OF ~HICH ARE JAC00080 
C THE ~IG~NVECTORS OF H. JACOOOqO 
C N AND NO ARE THE DIMENSIONS OF THE ACTUAL JACOOI00 
C MATRIx AND fHE ONE USED IN TME DIMENSION_ JACOOllU 
C StATEMENT OF THE CALLINGPROGRAM JAC0012u 
C RESPE.CTIVELY, JACOOUO 
C IVECsO IF NO EIGENVECTORS ARE REQUIRED, JACOOlgU 
C IVECsl IF THE EIGENVECTORS SHOULO BE JAC0015U 
C CALCULATED, J4COOlbO 
C THE ACCURACY OF THE EIGENVALUES IS 'BOUT JAC00170 
C 1.0E-o,THE ACCURACY OF AN tlGENVECTOR IS JACOOl80 
C ABOUT I.OE-b/D,w~~RE 0 IS THE MINIMUM_ JAC00190 
C DISTANCE. OF THE CORRESPONDING EIGENVALUE JAC0020U 
C FROM THE OTHEA EIGENVALUES. JAC00210 
C WAND IQ ARE wORKIhGSPACES,NHICH SHOULD BEJiC0022~ 
C DIMENSIONED IN THE CALLING PRO~AAM. JAC0021U C.·.---.• -•. -- .• -.•.. -..•...•. -.• -.••.• _._ •• _.~_._ .. ~. _ .... _-----... -... JAC002"U 

REAL H(NO,NDJ,U(ND,NOJ,N(NOl 
INTEGER IQ(ND) 
DOUBLE PRECISION TA,SI,CO,Z,Y,HTE,UTE 
AN _N 
NM 11 .... -1 
IF(IvEC-l) bO,10,bO 

10 00 50 lal,N 
00 gO J a l,N 

JF(I-J) JO,ZO,]O 
20 U(J,J)al,O 

GO TO QO 
10 U(I,J)aO.O 
110 CONTINUf 
50 CONTI NUE 
bO 00 90 Ial,N~Il 

11(1).0,0 
IPLlal+l 
DO 80 JaIPL1,N 

IFCNCI)-A8S(H(I,J») 10,70,80 
70 N(I)aA8S(H(I,JJ) 

lQ(I)aJ 
eo CONT!"'UE 
90 CONTINUE 

100 00 120 l-I,NMll 
IF(I,Eg.l) GO TO 110 
IF(l"A.,GE.II(I'J GO TO liO 

110 .",unu) 
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JAC0025U 
JAC002bO 
JAC002711 
JAC0028U 
JAC00290 
JACOOlOO 
J'C001IO 
J'COOllO 
JACOOllO 
JACOOll/U 
JAC0035U 
J'COO]bO 
JACOO]10 
JACD0180 
JACOO)90 
JACOOIIOU 
JACOOglU 
JACOOQ20 
JACDOq)O 
JACOOggU 
JACOOg5u 
JACOOlibU 
JAC00lol10 
JACOOqaO 
JACOOg911 
JACOOllt:l!t 
JAC00500 



IPIVII:I 
JPlv:;JIHlJ 

120 CONl! NUt:: 
IF(X MAX-l.EoI2/&N) 170,170,1]0 

130 Z =HCIPIV,IPlv)-HCJP[v,JPIV) 
y a 2,OOO-OBLEI#(!Plv,JPIV» 
TA aY/(OABS(Z)~}SQRT(Z*Z.V.Y» 

IF(Z.~T.O.OOO) TAII-TA 
CO =I.OO/OSQRTCI.OO+TA*TA) 
SI .r,,-co 
HIlIIH(lPlV,IPlVl 
HJJIIH(JPIV.JPl~J 
HIJ=H(IPIII,JP!VJ 
00 IUD Kal,N 

HHI:H (I(, IP!V) 
H(K.IPIV)=08lE(HIK,IPIV»*CO+08LE(H(K,J~IV»*SI 
M(K.JP!v)a08lE(H(K,JPIV»*CO-HTEaSI 
HIIPIY,K)CH!_.IPIV) 
H(JPIV,I()aH(.,JPIV) 

1(10 CONTINUl 
H(IPlv.JP[V).O.O 
HeJPIV,IPIV)IiO,1 
UcOBLE CHIJ )aU 
HIIPIV,IPIV).HII.". 
H(JPIY,JPIV)'HJJ-'" 
IF(IYEe) bO,~O,I~O 

I~O 00 \bO I(I:I.N 
UTEaU(I(~IPIV) 
U(K,IP!V)I:OBLEIU(K.IPIV»*CO+OBLE(U(K,JPIV»*SI 
U(K.JPIV),06LE(U(K.JPlv»*CO-UTE*Sl 

IbO eO"'TINuE 
GO TO bO 

170 RETURN 
E"'O 
SUSROUTINE [SORT (H,U,NO,N,IVEC,w,IQ) 

JACOO~IO 
JAe00520 
JAC005311 
JACOOS(l1I 
JACOO.,50 
JACOO~bll 

JAC005711 
JAeOO,811 
J"COOSqll 
JAr:OObOO 
JACOOblU 
JACOOb211 
JACOObJO 
JACOObl.lO 
JACOOb5<1 
JACOObbO 
JACOOb70 
JACOOb80 
JACOObQIl 
JAC00700 
JAC0071U 
JAC00720 
JAC00710 
JAC007l.l0 
JAC007~U 
JAC007bll 
JAC0077U' 
JAe00780 
JAC007QU 
JAC00800 
JAC00810 
J AC.OO 8i! II 
J'C008JII 
JAC0081.1U 
ESONOOIO 

C ••••••• ___ q •• ___ •••• DO_ ••••• ___ ••• ____ • __ •••••••••• __ -----_--._ •••• - __ .£SOR002u 
C SUBROUTINE ESORT, ~SOR0010 
C THIS ROUTINE SORTS I::IGENVA~U~S (AND EIGEN ESOROOQO 
C VECTORS) OBTAIN~O FRO~ SUBROUTINE JACOBI, ESOH0050 
CHI: ORIGINAL MATRIlINO,NO), ESOROObO 
C U = EIGENVECTOR~ATHIlC(ND.NOI, ESOR0070 
C NO I: ~AX, DIMENSION OF MATRICES, ESOI<I0080 
C N • ACTUAL OI~~NSION OF MATRICES, ESOROO~O 
C IYEC=l wITH EIGENVECTORS, ESOR010U 
C =0 NO EIGENVECTORS, ESOROilU 
C w • -ORKINGSP&CtINO), ESOR0120 
C IQ • _OI<lKINGSPACEINO), tSOR01JU 
C ••••••••••• __ o ___ • __ •••• o ____ • ___ • _____ •••••••••••••• --.-.---.--••• __ •• ESOR01~O 

C 

REA~ M(NO,ND),U{NO,NO),W(NO),OU~Mr 

INTEGE~ ~,lQ(NO).fOU~~Y,I,J.K,IYEC 

~OC;ICAL LOCOlC 

DO 10 r-I,N 
w(I>I!~(l.n 

10 I(Un-I 
J./Ij 

20 LOGIC-,FAL,SE, 
KaJ 
00 10 1.2,'" 

IF(-(I-l).GE,W(l» GO TO JO 
~OGIC.,TRUE. 

F-40 

ESOR0150 
UOROlbU 
ESOR0170 
ESOR018U 
ESOROUU 
ESOR0200 
ESOR021U 
ESOR0220 
ESOR02}O 
ESOR0211U 
ESOR02511 
ESOR02bU 
ESOR021O 

" 

\; 

.~ 

~ 

c 
"'. 

0 

'0 

• '>. 

o 

•• 0 

,. 

. , 
~. . 

", 



DUMMY.W(I-I) ESQR0280 
,;(1-1)."(1) ESUR029U 
.. (I )lIDU~M'f ESO~OlOU 
FDU~~Y.IQ(I-II ESOROJIU 
I(HI-\)·JQ(I) ESOR0120 
IQ(I).FDUMMY £SOROllU 
J.I-I ~SOROJQO 

JO CO~lI~UE ESOROl5U 
IF (lOGIC) GO TO 20 ESOROlou 
I F II V EC • E Q • 0) GO lO 00 E SO R 0 11 0 
00 40 I.l.~ ESOH03SU 

KsIQ(I) ESOHDJ9U 
00 "0 J.I,N ESOROQOU 

lAO H(J,I).U(J.K) ESOROQ1U 
DO 50 I.I,~ ~SOROQ2U 

00 50 J.I,N ESOR041U 
U(I,J)lIH(I,J) ESOROUQU 

50 H(I,J).O.O ESOROQSO 
00 DO 
70 

70 I~I,N ~SOR040U 
H(I,I) •• (I) ESO~047Q 

RETUR~ ESOR048U 
END ESOHOQ9D 
BLOCK DATA BlDA001D 

C··.··.· ••• • ••••••••••••••• - ••••••••• ----••••••••• - ••• --••••••••••• -- •• -BLDAOOlU 
C IN THE BLOCK DATA ARE STORED SUBSEQUNTJLY-BLOA001D 
C -THE ABSCISSAE FOR THE LEGENDRE-GAUSS BLDA0040 
C 'QUADRATURE,STARTING Ih A .ITH THE leND BLDAOOSO 
C ORDE~ AND ENDING IN N WITH THE 15-TH ~LDAOOOD 
C ORDER, BLDA007U 
C -THE ~BSCISSAE FOR THE JACOBI-GAUSS BLDAOOSD 
C QUADRATURE,OF THE 8-TH ORDER IN O. BlOA009U 
C -THE .. EIGHTS FOR THE LEGENDRE-GAUSS BlOAOIOU 
C QUADRATURE,STARTING IN P ~ITH THE 2-ND ~LDAOIIU 
C O~OER AND ENDING IN CC wITH THE IS-TH BLOAOl2U 
C ORDER, BLDA01JD 
C -THE .. EIGHTS 'OR THE JACO~I-GAUSS QUADAA_ HlDADI4D 
C TURE OF THE 8-TH ORDER IN DO, BLDAOISO 
C .THE FIRST 149 ZEROS OF JO IN EE AND FF BLDAOloD 
C .THE FIRST 149 ZEROS OF JI I~ GG AND HH 8LOAOl7U 
c •••• ----•••. --•••••••••• - ••.••••.••••••••••••••••••••••••• -•••• - ••• -_ •• HLDAOS80 

REAL I,J,K,L,H,N BLDAOl90 
OI~E~SIO~ A(2).B(J),C(4).D(S),E(0).F(7),G(8),HC9),ICIO),Jtll).K(12~LDA020U 

1),L(IJ),MtI4),N(15),DC 6),PC2),Q(J),H(4),S(S),T(o),U(7),V(8),W(Q),BLDAOllU 
2_(10),Y(11),Z(ll),AA(ll),BB(14),CC!IS),DD( 8),E£(119),FF(10),GG(IIBLOA022 D 
J9),HH(10) BlOA02JO 
CO~~ON/GAUSS/AGAUSS!10.10),MGAUSS(10,10) HLDA0240 
COMNO~/GEDATA/8ZERDS(lQ9,2).ZEROSC298) BLOA025U 
EQUIVALE~CE (AGAUSS(I, 2), A(I»,(AGAUSS('. J), B(I», BLOA020D 

I(AGAUSS!I, q). C(l»).(AGAUSS(l, 5), O(I»,(AGAUSS(I, 0). E(I», HLDA02TO 
2(AGAUSSC1, 7), F(I»,(AGAUSS(I. 8), G(I».CAGAUSS(I, 9), HCI», HLDA0280 
JCACAUSS(l,IO), 1(1),CAGAUSS(I,IIJ, J(I),(AGAUSSC1.12), K(l», HLDA029U 
4(&'AUSS(1,IJ), L(I».(AG&USS(I,14), HC1').CAGAUSSCI,IS), N(I», 8LDAOJOD 
5(AGAUSS(1,lo), D(I)),(HGAUSS(I, 2), P(I».tHGAUSS(I, Jl, Q(I», HLDAOJIO 
ot~G&USS(I, 4), RCI),(HGAUSS(I. 5), S(I,).(HGAUSS(I, 0). T(I), BLOAOJiO 
TCHGAUSS(I, 7), U(I».(HGAUSS(l, 8). V(I»,(MG&USS(I, 9). W(I). HLDAOlJO 
8(HGAUSS(I.10), X(I»;(HGAUSS(l,ll), Y(I»),CHGAUSS(I,12), 1(1», HLDAOlqO 
9CHGAUSS(1.13),AA(I),(HGAUSSCI,IA).BB(I»,(HGAUSS(I,1 5).CC(I), BLDAOlSO 
TCHGAU5S(I,lo),DDCI»,(8ZERUStl, 1),Et(I»,(BZE~OS(120.1),FF(I)l. BLDAOJoO 
IC8ZEROS(1, 2),GG(I».(BZE~OSC120.l),HH(I» BLDAOlTU 

DATA A,8.C,D.E,F,G,H,I,J,K,L,M H~DA0160 
N/.,~472110, 0.44721lo,.0.oSUo5l7, 0,0000000, 0,05405JT,.0,70505~4,8LDAOJ90 

F-41 



1-0,2852115, 0.2852315, O.7b505~5,·0,R3022]Q,·O,~b88488, O,OOOOOOO,HLOAO~OU 

2 O,~0~8~88, O,8J022]Q,·O,M717402,eO,5QI1003,.0,20Q2QQ], O,20Y2QQI,BLOAOQIU 
] O.~QI700I, 0.8717~OO,.O,8QQ7580,cO.b7718h]o·0.30]1175, O.000000~,~LOAO~2U 
4 0.]031175, 0,b77180], O,8QQ7S80,.O,QIQ5]3Y,.O,71877lQ,.O,~77Q250,BL~_04}U 

S-O,10527QO, O,IbS218Q, O,~77Q2~Y, O,71B7738, 0.QIQ5338,-O,Q]4001~,BL~A0440 
b-O.7R448Jo,.O,5b521S~,.0.2Q57~B2, 0,0000000, O.2Y57S81. O,~052351.8LOA0450 
7 0,78448]4, O.Q]40014,.O.QU48q7S,~0.8IQ2815,QO,ol287SQ,-O,]QQ~310,BLOA0400 

8-0,llbS52Q, O.llb552Q, O,3QQ510Q, O,b328753, O,81Q2813, 0.Q448q75.BLOAO~70 
q-O,Q5J500Q,-O,8ijb1536 •• 0.b80IK43,-O,482QI08,oO.24Q2~0 q, 0.OOOOOOO.8LOA048U 
T O,24Q28b8, O.~82QIOb, O,b8b1842, O,8403S]7, 0.Q5330b8,.O,Q5QQ2QQ,BLOA04Q~ 

I-O,8078104,-O.72BRb21,·O,5500~17.-0,34272]5,.O,llb]31Q, O,IIo1318,8LOAOSOU 
2 0,3 4 27235, 0,5500415, 0,7288020, 0,8078104, O,Q5QQ2Q8,-O,Qb52SU4,8LOA0510 
1-O,8850blo,-O,701§JQI ,-O~b002~77,.O,~20b389,.O,2153539, O,ooooonn,~LOA052U 
4 0.2153538, O,42003e9, O,o002~77, 0,7035341, 0.8850b35, 0,Qb525~u,BLDA05jO 
S-O,Qb9S801,-O,8QqI72q,.O,7Q20153,·0.b523Q31,eO,480057S,-O,2qQR10~.8LOA05~U 
0-O,10132b3, O,10112b2, 0,2QQ8JOu, O,48b0575, 0.b52iQjO, 0.7Q20151,BLDA0550 
7 O.8QQI128. 0.QoqS8bOI BLOAOS60 

DATA ~,O 8LDA057U 
~/.,q731Q05,.O,QI08b02,.0.81511bb,.0,6QI0172,.0.541388 3,.O,372174U,BLD A 0580 
I-O,ISQ5120, 0,0000000, O,ISQ51IQ, O,37217QQ, 0,5415882, O,bqI0\7~,oLDA05qO 
2 0,8157104, 0.Ql08b02, 0.Q731uO~,eO.Q602SQQ,-O.7Qboo05,.O.5255]2~,6LDA060U 

3-0,183"3"0, O.IS3u3~0, O,525532u, 0.7Qbob05, 0.qb028Q91 BLDAOb\U 
DATA P,O,R,S,T.u,y,~,X.V.Z,AA,tiB BLDAOb20 

N/O,83l3314, 0.831333\, O,5"4UU43, 0,7111111, 0.54""""Q, O,]78"749,BLD AOb}U 
I 0,5548561, 0,554858\. 0,378"750, 0,2708201. 0."317451, 0.4870190,BLD AObu U 
2 0,u317u55, 0.27082bl, O,210704U, O,3u112JO, O,Ul245Qt, 0.412459\.~LDAOb50 
} O,}aI1230, O,21C70uo, O,lb5 uq5}, O,27453Q\, 0,3"bU2QO, O,3715\q3,~L~AOobO 
u O,14oU2QO, O,27 u5388, O,Ib54Q55, O,13330bl, O,22q8897, O,2Q20u31,BLOA007 0 
; O,327Suou, 0.3275u~3, O,2Q2042Q, O.22u86Q7, 0,1333001, O,lnQbI2b,BLD~00eO 
b 0.1871701. O,2u80~B5, 0.28bd7q2. 0,100217b, O,26b8798, O,~U80u~5,8LD~069U 
7 0,1871700. 0.IOQoi2b, O,09106~7. O,157Q750, 0,2125089, O,25127S8,~LOA070U 
8 0.27IuObO. 0.2714000, O.25127~Q, 0,2125089, O,157Q748, O,OQlb8ub,8LOA0710 
Q 0.0778019, 0.13uQS20, 0.181b471, O,2207b7Q, 0,2iju0103, O,25Iq30~,BLDA0720 
T O,2uuOlbS. 0.2207b79, 0.183b~73, 0.13U9S20, O,077bOIQ, O,Ob0837J,BLDA073 U 
1 0,\105870, 0,1000221, 0,1948268, 0.21912bo, O,21\013b, O,231~118,BLO~07QP 
2 O,21QI200, 0,IQUS2b8, 0,lb00223. O,llbS8bQ, O,Ob08375, O,05R01~I,BLDA075U 
] 0.10Ibo05. O,luOSIIQ, 0,1727902, 0.19b9B17, O,21\Q7~3. O,2170u80,BLOA070U 
Q O,21197~3. O,19bq87b, 0,1727~01, 0.!405120, O,IOlobOl, O,0580301,HLOA0770 
5 0,0508505, O,0893Q1Q, 0.124255Q, 0,1540275, 0,177u92U, O,IQ3bQ07,BLOA07HO 
o 0,201 Q5Qu, O,20l Q59u, 0.193090b, O,1774Q25, O,15~027S, O.12Q2S54,BLOA07qO 
7 O,08Q1Q40, 0.05085001 BLOAoeou 

DATA CC,OO BLOA081U 
N/0.OU4Q221. O,07Q19S5, 0.1105931. 0,1379879, O,lbO]95U, O,1770052,BLOA082 U 
1 0,1872171, O,IQObbI8, 0,1872172, O,177004Q, 0.lb03Q51, O,i37Q883,8LOA061U 
2 O,1105Q28, 0.079IQ85, O,04UQ221, 0.1012285, 0,2223810, O,3137U07,8LOA08QU 
3 0.3b2b81H, O,3b20838, 0,31]7007, O.2223~10, 0,10122851 BLOA08;0 

DATA EE 12,uou82b, 5.520078, 8.b53728, 11,79151, lU,Q30Q2, BLOA0800 
I le,07100, 21,2110u, 24,35247, 27,uQ]4S. lO.b3ubl, 33.77582, BLOA0670 
2 3b,Q1710, 40,058u3, 43,IQQ7Q, 4b,3ijl19, 4Q,U8201, >2,02U05, 8LOA088U 
3 55,70551, 58,QOb9S, 02,048u7, 05,189Qb. 08.351"7, 71.u72Q8, ~LDA089U 
4 7u,blu50, 77,75b03, 80,8Q750, 8u,03QOQ, M7,ISOb3, 90,12217, BLOAOQOO 
; Q1,ub372, Qb,b0527, QQ,7Ub82,102,888l, IOb,02QQ, 10~,i715, BLDA091 U 
b112,3131, 115.~5ijb, 118,5902. 121.7377, 12~,A7Ql. 128,020Q, BLOAOQ20 
7131,102u, 13~,3040. 137,4450, IUO,5872, IU3,7287, 140.8703, B~0'OQ30 
8150,0119, 153.15l5, 15b,2Q50, ISQ,4Job, lb2,5782. ioS.7IQ8, MLDAOQQO 
91b8,8013, 112.002Q, 17S.I~"5, 178,28bl, 1~I,"277, 18ij,5bQ2, BLOAOQ,O 
TI87,7108, IQO,8524, 193,QQQO, lQ7,1350, 200.2772. 203,4187, BLOAUQb O 
120b,5003, 20Q,701Q, 212.8"35, 2IS. Q850, 2iQ,120;, 222,2082, BLOAOQ70 
222S,UOQ8 •. 228,551U, 231.bQ]0, 234,83uo, 237,Q7b2. 241,1178, ~LOAOQ8U 
124".2SQ1, 247,QOOQ, 250.5425. 25!.b8Ul, 256,6251, 25Q,9073, 8LOAOQQU 
~2bl.108q, 2bb,250u, 2oQ.1Q20, 272.5330, 275,0752, 27H,81b8, ~LOA100~ 
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5281,95811, 285.1000, 288,2111b, 291,3831, 2911,52117, 297,011113, IJI.OAI01\) 
0300,8079, 103,Q1l95, 307,0 9 11, 310,2327, 313,37113, 31b,515Q, BI.OAI02U 
7319.05711, 322. 1Q90, 325,91100, 329,0822, 332,2238, 335,30'>11, SLOAIOJU 
8338.5070, 3111.114110, 31111,7 9 02, 3117,9317, 351,0733, 3511,2149, 81.0'101111 
9357,1505, 1110.11981, 101,bH7, 3110,7813, 309,9229, 373.011451 81.0Al0.,U 

OA TA FF I 170,2001, 379,j1l70, 382.u892, .585,0308, 388,77211, 81.0AIOoO 
IHI,91110, H5, 05511, 198,1972, 110 I, 3388, QOII,1I801l, 1107,11220, 1I1.0AI07U 
21110,11135, IIIl,Q051, 1117,0 11 117, 1120,1883, 1123,3299, 42b,4715, 8LOA10811 
31129,0131, 432,7547, 1.13S.8903, U39,0179, lI a 2.1794, UeI'),3210, 8LO'109(1 
lIu/j8.402b, 1151,0042, 1154,7u58, U57,8117U, 4111,0290, 411U,1701l, BLO'll0U 
5I1b7,3\221 81.0'IIlU 

OA TA GG 13.8.3170b, 7,015587, 10,173u7, 13,323119, I b, /j706J, 81.0A112° 
I 19.11158&, 22,7b008, 25,903b7, 29,04b83, 32.189&8, 35.H23\, ElI.OAll10 
2 38,471177, UI.bI709, lIu.7.,932, U7,901Ub, 51,OU35a, S/j,18555, 8LOAIIIl0 
3 57.32753, bO,lIb9UI:I, 1:13.01130, &0.75323, 1:19,89507. 73,031190, 81.0'11511 
II 70,17870, 79,12049, 82.UIl220, 85,IIOU02, 88.7 11 577, 91,88750, BLDAIII:IO 
5 9S,02921, 98,17095,101,3127, 101l,£I5£111, 107,59bl, 110,737&, 81.0AI170 
bll.3,e79w, 117,0211, 120,11128, 123,3045, 120,114111, 129,5878, 81.0AI180 
7112,7295, 1l5.8711, 139,0128, 1/j2.I'>UU, lU5.2901, la8.U77, 81.0A119(1 
8151,579e1, 1511,7210. 157,8020, Ibl,OOlll, loU,11I59, 1117.267&, 81.0AI200 
9170.11292, 17].5708, 171:1,7125, 179,8541, 182.99.,7, 180,1374, 8LOAI210 
TI89,2790, 192,112011, 195,5b22, 198,7018, 201,8 11 55, 201l,Cl871, BI.DAI.?ZII 
1208,1287, 211.2703, 214,4120, 217,5')30, 220.1:1952, 223,83118, 8LOAI21U 
2220.97811, 230.1200, 231.2&10, 231t.Ll033, 239.54119, 2U2.08b5, 8L0412110 
32 11 5,8281. 248,Cllt97, 252,1113, 255,2'529, 258,3945, 2ltl,5302, 8LOA125U 
112bll,0776, 2b7,81911, 270.'HIIO, 274,1021:1, 277.21142, 280,385'3, BI.OoAI211D 
5283,527//, 28b,Oll90, 289,8100. 292,Q522. 291t,0938, 2C19,2lSII, I:II.OAI27(1 
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IN~li'I GUIDE 

~he input guide is listed in Tables Fl-F8. 

F-4l. 
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EXAMPLE PROBLZM 

The example problem is for the computation of the tensile stress 

at two locations at the botton of a PCC slab which is subjected to the 

loading of a dual-wheel aircraft gear. Figure Fl shows the pavenent 

section, t!1e characteristics of "he applied load, and the locations at 

which the stress is computed. The ceded data for the example problem 

are given in Table F9, and the output in Table FlO. 

COORDINATE 
SYSTEM 

so 000 LY'- SO.OOO ?' 

~~ I ~RADIUS' 9.22 

375· 

COMPUTA TIONA L 
POSITiONS AT 
BOTTOM OF SLA B 

.t). ::. V 

·~:.:r~ .. :/· 16·· PCC SLAB 

... '. ., ',', . . . ~ " .' .. 
.,... lZ··GRANULAR 

:,:~ .. . BASE 

.... ': 

212· SUBGRADE 

1875. I . I 
I I . 

......... x --""x 

;..- = 0.2 

E=3'10' 

!,.-' :: 0.3 

E = 1 , 10" 

z, = 0.4 

RIGID SUBLAYER 
E=I'10 6 

:- = 0.4 

: ..... . 
'" ',": ,', 

-.,-
,', ... 

... 
',', .... .-:-

,< ... 
. :. ',- '. ',." 

. ,', 

NOTE COORDINATE FOR COMPUTATIONAL POSITIONS 

POSITION NO.1 x = 0.0. y = 0.0. i! = 12 

POSITION NO.2 x = 16.75. Y = 0.0. r = 12 

COORDINATES FOR LOADS 

LOAD NO.1· x = 0.0. y =0.0 

LOAD NO.2 x = 37.5. Y =(J.O 

Figure Fl. Diagram for example problem 
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